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The paper presents the structural and the sensitivity analyses
for the optimization of axisymmetric shells subject to static and dy-
namic constraints and arbitrary loading. Thickness and shape design
variables are considered. The model is based on a two node frus-
tum conical finite element with 8 degrees of freedom given on Love—
Kirchhoff assumptions. The objectives of the design are minimiza-
tion of the volume of the shell material, maximization of the funda-
mental natural frequency, minimization of the maximum stresses or
the minimization of maximum displacements. The constraint func-
tions are the displacements, stresses, enclosed volume of the struc-
ture, volume of shell material or the natural frequency of a specified
mode shape. The sensitivities are calculated by analytical, semi-
analytical and global finite difference techniques. The efficiency and
accuracy of the models developed are discussed with reference to
applications.

Introduction

Structural optimization using finite element techniques requires sequential use
of structural and sensitivity analyses combined with a numerical optimizer. The
success of the structural optimization process depends on the proper choices with
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respect to the finite element model, sensitivity analysis, objective function, con-
straints, design variables and method of solution of the nonlinear mathematical
problem.

This work presents a frustum—cone finite element model with 8 degrees of
freedom, based on Love-Kirchhoff assumptions, for thin axisymmetric shell
structures (Zienkiewicz, 1977). The sensitivities with respect to the design
variables, the thicknesses and/or radial nodal coordinates, are evaluated ana-
lytically, semi-analytically or by finite difference.

The evaluation of sensitivities of structural response to changes in design
variables is a crucial stage in the optimal design of complex structures, rep-
resenting a major factor with regard to the computer time required for the
optimization process. Hence it is important to have efficient techniques to cal-
culate these derivatives. The simplest technique of evaluating sensitivities of
response with respect to changes in design variables is through the finite differ-
ence approximation, called here global finite difference, which is computation-
ally expensive, or through the use of semi-analytical method (Zienkiewicz and
Campbell, 1973; Cheng and Liu, 1987; Barthelemy et al., 1988) or the analytical
method as described in the next sections. These later methods can both be ap-
plied with the direct or adjoint structure technique for static type of situations
(Haftka and Kamat, 1987).

In this paper the formulation for the sensitivities of axisymmetric shells is
presented for the general case of arbitrary loading. Other numerically based
solutions are reported by Marcelin and Trompette (1988) using a finite ele-
ment with a two node straight element and/or a three node parabolic element
based on Love-Kirchhoff shell theory associated to the semi-analytical method
to evaluate the sensitivities. Others authors, such as Plaut et al. (1984) and
Chenais (1987), present alternative theories and models for optimization of shell
structures. Mehrez and Rousselet (1989) presented the analysis and optimiza-
tion of shells of revolution using Koiter’s model with the implementation of
B-Splines for the middle surface and finite element for displacements. More
recently, Bernardou et al. (1991) used only the general continuous formulation
of the problems and presented a methodology for optimizing the shape (middle
surface and thickness) of an elastic general thin shell under different criteria.

The formulation presented in this paper is applied to the minimum weight
design of thin axisymmetric shell structures subject to constraints on displace-
ments, stresses, natural frequencies, volume of the shell material and enclosed
volume of the structure. Maximization of the natural frequency of a chosen
vibration mode, minimization of maximum displacement or alternatively mini-
mization of maximum stresses using a bound formulation is carried out. A com-
parative study of analytical versus semi-analytical and global finite difference
shows the advantage of analytical sensitivities with regard to the accuracy and
the advantage of semi-analytical sensitivities with regard to CPU time.

The ADS (Automated Design Synthesis) program of Vanderplaats (1987) is
used to solve the nonlinear mathematical programming problem.
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2. Thin axisymmetric shells

Structural analysis of axisymmetric shells using finite element methods requires
a discretized model where the complete shell can be idealized as a series of
shell ring elements joined at their nodal point circles. Its behaviour will be
characterized by the displacements of these nodal circles which are described in
terms of a finite number of displacement variables or generalized displacements.

For an arbitrary shell the strain-displacement relations for small displace-
ments in an orthogonal curvilinear system are given (Kraus, 1967) by :

= a ag: Uk
« = () L (=19 W

v b (e ()] (47%)

where ¢; are the normal strains, o; the curvilinear coordinates, u; the displace-
ment components, g; the first fundamental magnitudes and v;; the shear strains.

Considering the Love-Kirchhoff approximation of the theory of thin elastic
shells which is based on the postulate that the shell is thin, the deflections of
the shell are small, the transverse normal stress is negligible and normals to
the reference surface of the shell remain normal to it and undergo no change
in length during deformation. For a conical shell (Fig. 1) represented by its
reference surface of revolution, the displacement components are represented
as:

uy = U(S: 9:&); Uz = V(S1 91 E): Uz = W(S) 9,5)

For this particular situation and assuming for thin shells £/R; ~ 0, where
1/R; are the principal curvatures, equations (1) and (2) can be represented as :

au
€ss = 35
g = l(iS+Ucosqﬁ+Wsm¢)
aw
“ = B¢ (3)
av 1 [8U
vs8 = ﬁ—k;(ﬁ--ﬁ"comﬁ)
_ow, w
75¢ = B3 T e
_ w9 (v
Te = T9 O\ r
U = U(S,0,8)

vV = V(50,8
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Figure 1. Frustum-—cone finite element. Geometry and displacements.

W o= W(S,6,¢)

where U, V', W are the components of the displacement vector of a spatial point
and S, 0, £ are, respectively, the coordinates along the meridian, parallel circle
and normal to the reference surface of the shell (Fig. 1).

Assuming the following displacement distribution :

U(s,0,¢)

u($,9) +5 |€ =0

V(5,0,6) = v(5,0) +E i.f =0 (4)
W(S,0,6) = w(S,0)
where u(S, 0), v(S,0) and w(S, #) represent the components of the displacement
vector of a point on the reference middle surface of the shell and 2 Lf =0 and

—E’—{igzg represent, respectively, the rotations of tangents to the reference surface

oriented along the lines S and 6. Let 2Y IE =0 = fBs(S,0) and & IE =0 = B(S,0).
Using the Love-Kirchhoff assumpt.ions (755 = 7s¢ = 0), one obtams

dw
S )
10w
fo = Teng- g

The displacement vector U = [U V W]T of a given point (S,0,£) can be
expressed in terms of the displacement vector U = [u,v, w]T of the reference
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surface and the rotations of tangents (f8s,fs) of the same reference surface
oriented along the parametric lines as :

u £ 0 Bs
U=]|lv |+| 0 ¢ (6)
w 0 0 Be

Substituting relations (6) into the remainder of equations (3), the non— van-
ishing strains in the thin elastic shell are given by:

€ = € +&x (7)
with: € = [ess coo 150]"; € = [e§s €5y 75]™s X = [x55 X0 x50]" and:
€ = AnU ®)
where the operators A, and Aj are, respectively:
- 8
5 0 0
cos 18 i
Ap = r r ag E_E'i
i (F-=) o
L : )
Ay = 0 el -5 (a%g--l-rcosﬂﬁ)
| 0 23 (rfs—cosd) & (c"ﬁ‘f’@aﬁ = "ag‘zéa)

The quantities €%, €y, 7%, represent, respectively, the meridional, circumfer-
ential and shearing strains of the reference surface. The quantities xsg and
Xss represent the changes in the curvature of the reference surface and yxgs
represents the torsion of the same surface during deformation.

Assume that the displacements u, v, w can be expanded in Fourier series of
the type :

N
U= (CalUn +€,0p) (10)
n=0
where:
cos nf 0 0 i sin nf 0 0
e 0 sin nf 0 ; Ehi= 0 cos nf 0
0 0 cos nfl 0 0 sin nd

U = [un Un wn]T; On — [ﬁn Un 'lf-’n]T
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The first and second terms of equation (10) represent these components of
displacements which are, respectively, symmetric and antisymmetric with re-
spect to the plane passing through # = 0 and 2, u,, v, and w, being the
amplitudes of symmetric part and 4,, 9, and w0, the amplitudes of antisym-
metric part for the nth harmonic and N is the number of terms in the truncated
Fourier series.

Since the angular dependence of displacement components is expressed in
terms of trigonometric functions, the orthogonality properties of such functions
yield a formulation of the problem as a series of uncoupled quasi two—-dimensio-
nal problems, in which the displacement amplitudes u,, vy, wy, @,, 9, and 1,
are the unknowns. The meridional dependence of these displacements ampli-
tudes along the frustum cone represented here only by the symmetric part, can
for the sake of simplicity, be assumed as:

U = Ng;, (11)
where:
Ny 0 0 0 Ny O 0 0
N = 0 N 0 0 0 N, O 0 : (12)
0 0 Ng N4 0 0 N2 Nﬁ
N = (1-¢)
Ng = g
N3 = (1-3¢*+2¢%)
Ny = ((—-2¢%+¢3)¢
Ny = (3¢2-2¢%)
Ne = (—¢®+(3)
. o T
. i j
o= [ ok v SR o v 52

=TT @ = r=(-Or ol (=7

N being the matrix of shape functions, ¢} the vector of displacement amplitude
components in local coordinates, £ the length of the frustum-cone element, rt
and 7/ the radial coordinates of nodes i and j and S the coordinate over the
length of the frustum-—cone element (Fig. 1).

Substitution of equations (10) and (11) into equation (8) yields for the nth
harmonic:

I B;“qin (13)
where

E%Sn B[l 0 0 0 _Bll 0 0 0
€m, = 639,. i B, = |Ba1 Bas Bas Baa Bys Bag Bar Bos (14)
730, Bag Bss 0 0 Bss Bsgg 0 0
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€%s , €9, and 7§, representing, respectively, the amplitudes for the nth har-
monic of the meridional, circumferential and shearing strains of the reference
surface. The By, are derived by applying the strain operator A,, to the dis-
placement shape functions yielding:

By = —~%cosnn9; By = E‘_Lcosqﬁcosnﬁ;

Byy = A:J-n cos nf; Bsa = E‘_a sin ¢ cos nd;

Byy = %‘1 sin ¢ cos nd; Bas LV;“‘ cos ¢ cos nd,;

Bys = ncosnd; Bz N3 sin ¢ cos no; (15)
Byg = -A%& sin ¢ cos nd; Bsy —ﬂi}n sin nf;

Bss = —%zﬁsinnﬁ; Bsy, = —(-}f + %—Lcjosqﬁ) sin né;

Bss = % - Erz cos qﬁ) sin nf

Considering the transformation matrix L relating nodal local coordinates (.5,0,¢)
to nodal global coordinates (r,8,z) (Fig. 1), one obtains the relationship be-
tween the displacements amplitudes in the local referential (¢! ) and the dis-
placement amplitudes in the global referential (g, ):

gt, = Lge, (16)
where :
i i i dwy, i f gl dw‘ja i
Qen Upy W, Ug, ds Yra Wan T ds
A 0
E = = o o
0 A
cos¢g —smeo 0 0 00 00
4 |=| 0 0 10 ’ 0o |=]0000
sing cos¢ 0 0 0 0 0 0
0 0 01 00 0 0

Substituting equation (16) into the strain-displacement relation (Eq. 13),
one obtains the membrane terms of the strain—displacement in terms of the
element degrees of freedom of the nth harmonic as:

Eman ZanQ'e,. (17)
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where:
Bm, =By, L (18)
For the bending terms the procedure is identical, yielding:
Xs. = Bj 4, (19)
where :
XS5, 0 0 Bz By 0 0 —-Bys Bys
Xin=| X006, |i Bf,=| 0 Baz Baz Baq 0 By Bar Bos
XS0, 0 Bss Bas Bis 0 Bzs Bzr Bas
and:
B, = __gs—;z cos nb;
B, = %{ cos nb;
Bis %ﬁ cos nb;
By, = ———H":,gi" cos nb;
Bys = (":ng‘ + cos¢(3£—sc7)) cosnd;
Bay = (“—r*:N + ;Lq_”_“_rﬁcg co'w) cos nb;
By = N———Q";’;i“ cos nb;
By = (-—7-5-"2"\( - i—wn Cc”') cosnf;
st b (__2.& + M.ﬁ_) cos ng
832 - ( 23m ¢ _ 2Ny “:.saésm ¢) sin ﬂﬂ;
Bas ( ZnNa cos ¢ 2n(6i:6(’)) sin nd;
Bsﬁ = (251:1 ¢ __ 2N; si;];ﬁcw) sin ng;
Bsys = ( 2"N‘ ot S 2"(1—‘;;“'3(2)) sin nf;
Bsy (2n(sc <hey an:;-osqa) sk
B = (2n( 2£+3g ) ZnN:;:ostﬁ) sitimb;

Similarly if

one considers the transformation of coordinates (L) of the local

referential (S, 0,€) to the global referential (r,8,z), the changes of curvatures
for the nth harmonic can be represented as :

X.fn = Bfnqen (20)

where :

By, =B 1L (21)
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The constitutive equation for a linear elastic solid, considering infinitesimal
deformation and orthotropic materials, can be written as :

r=De (22)
where:

T=[0ss Tes Oge Osp Ose Ope]”

e=[ess €on €c¢ Yse Yse Yoel®

and D is the constitutive matrix for the three-dimensional linear elastic solid.

As a consequence of the Love theory expressed by vs¢ = yp¢ = €¢¢ = 0¢¢ = 0,
the system of stress—strain relations for thin orthotropic axisymmetric shells can
be reduced to:

T=De¢ (23)
where:
T=[oss 098 0s)T

E; VasE; 0
D= USQEE E; 0

0 0 Gse
Iy Eg
Ejim—t & By=. =5
* 71— vsewps 57 1—vsomss

where Es, Ey, Gsg, vse, vgs are Young’s moduli, shear modulus and Pois-
son’s ratio for the material referred to the S and @ directions. Substitution of
equations (7) in equations (23) yields :

T =De® + €Dy (24)

Integrating the stress distribution across the thickness of the shell by neglecting
¢/R =~ 0 one obtains:

1 12 :
where:
N =[Nss Noo Nsg]¥ (membrane resultants)
M =[Mss Mgy Msg)" (bending moments)

and:

hf2 N
N= / rde =D Y m, (26)

—h/2 n=0
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B2
M= / seds =0, S Vi (27)

n=0
where Dy, and D; are the membrane and bending constitutive matrices given
by:
B3

D =hD; Dj= 3D

The kinetic energy T of the eth element is given by the expression:

f o Udo = 1 f% f / mefmdgdcdo (28)

where U = dU /dt, dQ) is the elementary volume and is the mass per unit of
volume. Substituting equation (5) into equation (6) and integrating over the
thickness of the element one obtains:

2% 27
29 / f hUT Uer dcjd9+212 / r3iT klrd¢do (29)

In equation (29) the first term represents the translational kinetic inertia
and the second term represents the rotational kinetic inertia. It is important to
take note that the coupled terms of Fourier series of the type (sin m# sin nd) and
(cos mf cos nfl) for m # n are not considered by making use of the orthogonality
of the harmonic functions in the interval 0 < @ < 27 and because the thickness
is assumed uniform along @ those terms are equal to zero, resulting for the
integration in @:

fozr cos nf cosmfdf = A, Ay =dy =0 form#n
2 cosnfsinmfdd = 0 A1 =2m; Ay=0 form=n=0 (30)
[¥ sinnfsinmfd) = A, ~Ar=Az=7 form=n>0

Substituting equations (6), (10) and (11) in the equation (29) for the frustum-
cone finite element one obtains :

N 2 1
1 g :
- 593 0/ / h(Ny L., )" (NnLge, )érd{do+

2r . -
2 12 Z/ / h*(RnLge, )" (Rnlge,)trd(do (31)
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where:
. d
Geu = Jrlea’ N, =C,N and R, =C,R}
in which:
8N aN.
0 0 -F¢ -5 0 0 -%¢ -Yg
Ry=10 Mising =2 2Ne o Magng oNa nlle
0 0 0 0 0 0 0 0
The kinetic energy can be represented in a simplified form as:
L LA
=5 2 (@0, (Mg, + M7,) o) = 5 D (45, Mde,) (32)
n=0 n=0

where M7 is the element mass matrix for the nth harmonic represented by:
2r rl
M:=p / / h(NaL)T (N, L)érd¢do+
o Jo

2 1
+L /0 fo h3(RaL)T (R L)trd(do (33)

The element mass matrices M¢ are full (8 x 8) matrices which are evalu-
ated taking into consideration the orthogonality properties of the trigonometric
functions (Eq. 30).

The strain energy of the eth element is represented by the expression:

/T €dQ = — f f / eI Dertdéd¢do (34)
B2

Introducing equation (7) in the above equation and taking advantage of the
orthogonality properties of the trigonometric functions one obtains: .

N
e 1 o e
E —'Q'ZQen'anEn (35)
n=0
with;
K: = K +K;, (36)
2r 1
B = / f BL Dpn B, rtd(df (37)
0 0 =
2 1
K; = f ] BY Dy By, rtd(do (38)

where K¢, and K are the membrane and bending terms of the element stiff-
ness matrix for the nth harmonic. These matrices are evaluated analytically
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in the @ direction taking into consideration the orthogonality properties of the
trigonometric functions (Eq. 30). In the ¢ direction the integration is carried
out by Gaussian Quadrature formulae.

Expanding the surface loads p = [py, ps pw]T in Fourier series, one obtains
external work in the form of:

2m 1
we = f f UT pred¢ds (39)
0 0

where:
N
p=),Cap" p* =0} pf P27
n:ﬂ

Assuming a linear dependence between the above magnitudes of the forces
vector and the components of this vector on the nodes of the frustum-cone finite
element, one obtains:

p" = 9Npl_ (40)
where :
., =p3, P5, PL, M P}, vp, by, MIIT

Ny 0 0 0 N 0 0 0
0 Ny 0 0 0 Ny 0 O (41)
0 0 N, 0 0 0 Ny O

N=

Considering equations (6), (10), (11) and (16) and substituting in equation (39)
one gets:

we = ENZ f v / 1 ((CHNchn)T Cn‘f[pin) red¢do (42)
0 0

n=0

Using N, = C,N, making M, = C,9and f¢ = ‘Jtan“ and using the assumption
of orthogonality of the trigonometric functions on the interval 0 < 8 < 2, yields:

N
we=3"¢lps (43)
=0
where :
27 1
P = f / LTNE fered¢do (44)
o Jo

is the load vector of the element for the nth harmonic which is consistent with
the assumed displacement field used in deriving mass and stiffness matrices.
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Vectors pg are evaluated analytically in the # direction taking into considera-
tion the orthogonality properties of the trigonometric functions. In the ¢ direc-
tion the integration may be carried out by Gaussian Quadrature formulae or
alternatively by using a symbolic manipulator.

Problems of static equilibrium are governed by the variational principles for
the minimum total potential energy, while the dynamic equilibrium is simply
formulated in terms of Hamilton’s variational principle. Then defining a La-
grangian function through the expression :

L=T¢-V (45)
with:

Ve = E° — We (46)
and substituting the values of 7, E® and W* given by the equations (32), (35)

and (43) in the Lagrangian function £, one obtains:

N
 T— . .
L= Zﬂ (§ (4o Mride, — 42, Krite,) + qi"npn) (47)

Applying the appropriate Lagrange equations of motion for equilibrium yields
for the element and for the nth harmonic:

Mpge, + Knge, = pr (48)
where:

- d*(q.,)

fou =—gpr

For the system these equations become:
Mg+ Kg=p (49)

where M, K, ¢ and p are, respectively, the mass and stiffness matrices, the
displacement vector and the load vector of the nth harmonic.

Assuming free undamped vibrations, the static and dynamic equilibrium
equations for the nth harmonic can be represented symbolically, respectively,
as:

Kqg = p (50)
Kq = w?Mgq (51)

where w is the natural frequency.
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3. Sensitivity analysis

A typical optimization constraint such as a limit on a displacement, stress com-
ponent or effective stress can be represented by:

9i = gij(g;0) <0 : (52)

where b is the vector of design variables and j € (1, ..., m), m being the number
of constraints. Thus the sensitivity of the constraint g; is given by:

dg; _ 0Ogj T dq
T~ ob: T (53)
where :
dg;
zj = 6—; (54)

is the vector of adjoint forces.

For static constraints, the sensitivities are evaluated through the method
of the adjoint structure where a virtual structure is defined that satisfies the
equilibrium equation:

KX =z (55)

with A; being the system adjoint degrees of freedom for the constraint g;. The
solution of the system equation (55) gives A;. It should be noted that the adjoint
structure is identical to the real structure, but subject to a different load. To
increase computational efficiency, the already factorized form of the stiffness
matrix should be used. Considering the static equilibrium equations (50) and
differentiating these with respect to a design variable b; yields:

dg _ 0p 0K

K—= - = 56

db;  Ob; b (26)
Premultiplying by z}" one obtains:
dg o (0p OK

zjr(-ﬂ]-; =l K (a_b,'» - gb—‘_q) (57)

The inversion of the stiffness matrix K is easily avoided using the adjoint struc-
ture method through the solution of equation (55). Thus, the sensitivities given
by equation (53) can be evaluated as:

dgj _9g; v (0p OK
Froiat i R T T (53)

where 0K /0b; is the sensitivity of the system stiffness matrix and dp/db; is
the sensitivity of the system load vector. When the forces are independent of
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the design variables the sensitivity of the system load vector is zero and then
equation (58) simplifies to:

dgj - agj )ﬁT 3K

db; — 0b; g 36

(59)

The term dg; /0b; is usually zero or can easily be obtained.

For dynamics, considering the mode of vibration g which corresponds to
the natural frequency wg, the eigenvalue problem, equation (51), is represented
for the system as:

Kgr = wiMgs. (60)

Differentiating the above equation with respect to a design variable b; and
premultiplying by g7 one obtains:

Bw e (0K  ,0M Bg
on o Mo = o (G — i e ) o+ (K —uan) G2 ) (o)

Considering the modal normalization ¢f Mg; = 1, the sensitivity of the
natural frequency corresponding to mode k with respect to changes in design
variables is given by:

dwe 1 oK oM
b Duop (ab “”"ab) )

where &M /8b; is the system mass sensitivity matrix. Thus, in order to evalu-
ate the sensitivity of natural frequencies with respect to changes in the design
variables there is no need to define an adjoint structure.

4. Sensitivity analysis of axisymmetric shells

The analytical derivative of the element stiffness matrix (egs. 37 and 38) with
respect to a variable b} (not necessarily a design variable) can be represented
in a symbolic form as:

oK [T 3 ¥ . 33) ( 0D )
% f /{[(3 Dab*) +(B Do)+ BT 5B )| rt
ar oL
T
+(BTDB) (z T 85,)};«;49 (63)

where:
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The derivative of the element force vector is:

- [ ((es) (%) (o)
'B‘Fi'_' A A WNﬂfn + | L 3[5; fn +\L Nn c'?b; E?"—l—

d ot
+{LTNT J2) (-gb%f + rgb_;) } dédo (64)

The derivatives of the mass matrix are obtained in a similar way.

The derivatives of the arguments are evaluated at each Gauss point, sepa-
rately for membrane and bending, and numerical integration is used. Alterna-
tively, when the design variables are radial coordinates, the derivatives of Eq.
(63) and mass matrix, and the integration of Eq. (64) and their derivatives
dp¢ /9by, is carried out using a symbolic manipulator. Full details are presented
in Barbosa (1990).

When the design variables are thicknesses the sensitivities of stiffness matrix
K*° or mass matrix M ¢, are easily obtained. In fact the mass matrix M ¢ depends
explicitly on the thickness while for the stiffness matrix &® the dependence is
only in constitutive matrices D,, and D;. Assuming the thickness constant
within the element one obtains:

OKE 1 3

s = e+ 3K (65)
OMe 1 3

oh — HM':T + };M:R (66)

where, respectively, K, , K;n, Mg, and Mg are the membrane and bending
terms of the element stiffness matrix and the terms of element mass matrix due
to translational and rotational inertia.

For nodal coordinates or when the thickness distribution varies within the
element, the shape of the model is related through the linking relation (Vander-
plaats, 1984):

| =1¢+Tb (67)

where [ is the vector of dependent variables (thicknesses and/or radial nodal
coordinates of the finite element model), T' the linking matrix which relates the
vector of shape design variables b with the dependent variables and [¢ a vector
of constant terms.

With regard to shape design variables and considering the linking relation
(Eq. 67), the sensitivities of the element stiffness, mass or load vector can also
be obtained analytically through:

OF¢ o~ OF° b} <~ OF°,,

—_— = e -'——*"T;“‘ £=1,n (68)
Fb; 2 Bty Ok | At by

where F'¢ can be the stiffness and mass matrices or load vector of the eth element
and T§, is related to the linking matrix 7" through the topological finite element
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code procedure, b} being the value of the element nodal variable concerned,
namely, the nodal coordinates of the two ring node frustum conical element
(rs, 25, k=1,2).

For static constraints, the sensitivities are evaluated through the technique of
adjoint structure assuming that the structure satisfies the equilibrium equation:

En)j, =z, (69)

For harmonic n, z;, = dg;,/0¢n is the vector of adjoint forces, g, the vector
of system degrees of freedom and A;, the system adjoint degrees of freedom for
the constraint g; ..

The sensitivities of a constraint function or the sensitivity of natural fre-
quency with respect to a design variable are evaluated efficiently at element
level using equations:

N
dg; dg;, v [(Ops 0K ,
= 0 ( ot L (BbA = on; L)
i pEgET i cEE H i
doy 1 o (0KE 3M;§) )
@ 2wkn§qﬁ ('53,-“_“’*" ;) e L)

E being the set of elements e which are affected by the design variable b; and
N the total number of harmonic terms. The element vectors A?, ¢° and ¢f are
related with the system vectors A;, ¢ and ¢; of the nth harmonic, through the
topological finite element code procedure.

Semi-analytical method

In this technique the vector of adjoint forces is obtained analytically and the gra-
dients of equations (58) and (62), with terms of the type 0F/db;, are evaluated
by forward finite difference (FFD) technique through the approximation:

OF _ F(b4 Ab)— F(b)
8b; 8b;
where Ab = [0,...,6b;,...,0] and éb; is a small perturbation. It should be
noticed that to evaluate F(b + Ab) for shape optimization, it is required to
calculate the coordinate perturbations ér due to a design perturbation éb; and
these are carried out through the linking relation.

(72)

Finite difference technique

A global finite difference approach is also used through forward finite differ-
ence and, alternatively, central finite difference (CFD). The sensitivities of a
constraint with respect to a change 6b; in a design are then evaluated as:

dg; . 9i(b+ Ab)—g;(b)
Ei_,- ~ & - (FFD) (73)
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_d_g,; & gj(b + Ab) = gj(b - Ab)
db; 26b;

(CFD) (74)

which needs, respectively, one or two extra structural analyses for each design
variable.

5. Constraints
Limit on displacements

A constraint on a displacement is represented in a normalized form by:

=¥ _1<0 )
9o
where ¢y is the real generalized displacement corresponding to system degree of
freedom f and qq is the maximum admissible generalized displacement.
Expanding g; by Fourier series, one obtains the vector of adjoint forces for
the nth harmonic as:

8gi.  Ogj.  Og;. ] ’ [ Cs ] T
L = o [ e i RPN 0 76
i [39‘1 dq;  Ogp ()

where p is the total number of degrees of freedom and Cs = cosné or C; = sinnf
relating the corresponding degree of freedom. For a general arbitrary loading,
these vectors are obtained easily for the anti-symmetric terms. It should be
noticed that the adjoint structure is identical to the real structure and it is
subjected to a force or moment of intensity C;/qo on the corresponding degree
of freedom where the displacement or rotation is limited.

Thus the sensitivity of a displacement constraint evaluated by Eq. (70),
yields:

N

dg; . [(Ops OKE .

=L T (G- ke ()
n=0egE

For arbitrary loading, the final value of the sensitivity is then obtained by adding
the corresponding contribution of the symmetric and anti-symmetric terms.

Limit on stresses

Limit on a stress or an effective stress is represented by:

¥ & LTl (78)

ao

where o is the maximum allowable stress, which may be different for tension
and compression, and & is the stress component or the effective stress which
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one pretends to constraint. For this particular element, the stresses, for the nth
harmonic, are evaluated as:

el = ;D o = Al (membrane stresses) (79)

of = foBfﬂqn = Gng;,  (bending stresses) (80)
where

on =[085, oh, o) oh=loks, oy, 0§ ] (81)

A=l o Aty Go=G Gha Gl® (82)

with (0%, ; cgsn) and (og} ; o;’an) being the meridional and circumferential
components of normal stresses and (o} , o‘éﬁn) the shear stress components
for membrane and bending, respectively, for the nth harmonic.

In the case of a meridional stress at the extreme fibers, the stress component
is represented as:

7 =o0%5g, £ Jésn (83)

For example, a stress constraint at Gauss point of element ¢ corresponds to
the element adjoint load vector z; given by:

& cos nd
il A

jﬂ

T T
= (AR 261 (84)
The system adjoint force vector z;,, for the nth harmonic, is assembled in a
similar way as the system load vector (Eq. 50)

Thus, for a pointwise limit on a stress, such as defined by Eq. (78), the
sensitivity of stress constraint to thickness variation, evaluated by Eq. (70),
ylelds:

N [
dgj _ Tss, oT 3Kn i
dh; ~ Z laoh =l Afs Oh; l (83

n=0

h being the thickness of the cth element where the constraint g; has been im-
posed. If the design variable is a radial coordinate, then Eq. (70) can be
represented as:

ng _ N o (Op,  OK; e)
s i 0'_0 Z (Z 3T£ AI‘L‘[ i Gﬂl Tstn ZA n ( 85; QN. (86)

hi eEE

where the first terms of the second member of Egs. (85) and (86) are evaluated
only for the cth element where the stress constraint is imposed.
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In the semi-analytical method, one obtains for the explicit term of Eq. (70)
and only for the element with stress constraint :

ag 1 c [ c 4] < c c
gfi R e {[An, (r§ + 675, 25; 15+ 605, 25) — An, (7§, 2f; 75, 25)]

&[G, (7] + 671, 215 73+ 675, 25) — G, (ri, 215 75, 23)]} dn (87)

Limit on natural frequencies

A constraint in the natural frequency of mode k can be easily evaluated once
the eigenvalue problem is solved. Consider a normalized constraint of the type:

Wi
;e TresisSnd?
gi=1 ;e 0 (88)
The sensitivity given by Eq. (71) is evaluated as:

dgj _ 1 0Ky aMe) .
db; T 2wows ; ( 8b; T (89)

where wq is the limiting natural frequency for mode k.

Limit on volume of the shell material

For the present frustum-—cone finite element, the volume of the shell material is
given by:

I I
V=3 ve=ad (o —rt) 4 o — )00 4 rhe (90)

where I is the total number of elements.
Impose the initial volume V; of the shell material of the structure as constant
and consider a normalized equality constraint of the type:

%4
i=——1=10 91)
9j VO (
The derivatives are easily obtained for constant thickness and radial coordinates,

yielding, respectively:

da;
Wi = 2V o+ (92)
eEE

% _ Zh {( M+g) e+ (L”E)z_(”l)_ e) T{,} (93)

eEE
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Limit on enclosed volume of the structure

The enclosed volume of the structure is given by:

J J
C=320" = X (08 + D + (rir) e - #0) (94)

J being the total number of finite elements which are related to the enclosed
volume.

Assume the initial enclosed volume Cpy of the structure as constant and
consider a normalized equality constraint of the type:

(94
g; = 1- C'o = (95)

Thus the sensitivity of constraint on the enclosed volume of the structure with
respect to radial nodal coordinates perturbation yields:

%%: = “‘;a eEZE (1(25 = 20)D) {(r3 + 2r5)TY; + (2r5 + r§)T5;} (96)

6. Optimal design

The objective is minimization of the volume V' of the material, maximization of
natural frequency wi, minimization of the maximum stress @ or minimization
of the maximum displacement g;. The problem is stated as:

minV(b) or maxwg(b) or min(max7(h)) or min(maxgqy) (97)
subject to:

g;(5) <0 j=1, a)

gr(b) =0 k=i+1,m b) (98)

b¥ < b; < b¥ i_1,2,...,11 ¢)

Constraints g; are inequality constraints (such as displacement or stress) and gj.
are equality constraints (enclosed volume of the structure or the volume of the
shell material), b¢ and b} are the lower and upper limiting bounds of the design
variables and %, m, n are the number of inequality constraints, total number of
constraints and total number of design variables, respectively.

Bound formulation, Taylor and Bendsge (1984), is used to solve min-max
problem. The problem is restated as a simple minimization problem in terms
of a bound @ on the value of max 7:

min f3 (99)
with:
(B —ef) < maxv < (100)

where ¢ is defined by the user.
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Figure 2. Cylinder. Geometry and load

7. Applications

A computer program for personal computers has been developed based on the
formulation presented. The illustrative optimal designs shown in this paper
where obtained using the modified feasible direction method of the ADS pro-
gram, described by Vanderplaats (1984).

Supported cylinder with end shearing force

The load, geometric and material properties are: Q = 1000N/m; a =1m; h =
0.0lm; L = 0.6m; F = 200 GPa (Young’s modulus); v = 0.30 (Poisson’s
coefficient). A finite element model with 30 elements was considered (Fig. 2).
The design variable is the thickness of the cylinder.

The radial displacement distribution of the Love-Kirchhoff analytical solu-
tion (Kraus, 1967) is:

1/4 5
Q. o (3a-w)\"* _  Eh
i v s it (T

i
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Figure 3. Radial displacements distribution.

which compares very favourably with the present numerical solution (Fig. 3).
The sensitivity distribution obtained using discrete finite element model with
the analytical method has a very good agreement (Fig. 4) with the theoretic
sensitivity obtained by differentiating the above expression using a symbolic
manipulator, yielding:
du, dg  Picos(P;) Psicos(P;) Pysin(Ps)

dh ~ dh T PRDE P3h3E P3h3E

where :
_ 1.3162(1 - v?)*

P = 3.948Qa3 (1 —v?)i; P -
1 Qaz( ) 2 (ah)}

( 3t
P3=e( . ) Py = 1.732Qaz\/(1 — v2)

Simply supported cone—cylinder connection with internal pressure

The geometric and material properties are: R = 1.0 m (cylinder radius), H =
0.6 m (height of cylinder), A = 0.010 m (thickness), £’ = 200GPa, v = 0.3.

A finite element model with 50 elements was considered (Fig. 5). The design
variables are 6 radial coordinates (bi,...,bs). Tables 1 and 2 show the sensi-
tivities for the initial design with respect to changes in the radial coordinates
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Sensitivities
Source Perturbation by bo b ba by be
CFD 0.001b; -0.0430 0.6042 4.6708 -12.7946 0.0926 5.7383
Analytical -0.0430 0.6041 4.6703 -12.7940 0.0922 5.7387
0.0000000015; |-0.0430 0.6042 4.6708 -12.7946 0.0922 5.7387
0.0000001b; |-0.0430 0.6042 4.6709 -12.7942 0.0928 5.7390
Semi—-Analytical |0.000015; -0.0430 0.6044 4.6811 -12.7507 0.1541 5.7679
0.0015; -0.0428 0.6289 5.7062 -8.4132 6.2830 8.6519
0.01b; -0.0410 0.8691 15.9369 29.7409 61.1342 34.3096
Table 1. Sensitivities due to a radial displacement constraint
Sensitivities
Source Perturbation by b ba by by be
CFD 0.001b; -0.0077 0.8343 -6.5946 16.7119 -7.8595 -1.8374
Analytical -0.0077 0.8342 -6.5940 16.7115 -7.8591 -1.8375
0.000000001b; |-0.0077 0.8343 -6.5946 16.7121 -7.8591 -1.8375
0.00000015; -0.0077 0.8343 -6.594T7 16.7114 -7.8598 -1.8376
Semi-Analytical 0.000015; -0.007T7 0.8344 -6.6034 16.6458 -T7.9269 -1.8488
0.001b; -0.0077 0.8480 -T7.4871 10.0850 -14.6369 -2.9660
0.01b; -0.0077 0.9802 -16.3546 -48.1310 -74.5055 -12.912

Table 2. Sensitivities due to a meridional stress constraint

for a displacement radial constraint in the junction (r = 1.0 m, z = 0.6 m)
and a meridional stress constraint oss in the Gaussian point of the cylindrical
element adjacent to the junction. The cone-cylinder connection is submitted
to an internal pressure of p = 0.2MPa. The global sensitivities are calculated
using central finite difference (CFD) with a perturbation of Ab; = 0.001b;.

From Tables 1 and 2 it is observed that the analytical sensitivities for shape
design sensitivities compare very favourably with the global finite element sen-
sitivities obtained with the same model. It is also seen that the semi-analytical
sensitivities only compare favourably for very small perturbations in the design
variables, being highly influenced by the perturbation used, due to the trunca-
tion on the finite difference method.

For the initial design the maximum meridional stress is oss = 105.4 MPa
at the cylindrical element adjacent to the junction. The model is optimized
considering a radial deflection of u,, = 0.3 mm, a meridional stress limit of
oo = 120 MPa and the enclosed volume of the initial design at 2.932 m? (equality
constraint).

The optimal design is obtained in 14 iterations, 34 function evaluations and
6 gradient evaluations, with a reduction of maximum stress of 68%. During the
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AM /SA [ FFD /SA | CFD / SA
CPU ratio 2.5 a2 5.4

Table 3. Evaluation of sensitivities
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Figure 6. Initial design

iteration process the enclosed volume of the initial design is an active constraint.
For the optimal design the maximum meridional stress in the model decreases
to ogs = 33.5 MPa.

A CPU ratio of 2.5 is achieved between the analytical /semi-analytical eva-
luation of sensitivities. Table 3 shows the CPU ratio between semi-analytical
method (SA) versus analytical method (AM), global central finite difference
(CFD) and global forward finite difference (FFD).
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Figure 7. Optimal design (1st level)

Conical structure clamped at lower end

A conical shell clamped at lower end with geometry shown in Fig. 6 and
material properties £ = 200 GPa (Young’s modulus), » = 0.15 (Poisson’s co-
efficient) and ¢ = 2410 Kg:m~3 (mass per unit volume) is considered. The
structure has been modelled with 68 elements.

Table 4 shows the sensitivity results for the initial design with a good agree-
ment between the three methods.

A two level optimization has been carried out. The objective of the design is
the maximization of the fundamental frequency for the harmonic n = 0, with a
constraint of enclosed volume of the structure in the first level and a constraint
of volume of the shell material in the second level.

On the first level the design variables are 2 radial coordinates b, and by. The
optimal design (Fig.7) is obtained in 8 iterations, 41 function evaluations and 7
gradient evaluation, with an increase in natural frequency of 49%. During the
iteration process the active constraint is the enclosed volume of the structure
(equality constraint) that is imposed constant and equal to 59.157 m®. The nat-
ural frequency of the optimum solution is in agreement with the plot (Fig.8) of
natural frequency versus radial coordinates carried out through 12 finite element
analyses using constant enclosed volume (59.157 m?) for the structure.

On the 2nd level of optimization the design variables are 6 thicknesses, where
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Sensitivities

Source Perturbation b1 [
FFD 0.001b; -271.606 284.140
Analytical -271.637 284.192
0.0000000016; | -271.720 284.192
0.0000001b; -271.724 284.182
Semi-Analytical | 0.00001b; -271.725 284.183
0.001b; -272.109 285.353
0.01b; -273.633  290.049

Table 4. Sensitivities due to fundamental frequency
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Figure 8. FEM analysis
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Figure 11. Sensitivities. Displacement constraint

the initial design is the final design of the first level of optimization. The con-
straint is the volume of the shell material that is imposed constant and equal
to 3.706 m3. The optimal design (Fig.9) is obtained in 7 iterations, 27 func-
tion evaluations and 5 gradient evaluation, with a further increase in natural
frequency of 24%.

Clamped circular plate

The material and geometric properties (Fig. 10) are £ = 200 GPa, v = 0.30,
a=1m, h =0.025 m and the load is given by p = pg +p11'a~cos #; po = 100 000
Pa; p = 50 000 Pa.

The plate has been modelled with 20 finite elements. Fig. 11 and Fig. 12
show the sensitivity distribution due to thickness variation and constraints of
displacement in 7 = 0 and stress @ at » = 0.97 m. They are compared with
the results obtained using the theoretic sensitivity obtained by differentiating
the expressions of Love-Kirchhoff shell theory. The agreement between the
proposed model and the alternative results is quite favourable.

The objective of the design is the minimization of the volume of the circular
plate that has been optimized considering deflection and stress limits of gg = 9
mm and og = 150 MPa, respectively. The upper limiting bound of the design
variables has been set to h < 50 mm. .

The optimal design when five design variables (thicknesses) are considered
is shown in Fig. 13 and is obtained with 9 iterations, 33 functions evaluations
and 5 gradient evaluations. The reduction in volume with regard to the initial
design was 21.2%. Both constraints are activated and the stresses are calculated
for § = 0° ; 0 = 45%; § = 90°; 6 = 135°; 9 = 180°; § = 225°; 6 = 270° and
g = 315°.
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Double supported cylinder—cone—cylinder connection

The geometry for the initial design (Fig. 15) and material properties are:
by =by=08m;b3=1.1m;by=0bs=14m; h=0.012m; H =22 m (Height
of connection); £ = 200 GPa; v = 0.3.

A finite element model with 50 elements has been considered. The design
variables are 5 radial coordinates (by,...,bs). Tables 5 and 6 show the sensitiv-
ities for the initial design with respect to changes in the radial coordinates for a
maximum displacement radial constraint and for meridional stress using bound
formulation. The cylinder-cone—cylinder connection is submitted to a external
surface load with the distribution represented in Fig. 14.

From Tables 5 and 6 it is observed that the analytical sensitivities for shape
design compare very favourably with the global finite element sensitivities ob-
tained with the same model. As in axisymmetric loading, it is also seen that the
semi-analytical sensitivities only compare favourably in some design variables
for very small perturbations, being highly influenced by the perturbation used,
due to the truncation on the finite difference method. The results obtained for
bs using bound formulation are in discrepancy for all the perturbations used.

A CPU ratio of 2.1 is achieved between the analytical/semi-analytical eva-
luation of sensitivities for a radial displacement constraint and a ratio of 1.9 for
bound formulation.

The double supported cylinder-cone—cylinder connection has been first op-
timized considering deflection and stress limits of, respectively, ¢gop = 1 mm and
oo = 120 MPa. The optimal design is shown in Fig. 15 and is obtained with 35
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Figure 15. Cylinder-cone-cylinder connection

Sensitivities x1072

Source Perturbation b1 ba ba I bs
Analytical -0.06193 -0.9331 1.722 -0.7951 -0.3052
CFD 0.001b; -0.06194 -0.9331 1.722 -0.7951 -0.3052
FFD 0.001b; -0.06213 -0.9331 1.723 -0.7946 -0.3052
0.0000000015; | -0.06205 -0.9329 1.722 -0.7953 -0.3051
0.00000015; -0.06204 -0.9329 1.722 -0.7952 -0.3051
Semi—AnalytiCaI 0.00001b; -0.06191 -0.9323 1.723 -0.7947 -0.3051
0.0018b; -0.04853 -0.8755 1.821 -0.7441 -0.3073
0.01b; 0.0730 -0.3451 2.712 -0.3091 -0.3269
0.03b; 0.342 0.923 4.692 0.511 -0.3686

Table 5. Sensitivities due to a radial displacement constraint
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Sensitivities x 1074

Source Perturbation by by bs bs bs
Analytical 0.6249 -0.3942 -1.981 1.741 0.01773
CFD 0.001b; 0.6263 -0.3894 -1.989 1,742 0.01759
FFD 0.001b; 0.6259 -0.3898 -1.988 1.743 0.01756

0.0000000016; | 0.5951 -0.3209 -2.023 1.954 -0.1016
0.0000001b; 0.5951 -0.3209 -2.023 1.954 -0.1016

Semi-Analytical | 0.000015; 0.5947 -0.3219 -2.024 1.953 -0.1018
0.001b; 0.5478 -0.4290 -2.150 1.872 -0.1229
0.01b; 0.1211 -0.1426 -3.281 1.163 -0.3139
0.03b; -0.825 -0.3800 -5.752 -0.249 -0.7303

Table 6. Sensitivities due to a meridional stress using bound formulation

iterations, 89 functions evaluations and 19 gradient evaluations. It was found
a reduction in meridional stress, with regard to the initial design, of 39%. The
maximum meridional stress in the model decreases from 0.638 MPa to 0.388
MPa. Only the enclosed volume of the initial design (8.872 m3), equality con-
straint, is activated. The model has been also optimized considering the surface
load distribution (Fig. 14) and an internal pressure of 0.5 MPa. The optimal
design (Fig. 15) is obtained with 8 iterations, 19 functions evaluations and 3
gradient evaluations. In this case the maximum meridional stress in the model
decreases from 117 MPa to 79 MPa. It was used for bound formulation ¢ = 0.2
for the first 10 evaluations, ¢ = 0.1 for the next 20 evaluations and ¢ = 0.05
until the final design.

Pressure vessel

The last applications presented are pressure vessels with the same material pro-
perties (£ = 210 GPa ; v = 0.3; ¢ = 7800 Kg-m~3) and different geometries.
The initial design (Fig. 16) has ry = 0.8 m, rp = 1.4 m, h = 12 mm and height
H = 19.5 m. The structure has been modelled with 95 elements. The design
variables are 7 thicknesses (h; ...h7) and 1 radial coordinate b;. Table 8 shows
for the initial design the sensitivities due to fundamental frequency. For FFD a
perturbation of 0.001b; was used.

The objective of the design is to maximize of lower fundamental {requency.
The analysis used 5 harmonic terms of Fourier series and 4 modes for each
harmonic term. The optimal design was obtained in 5 iterations, 49 function
evaluations and 5 gradient evaluations. During the iteration process the volume
of the shell material of the initial design (1.656 m®) was an active constraint and
for thicknesses the interval 5 mm< h; < 50 mm for lower and upper bounds,
respectively, was used. The lower fundamental frequency is given for the first
mode of harmonic term n = 1 and it is increased from 36 rad/s in the initial
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Figure 16. Initial design. Figure 17. Minimization of maximum displacement.
Sensitivities
Source hi1 ha ha ha hs hg hr by
Analytical [-809.3 -533.2 369.8 629.9 212.2 99.39 275.0 4.373
FFD -809.0 -533.3 369.3 629.4 212.0 99.29 274.8 4.373

Table 7. Sensitivities due to fundamental frequency
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Figure 18. Initial design.

Design variables (mm)

Source h] hz ks h{ h_r, hs hy b;
Initial 12.0 12,0 12.0 12.0 12.0 12.0 12.0 1400.
Optimal | 5.00 5.00 12.3 48.4 11.2 9.54 15.7 1402.

Table 8. Design variables for initial and optimal designs
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Design variables (mm)
hi ha hs ha hs he B
Mota Soares et al [ 22.6 22.8 22,9 404 34.6 34.7 4.7
Present 21.0 224 24.5 43.0 323 32.5 4.0

Table 9. Design variables for optimal design

design to 63 rad/s in the optimal design. Table 8 shows the design variables for
optimal design.

The same geometry with thickness equal to 8 mm and same design variables
was used to minimize the maximum displacement in node 1 (r = 0;z = 19.5).
As lower and upper bounds 5 mm < h; < 12 mmand 0.15 m < r;, <2 m
were used. The pressure vessel was submitted to wind load (Fig. 14) and the
displacements are calculated about circumference for 6 = 0°; @ = 45°; 0 = 60°;
6 = 90° # = 135° and @ = 180°. The optimal design (Fig. 17) was achieved
in 2 iterations, 25 function evaluations and 2 gradient evaluations. The design
variables (7 thicknesses and 1 radial coordinate) are set to the upper bounds
in the final design and the reduction on displacement was 8.3% (2.743 mm to
2.516 mm)

The last case shown is a pressure vessel with the same material properties
but using different geometry with r; = 0.4 m, ro = 0.65 m, hy = hy = h3 = 35
mm, hy = 45mm, hs = hg = hy = 40 mm and height H = 21.4 m. The
pressure vessel is submitted to wind load with the distribution represented in
Fig. 14 and an internal pressure of 5.27 MPa. The design variables are 7
thicknesses (Fig. 18) and the objective of the design is the minimization of
the volume of shell material considering the maximum displacement and the
maximum circumferential stress as constraints. The optimal design is obtained
in 7 iterations, 30 function evaluations and 5 gradient evaluations. This design
is in agreement with a simplified model used by Mota Soares et al (1987) as
shown in Table 9.

8. Conclusions

The results presented show that sensitivity analysis of statical and dynamic
constraints of axisymmetric shells are efficiently and accurately obtained using
the analytical method here described. When the design variables are thicknesses
all the described techniques calculate the response sensitivities with accuracy.
TFrom the observation of results it can be concluded that analytical sensitiv-
ities for shape design are more accurate than the semi-analytical ones. Hence
analytical sensitivities should be recommended for shape optimization of ax-
isymmetric type structures although they are more difficult to obtain and more
expensive in terms of CPU time when compared to the semi-analytical formu-
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lation.

The semi—analytical techniques for sensitivities cannot be very accurate and
it will require a very small perturbation to obtain acceptable results. However,
this perturbation can create problems of numerical stability.

The methods proposed were applied to several design problems and the nu-
merical results show that the frustum-—cone finite element used, the algorithms
developed to obtained sensitivities and the modified method of feasible direc-
tions of ADS make a promising tool to obtain optimal designs for axisymmetric
laminate shell structures subject to arbitrary loading.
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