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We describe a Galerkin approximation scheme for a general class
of conservative infinite dimensional control systems with controls
distributed on the boundary of a compact set in B*. Each approx-
imate system is controllable, has a simple structure and is free of
certain anomalies which are present in the original systems.

Introduction

There is a general class of elastic control problems which is represented by linear
hyperbolic partial differential equations with nonhomogeneous boundary values.
The setting is a bounded open set, §2, in R™ and the control action occurs on
the boundary, I', of ©2. These problems purport to model the control of struc-
tures such as strings and beams. The theory is mathematically complete in the
context in which these problems are posed (see e.g. Lions, 1988). However vis
4 vis other control systems it has several flaws which militate against its use in
practical design. We mention three: (i) The uncontrolled mathematical models
generate Cp-groups on the spaces of their initial conditions. However, equally,
and in many instances more appropriate models, have uncontrolled structures
which generate analytic semigroups on the spaces of their initial conditions (see
e.g. Sakawa, 1984). The mathematical consequence of this is that the first class
of control problems is completely controllable, Lions (1988), whereas the second
class is only approximately controllable (Triggiani, 1975). (ii) There is no theory
of complete controllability for systems with bounded control inputs. In fact such
a theory is impossible. The best one can hope for in this direction is an approx-
imate control theory which may be inferred from the results of this paper. (iii)
The practical goal of most elastic control problems is some form of stabilization
(MacMartin, Hall, 1991). In the case of the systems under discussion this is
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achieved by linear feedback controls which involve velocity components (Lions,
1988). Unfortunately the resulting dynamical systems are unstable for any time
delay in the feedback (Datko, 1991). It is true that these instabilities occur in
the very high frequencies (see e.g. Datko, You, 1991) where the mathematical
models probably do not represent physical reality. However, the mathematical
theory depends on the infinite dimensional nature of the models and is intrin-
sic to the development of the theory (Lions, 1988). For example, if one were
interested only in controlling a finite number of frequencies the standard finite
dimensional theory would suffice.

Indeed, practical stabilization of flexible structures is described in the lan-
guage of finite dimensional linear control theory (see e.g. Balas, 1982; Mac-
Martin, Hall, 1991). A major reason for this is that, although flexible struc-
tures are often mathematically infinite dimensional, they are nonlinear and rea-
sonable infinite dimensional models are not available. Moreover in practice it
usually suffices to control only a finite number of frequencies, which can often
be described by systems of the type (2.4) in this paper (see e.g. Balas, 1982).
Consequently the principal goal of this paper is to indicate how elastic systems
of the type described by the system (2.13) in Section 2 may be projected onto
finite dimensional models of the form (2.4) which are controllable.

The resulting projected system has a relatively simple structure and we
show in Section 4 how to exploit this to compute e—approximate controllers
with arbitrarily small Lo, or Ly bounds. In the same section we also show the
extent to which a common feedback stabilizer for the system (2.4) is robust with
respect to small time delays. This is an important property since in practice the
active (as opposed to passive) stabilizers are implemented by microprocessors
and this may result in small delays in these stabilizers.

The paper has the following structure. Section 1 is devoted to notational
conventions and some properties of Finite Laplace Transforms, which are needed
in Section 4. Section 2 develops some controllability properties for second—order
conservative control systems. We also show how a specific projected distributed
parameter control system with distributed controls on the boundary can be
reduced to a lumped conservative system, and that thé number of controls is
determined by the largest multiplicity of any repeated eigenvalues in the cor-
responding homogeneous system. Section 3 contains three examples of control
systems which are amenable to the treatment in Section 2. The contents of
Section 4 have been alluded to above. Section 5 is a brief discussion of some
aspects of vibrational control systems governed by second-order partial or or-
dinary differential equations.

1. Preliminaries

1. N will denote the set of positive integers.
2. Rt will denote the set of nonnegative real numbers, R" the set of real
n-vectors, C" the set of complex n-vectors and C' the complex numbers.
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3. The inner product on C™ is given by (-, ).
4. (a) M(n,m) will denote the set of real matrices with n rows and m
columns.

(b) I, will denote the identity matrix in M(n,n).
(¢) diag[Ailx,,...,Aelg,] will denote a diagonal matrix whose first k;

diagonal elements are Ay, whose second ks diagonal elements are Ay,
etc. '

(d) If A is an n x n matrix, det A will denote its determinant and r(A)
its spectral radius.

(e) If B is an m x n matrix, B* will denote its conjugate transpose. If b
and ¢ are n-vectors we may sometimes denote the inner product by

{b,c) = b*c.
(f) If B € M(n,m) we denote
B,
B=| :
Be

¢
a partition of B where B; € M(k;, m) and Z k; = n.
j=1
5. (a) € will denote an open, bounded set in R" and I' its boundary. We
assume {2 is a Green—type region. That is if v and w are defined
on QUT and have second partial derivatives on Q and first partial
derivatives on I' then

/ﬂ[v(z)Aw(m) — w(z)Av(z)]de =
dw Ov
0050 - u(e) 5o,

where do denotes the Lebesgue surface measure on I, dz the Lebesgue
measure on £) and %—‘;’ is the outward normal derivative on T,

(b) The sets of real Ly-integrable functions on Q2 and on I' form Hilbert
spaces. We respectively denote their inner products by

(9 = [ )i
and
(v,q) :-/[:v(c']q(cr)dm

(Notice the same symbol for inner product is used for these spaces as
for C™. However this should cause no difficulty in the sequel, since
the context will dictate which space is being considered).
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6. (a) Let f: QUT x Rt — R. Then
f(:;:,i):/ e Mf(z,t)dt, z€QUT, (1.1)
0

provided there exists Ag in R such that (1.1) converges absolutely for
Re A > Xg. The inverse Laplace transform of f(z, ) is

fz,0) = L7H(F (=, 0)). (1.2)

(b) If 0 < T' < oo then the Finite Laplace Transform (F.L.T.) of f(z,¢),
z € QUT, t € R, is defined by

T
fre N = [ ey a (1.3)

In the sequel we shall sometimes omit the subscript 7" on the left
hand side of (1.3) if we believe the meaning is obvious.

The following theorem may be found in Doetsch (1956).

THEOREM 1.1 The F.L.T. fp(z,)) is for fited z € QUT an entire analylic
function of A and is Lo-integrable in A over the imaginary axis.

2. Controllability considerations

The following is a variant of the Kalman controllability condition for linear
autonomous control systems. The proof is omitted since it is an immediate
consequence of the original version.

LEMMA 2.1 Let A€ M(n,n) and B € M(n, m), then the system
z = Az + Bu (2.1)

is controllable if and only if for any polynomial function
fA) = aX (2.2)
§=0
the condition
f(A)B =0 implies f(A) =0 (2.3)
where f(A) is the matriz polynomial associated with f(A).

The next lemma may be found in Zabczyk (1991), Zadanie 1.8, p. 25.
However since no reference to its proof is given we supply one.
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LEMMA 2.2 Let A€ M(n,n) and B € M(n,m). Then the system

£ = Az + Bu (2.4)
is controllable if and only if the system

z= Az + Bu (2.5)
is controllable.

ProorF. System (2.4) has the first order repr.esentation

z\_( 0, A T 0 \_ (= A
(5)-(2 )(2)+(8)=4G)em oo
Any polynomial g(A) may be expressed in the form

9(N) = 91(A%) + Ag2(A?), (2.7)

where g1 and g» are polynomials. A simple induction argument then shows that
g(A), where

A:(E: ‘g) ' (2.8)
has the structure
71(4), 92(44} e ol
(AQQ(A), 01(4) ) =9(4) (29)
then,
g(A)B = ( ﬁf%ﬁ%g ) . (2.10)

(i) Thus, suppose (2.4) is controllable, but (2.5) is not. Then we can find an
even polynomial

9(A) = g1(2%)

such that

g(A) #0, g(A)B=0 ) o (2.11)
which by (2.9) and (2.11) implies g(A) # 0, but g(A)B = 0, a contradic-
tion.

(ii) Assume (2.5) is controllable, but (2.4) is not. Then there exists polyno-
mials g, g1 and g such that

9(A) = 01(A%) + Ag2(X?)

g(A) #0, but.g(A)B =0
This implies by (2.11) that either g;(A) # 0 or g2(A4) # 0 and ¢;(A)B =
92(A)B = 0 which contradicts the controllability of (2.5).

and
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We consider a control system of the form (2.4), where

A = diag[-ML,,...,—AL]

B

4 (2.12)
B = \B; € M(k;, m)

B,

Y i=1 kj =n and k; < m for all j.

AssuMPTION 2.3 We assume that matrices A and B in (2.12) have the follow-
ing properties
(1) \j A if j# k and A; #£0 for all §
(ii) Each B; can be partitioned as follows
Bj = [Bj1, Bjal,
where Bj; € M(kj, k) and det(Bj1) # 0.

THEOREM 2.4 Let Assumption 2.3 be satisfied, then the system (2.4) is con-
trollable.

ProOF. By Lemma 2.2 we only need to prove the system (2.5) is controllable.
Thus assume (2.5) is not controllable. Then there exists a polynomial f(A) such
that f(—A?) # 0 for at least one A; and such that

F(=2})B; = f(=2})[Bj1, Bj2] = 0.
This implies det(B;1) = 0 which contradicts (ii) in Assumption 2.3.

We now consider an infinite dimensional control system of the type

z;(t) + ,\?a;'j(t) = /qu-(o‘),u(a,t) do, jEN, (2.13)
where /\? > 0 and the functions g¢j, ¢j+1, .. ., gj+r are linearly dependent on I if
)\f :/\f_l_1 = ...:,\_?Jr,.

REMARK 2.5 Systems of the type (2.13) arise from many standard boundary
value problems in elastic control involving vibrating siructures (see e.g. Lions,
1988). The original system is described by partial differential equations. The
form (2.13) is arrived at by considering Fourier ezpansions in appropriate So-
bolev spaces, where solutions of (2.13) are considered only in some weak sense.
Specific ezamples are supplied in Section 3. In this seclion we are only concerned
with a finite dimensional Galerkin approzimation of (2.13). Thus the underlying
Sobolev space is irrelevant and need not be explicitly specified.
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We consider only the first n equations in (2.13). This reduces the system to
one of the form

i) = 42() = | Bon(o,t)de (2.14)
r
where A satisfies (i) in Assumption 2.3 and

q1(o)
B(o) = : . (2.15)

qn(0)

Unfortunately the controls in (2.14) are distributed and hence lie in an infinite
dimensional space, unless of course I' consists of discreie poinis in which case
the measure do in (2.14) is alomic. This last condition occurs in elastic sys-
tems such as one-dimensional strings or Euler—Bernoulli beams. In this case
the system (2.14) can easily be shown to satisfy Assumption 2.3 and hence by
Theorem 2.4 is controllable. We wish to consider the more complez situatlion
which is covered by the following assumption.

AssUMPTION 2.5 (i) The measure, do, in (2.14) is nonatomic and if A\; =
Aj41 =...Aj4r in A then q;,...,qj4r are linearly independent on T.
(ii) A in (2.15) has v distinct eigenvalues —A}, . .., —A? with respective indices
of multiplicity ky,...,k, and ky > k; forj=2,...,r.

THEOREM 2.6 Let Assumption 2.5 be salisfied. There ezist constants {aj.},
1<j <k, 1 <2< n, such that the system (2.14) is controllable for conirols
of the form

= 3 iy (ede, (2.16)

j=le=1
Thus (2.14), with controls of the type (2.16) reduces to a system of the form
(2.4) which salisfies Assumption 2.3.

Proor. We proceed in two steps.
(i) —A% has multiplicity k; and thus g1,...qs,, are linearly independent on

I'. Consequently we can find functions vy, ..., v, on I' of the form
k1
vi(0) =) vkja(o), 1<j <k, (2.17)
k=1
such that
(vj,qx) = / vj(0)qe(o)do = b1 (the Kronecker delta). (2.18)

We repeat this procedure for each repeated eigenvalue. That is, we can find
{v;}, k1+1<j < ki+ ks, which are linear combinations of gj, ki +1<
j < ki + ko such that

('vj,qk}= jk,k1+l§j,k$k1+kz, (2.19)
etc.
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(ii) We choose nonzero real numbers ¢y, ..., € as follows.
We consider controls u(e,t) of the form
k1
plol) = a@ Z;J,j(t)uj(or} +...+
=1
Y (2.20)
D, M-k (D2i(0).
j=kr—1+1

Substituting (2.20) into (2.13) we obtain a control system of the form (2.4)
which satisfies (i) in Assumption 2.3, where
B,
B=| : (2.21)
B
and each Bj, 1< j<r, has the form
[ By =e1ly, +€e2By3,...+6Bir

By = [ea]k, + €Bay + ... + € Bar, B3] (2.22)

L By = [erd, + €1Bp1 + ...+ €-1Br -1, Bra)
We now choose {¢;}, 1< j<r,such that the matrices in (2.22) satisfy
(ii) in Assumption 2.3. That is

[ det[e Iy, +... + € By #0

(2.23)

L det[e,-fk, . Er—lér‘,r-—l] #0
This completes the proof of the theorem.

Theorem 2.6 has a tedious combinatorial statement and proof. In the exam-

ple given below we shall present a specific model to illustrate its statement and
proof.

ExaMmpPLE 2.7 Consider the system

[ #1 + Aley = f qi(o) (o, t)do |
r

Bg+ Az + / q2(0)p(o, t)do
r , (2.24)

o+ Moa+ [ as(o)ulo,t)do
I}

54+Aﬁz4+]q.;{a)p(0‘,t)da
r

where A\? # A3 and the pairs (q1,92) and (g3, qa) are linearly independent over
I. We wish to construct functions vy, vy which are linear combinations of g1
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and qo, and vz, vs which are linear combinations of g3 and g4 such thal
(v1,q1) = (v2, q2) = (v3,93) = (va,q4) = 1
(v1,02) = (v2,q1) = (v3,94) = (v4,43) =0
For ezample vy has the form

- (42,9'2)91 — (01, 02) 92
{q1,91) (92, 42) — (21, 92)?
Similar expressions hold for vy, vz and vs. We then look for €1 and €3 such thal
(o, 1) = p(t)[e1vi(0) + e2v3(0)] + pa(t)[e1v2(0) + €2v4(0)]

leads to a system of the tgl,'pe (2.4) satisfying Assumption 2.3. This resulls in a
system (2.4) where B has the form

e1 + €e(va, q1) €2{va, q1)
e2(va,q2) . €1+e€2(va,q2) ( pa(t) )
€2+ €1{gs, v1) €a(v2, g3) pa(t) /-
€1(ga, v1) , €2+ €1(va, qa)

Clearly one may choose ¢; and €y to salisfy Assumption 2.3.

3. Examples of projections

ExaMPLE 3.1 Let P :§} — R% be continuous. We consider

wy =Aw—Pw, z€Q, t>0 (3.1)
w(z,0) = ¢(z), wi(z,0)=1y(z), z€Q (3.2)
%%(g‘, t)=p(o,t), o€l, t>0. (3.3)

The function p(-,-) in (8.3) is the conirol and is assumed to be Laplace
transformable with respect to t. The functions ¢ and v in (3.2) lie, respectively,
in H}(Q) and Lo(2). ;

The Laplace transform of (3.1)-(3.3) transforms the system into

Mz, \) = Aw(z, A) — P(2)d(z, N) + M(z) + ¥(z), (3.4)
%?(x,A) = (o, A). (3.5)

Let {q;} be the orthonormal sequence of functions defined on QUT satisfying
the conditions

Agj(z) — P(2)ga(z) = —Ajg(e), z€Q (3.6)
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dq;
E}:{—(a) =0, o€l - (3.7)

(g5, q8) :f gj(z)qr(z)dz = 61 (the Kronecker delta) (3.8)
a

Notice, that since P(z) > 0 on Q, A? > 0 for all j. Using functions {q;} defined
by (3.6)-(3.8) we ezxpand W(z, ), #(z) and (z) in the Fourier series

Bz, )) = Y a;(Ngi(z), 6(=) =) jei(2),
i : (3.9)
Y(z) = Z%?j(-’c)

where the {G;(A)} are to be determined. Using (3.9) and Green’s Theorem we
obtain relationships for the {a;} in the form

[ @iz, ) — (e, ) Av ()dn (3.10)
- fn v (2)V2(z, A) — M() — $(z) + Aib(z, A))dz

= )\.2&;(/\) - /\qﬁj = ‘l}."_f -+ A?ﬁj(A) == / Qj(g)}a(ds A)da'
B

That is,

PR ) .

GO0 = gyt v+ [ (@i Niel, SEN. (3.1)
If

a;(t) = L71(a;(N)(), JEN, (3.12)

then (3.11) is equivalent to the infinite set of second-order ordinary differential
equations

[ () + My () = [ a(0)ulo,0) do, } 1)
a;(0) = ¢, a;(0)=9;, JEN,
i.c. a system of the form (2.13).

EXAMPLE 3.2 This is @ multidimensional Euler—Bernoulli beam. Let Q C R",
n > 2, and consider the system

we+Aw=0, z€Q, t>0, (3.14)
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w(z,0) = ¢(z), wi(e,0)=1(z), z€Q, (3.15)

w(0,t) =0, %(J,i}:g(a,t), cel, t>0. (3.16)

The functions ¢ and ¥ in (3.15) are respectively assumed to lie in Ly(Q) and
H=%(Q). The Laplace transform of (3.14) leads to the equation

=A%0(z, X) + Ap(z) + ¢(z) = A%d(z, ), z€Q. (3.17)

We expand @(-, ), ¢ and ¢ in terms of the orthonormal sequence {q;} defined
by

A%gi(z) = Mgj(z), z€9Q, (3.18)
65(0)=L(e)=0, vea (3.19)
(g, q8) = /nq.f(v)qk(d)dc =il (3.20)

and obtain (3.9). We then apply Green’s Formula to the integrals
[ 5(@)A%0(z, ) - Agy(@)Ai(z, )] de
and
— [ (e, A% () = Agy(e)Avo(z, 1)
and add the result to obtain the following ezpressions for the {a;} in (3.9)
500 = srgDi+ 9~ [Bu(DitoNiel, jeN. s
The equations (3.21) are equivalent to the ordinary differential equations
d;(t) + Mfa;(t) = “/P(qu(ff))#(mi) dv, a;(0) =¢;, a;(0)=1; (3.22)
which again reduce to the type (2.13). |

The next example is an explicit boundary control problem for the wave equa-
tion on k2. In this example there are an infinite number of multiple eigenvalues.
The purpose of this example is to show that the elaborate construction used in
proving Theorem 2.4 can in practice often be bypassed.
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EXAMPLE 3.3 We consider the two-dimensional wave equation
wi(2,¥,1) = Wea (2,9, 1) +wyy(z,9,1), 0<z <7 0<y<m >0, (3.23)
w(z,y,0) = ¢(z, ), wi(z,y,0) = Y(w,y) 0<z<m, O<y<m  (3.24)

[ w(z,0,t) w(0,y,t) =0, ] _

w_.,;{'ﬂ,y,!) ; m(y,i),wy(a:,ar,t):,ug(:c,i) (3‘25)

System (3.23)-(3.24) is completely controllable in the context of elastic con-
trol theory (see e.g. Lions, 1988). Applying the methods of the previous two ex-
amples we obtain the orthonormal sequence of functions defined on [0, 7] x [0, 7]
by

l Gkn(z,Y) = %[ain(k + %)xl[sin(n + %)y] ] (3.26)
keN, yeN.

Using (3.26) as an orthonermal set of vectors we easily reduce the system (3.23)-
(3.25) 1o the infinite system of second—order ordinary differential equations

in(t) + [(5 + )7 + (5 + B Jejn(0)
= fn in(m, y, )pa (7, y, t)dy+ (3.27)

m

gjn(z, m, )pa(z, m,t)dz, jE€N,n€N.
0

Notice that the controls py and py in (3.27) are arbitrary functions defined on
two edges of the boundary. We shall now specialize them to

pa(m, y,t) = vi(t), po(z, m, 1) = va(2). (3.28)
The system (3.27) with the controls (3.28) reduces to the lumped system

in(0) + [ + 3" + (5 + n)Jasn0)

_2Eu) | e, | k]
T 3+n s+i
Notice that if j # n the repeated eigenvalues
| 1
(§ +J)2+(§+n)2-_—h§n:'\%j (330)

lead to the pairs of equations

2 1 1 ;
Tjn = 32 Tin 3 E+n §+J ( V1 ) 3.31
( £aj ) = ~Hin ( Zaf )+ 7| (1r (c1y vy (331
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which are controllable since the contirol matriz has a nonzero determinant. Thus
the projections of (3.27) with controls of the type (3.28) lead to controllable
systems.

4. Control and stabilization considerations
Let A € M(n,n) and B € M(n,m) satisfy (2.12) and assume

#(t) = Az(t) + Bpu(t) (4.1)
is controllable.
THEOREM 4.1 If

p=—B*i, (4.2)
then the system

Z(t) = Az(t) — BB #(t) (4.3)
is uniformly exponentially stable. |

Proor. Each scalar component of (4.1) is of the form
B+ Mei= bikpme. (4.4)
k=1

Thus, because of (4.2) we can write each component of (4.3) in the form

n

B+ Mg ==Y (b)Ei + Y, ajnis (4.5)
k=1 k£i=1

If (4.3) is not uniformly exponentially stable there exists g € C", g # 0,
and w # 0 such that

z{l) = 2™ (4.6)
is a solution of (4.3). This implies

(w?I, — A)zq = —iwBB*z (4.7)
But then

((szn — A)zo, o) = —tw(B*zg, Bzo)
which implies that

B*zy = 0.
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Thus w? = A} for some j and zg is an eigenvector of the matrix A, which implies

that all its components but the j'* must equal zero. But this in turn implies,
when (4.6) is substituted into (4.5), that

Y (bjx)* = 0.
k=1

Hence the system cannot be controllable, which is a contradiction.

We next look at some controllability properties for (4.1). Suppose

H1
p= (4.8)
Hm

is a control which drives an initial value (z(0),2(0)) of (4.1) to the origin in a
finite time, 7". Let & and /i respectively denote the finite Laplace transforms
of the solution z(f) and the control u(t). Because these are entire analytic
functions a simple calculation shows that the components of these functions
must satisfy the equations

m
iXjz;(0) + &;(0) + Y bjeie(iAj) = 0

k=1
m , (4.9)
—iXjz;(0) +25(0) + Y bjkiir(—ir;) =0
L k=1
Solving (4.9) for z;(0) and ;(0) we obtain
“on Z bir(fx(idj) — i (—1A5))
Lo et (4.10)
;(0) = 52 k(A (IA;) + pr(—id;))
But the right hand sides of (4.10) can be rewritten in the form
e 7 sin A;t
k=170 7 (411)

m LT
-3 ] bik(cos Ajt)ux (t)dt
k=1 0

Equations (4.11) are necessary and sufficient for the control of (4.1) to the origin
in time 7" when the initial conditions are (z(0), £(0)).

Suppose we are not interested in exact control to the origin but only approxi-
mate or e-control, i.e. to an e-neighborhood of the origin. Moreover suppose the

L
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time of control is less important than some uniform bound on the controllers.
We shall indicate how to find explicit controls which perform these tasks. To
illustrate we assume the system (4.1) is rank one, i.e.

by
B=b= . (4'12)
bn
We also assume the control is of the form
T .
p(t) = TZ[GJ' cos Ajt + B sin A;y]. (4.13)
j:l

Substituting (4.13) into (4.11) we obtain the equations

z;(0 T/ —sm,\ it (Z o cos Mgt + G sin )\kt) dt

- (4.14)
2;(0) = _?fg bj cos At (Za,} cos At + B sin)\kt) dt
k=1

For T' sufficiently large one can solve (4.14) explicitly for {a;} and {8;} since
in the first integral in (4.14) the term

Bib; :
: Bi ——sm Ajt dt = [A ;T —sinA; T cos AT (4.15)
lfrf 72 20T ¥ 4 g

—rﬁjbj as T'— oo
2A;

and in the second integral in (4.14) the term

T o
lﬂ%/o ajb; cos? Mt dt = 2:;3;’ [AjT +sin A;T cos A; T (4.16)

ﬂasTﬁm}’

while the remaining terms in both equations tend to zero as T' — co.
Thus for T sufficiently large the solutions of (4.14) are asymptotic to

_ —2z;(0) 2A;2;(0)
A —5
& i

which is e-controllability. Moreover, since (4.17) does not depend on 7', u(¢) in
(4.13) has a bound of the form

B = j=1,...,n, (4.17)

O] < M, (4.18)
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where M is independent of 7'. The Ls bound is

1

T 2
le]:(/n I;u(t)izdt) 5%‘ (4.19)

We now consider the robustness of the stabilized systems (4.3) with respect
to time delays in the stabilizer, i.e. in place of (4.2) we assume
—B*z(t—h), h>0.
The system (4.1) then becomes
#(t) = Az(t) — BB*&(t—h), h>0. (4.20)

Since (4.20) is uniformly exponentially stable for A = 0, the question arises : for
what values of A > 0 does (4.20) remain uniformly exponentially stable? The
answer to this is almost trivial. This is because simple estimates are available
to determine the range of h for which stability holds. It is well known that there
exists a smallest hg > 0 for which (4.20) has a nontrivial periodic solution of
the form z(t) = zoe~ !, w-real, w # 0. This leads to the eigenequation

[-w?l — A —iwe~*"BB*]zq =0 o (42])

Since A and BB* are symmetric this implies that iwe~"“ho is real. Hence

e 2t
emWho= | or |, (4.22)
o= 3w
Thus
ho > -2-% (4.23)
On the other hand equation (4.21) implies that
rl(w(w?l + A)"'BB*] > 1 (4.24)
(r(A) in the spectral radius of A)
Since
rlw(* I+ A)"'BB'] -0 as |w|—o00 (4.25)
there exists wg > 0 such that
rlw(w?I + A)"'BB!] < 1 (4.26)

for all |w| > wg. Thus if

he [0, 2«%) (4.27)

the system (4.20) is uniformly exponentially stable, which 1s a stability margin.
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REMARK 4.2 Since A is (4.1) is a diagonal matriz and
(@ + A) BB < ful [T + )] BP,

where | - | denotes any convenient matriz norm, an estimale for 5’:; is easy 1o
obtain.

5. Discussion

REMARK 5.1 The projection scheme we have presented for infinite dimensional
distributed parameter systems of the type (2.13) is one of many possible choices.
These are traditionally termed Reduced-Order-Models (ROM). Other choices are
Finite Element Methods (FEM) which are not necessarily Galerkin methods.
However, whatever the method, the ordinary differential equation format for the
control system most often has the structure (2.6) and more specifically satisfies
Assumption 2.9 (see e.g. Balas, 1982 or MacMartin, Hall, 1991).

Controllability is somelimes delermined by lests on the modal data (Balas,
1982), but the result presented in Zabczyk (1991) is in our opinion more efficient
and applies to more general systems of the same type.

However the purpose of this paper was nol to present another ROM method,
but 1o show how certain distributed parameter control systems can be reduced in
a direct manner {o manageable computational systems.

REMARK 5.2 As mentioned in the Inlroductlion elastic models such as those
represented by (2.13) or Examples 3.1, 3.2 or 3.3 have serious flaws when con-
sidered in toto. Moreover they are at best approzimations to actual physical
phenomena. Thus it seems to us that no meril, except mathematical complez-
ily, 1s altached to sludying the usual controllability and stabilization properties
for these systems since they offer no particular insights into practical design. In-
deed in the case of stabilization the results are a “reductio ad absurdum” when
small time delays are permitted in the controls (see e.g. Boisema, de Vries,
1988; Datko, 1991 or Datko, 1993) — a reasonable engineering assumption.

On the other hand ROM models have practical advantiages without the lia-
bilities of distribuled parameter models of the lype given by (2.13). We mention
two: (i) There is a computational utilizable theory of e-conirol or complete con-
trol from uniformly bounded control sets; (11) Feedback stabilization is simple and
is robust with respect to uncertainties in the mairices A and B in (2.4), and this
stabilization is also robust with respect to small time delays in the stabilizer. In
fact, explicil estimales can be obtained for the extent of this robusiness.

REMARK 5.3 Vibrating elastic system possess some light damping. Often the
purpose of control is to enhance this damping. Thus in place of the system (2.4),
where A is negative definite, we might consider

&(t) = Az(t) + eDx(t) + Bu(t), (5.1)
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where D 1s a semi-negative definite matriz and ¢ > 0. Il can easily be shown
that Theorem 2.4 holds for (5.1) when € is sufficiently small. This follows from
the fact that finite dimensional controllability is robust with respect to matriz
representation. In praclice the damping term in (5.1) is slight (see e.g. Balas,
Chu, Doyle, 1989). It might be viewed as the projeclion of an internally damped
distributed model. For instance, in Example 3.3 we could replace Equation (3.23)

by
wp=Aw+eAw;, O<z<wm, 0<y<m, (3.23’)
and Equation (3.24) by

w(z,y,0) = ¢(z, !,:'}; wi (2, Yo, 0) = Y(z,y) )

Aw(z,y,0) = 7(z,y) (3.24)

The resulting projected systems would then assume the form (5.1) and conform
to a lightly damped model. But in the contezt of disiributed control (3.23),
(3.24)', (3.25) is a different animal than (3.23), (3.24), (3.25). For one thing it
is only e-controllable, since the corresponding homogeneous system generates an
analytic semigroup (see e.g. Triggiani, 1975). However il also lacks robustness
with respect to small time delays in the boundary controls (8.25) (see e.g. Datko,
1991). This is yet another indication that the distributed theory of boundary
conirol for elastic systems requires a serious review.
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