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Abstract. The paper develops an approach to inverse prob-
lems which is based on ideas of the boundary control theory, the so
called BC-method (Belishev, 1987; Avdonin, Belishev and Ivanov,
1991). It also gives a new interpretation of the local approach
(Blagoveshchenskii, 1971). Our main aim is an extension of the
BC-method to the case of nonselfadjoint problems. The results ob-
tained in this paper and the methods developed here will be useful
in nonselfadjoint inverse problems for the hyperbolic type equations
in multidimensional domains.
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1. Direct problem, boundary control problem
1.1. Problem I

Let V(z) be a real N x N matrix-function with continuously differentiable ele-
ments for z € Ry. Consider the following initial boundary value problem
(Problem I) for a vector-function u(z,t) (here and below we assume that all
functions are real)

Ut — Uz + V(2)u =0, (z,t) e Ry x (0,T) , T >0, (1)
e, 0) = wlx, 0) =0, : (2)
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u(0,t) = f(t) . 3)

Solution to this problem is denoted by u/(z,t) to stress dependence on f in
the boundary condition. Sometimes, following physical terminology, V, f and
ul are called potential, source or control, and wave, correspondingly.

Let matrix kernel w(z,t) be a solution of the Goursat problem

Wy — Wy +V(2)w =0, 0<z<t<T, @
w(0,t) = 0, w(z,z) = —3% [ V(s)ds ;

where w(z,t) is a twice continuously differentiable function in the triangle
{(z,t) : 0 <z <t <T}. The following assertions can be easily checked.

ProposiTION 1.1 (i) If f € C?([0,T);RY) and f(0) = f'(0) = 0 then Prob-
lem I has the unique classical solution u = uf(z,t).
t ;
f — f(t_m)"’".fg 'lU(.’L‘,S)f(t—S)dS 7,f.'lt<t =
u’ (z,1) { 0 o>t (5)
(ii) For f € Ly(0,T;RYN) the function u/ (x,t) defined by representation (5)
satisfies equation (1) in the sense of the theory of distributions.

As follows from (5), at any fixed moment t = ¢
supp v/ (-,¢) C Qf, 0<E LT, (6)

where Q¢ := [0,£] is an interval on the z—axis. The same representation implies
the inclusion

uf (-, T) € Ly(QT;RY) for all f € Ly(0,T); RY). (7)
Let 77 be a delay operator
A<t<T —
(TEO = fr—e(®) = { (J)"’(t —{r — &, TS—T£<§ T fP ®)

where ¢ is a parameter, £ € (0,7);
T = T% =0 (9)

Independence of the potential V(T) of ¢ implies the following well known pro-
perty of the solution u?:

W, 1) =l (,6). (10)

While omitting details we will mention one more property of the solution
uf which follows from the hyperbolicity of system (1)—(3). It is the so—called
»local principle”. For any fixed & € (0,T/2) the values of u/ (z,t) for (z,1) : 0 <
z < & x <t<2¢ -z are uniquely determined by the values of V' lmS&’ being
independent of the behaviour of V' | ..
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1.2. Boundary control problem

We set up a boundary control problem (BCP) in the following way.
For a given a € Ly(QT; RY) find f € Ly(0,T; RY) such that

wW(,T)=a. (11)
This setting turns out to be natural in view of the properties (6), (7).

LEMMA 1.1 For any T > 0,a € La(QT; RY) there exists the unique solution of
the BCP. '

Proof. According to (5) the condition (11) in the BCP is equivalent to the
equation

73
a(z) = f(T — ) +/ w(z,s)f(T — s)ds, z € Q. (12)
This is the Volterra equation of the second kind with respect to f. Its solvability
implies solvability of the BCP. O

2. Operators of BC—method
2.1. Problem I as a dynamical system

In further considerations it is convenient to use some terms from the abstract
theory of linear systems. The space of controls (inputs) FT = Ls{0,T5RY) is
called an outer space of dynamical system (1)—(3). The space HT := Lo(QT; RY)
is said to be an inner space; at any fixed moment ¢ = £ the wave (state) ul (-, &)
belongs to HT (see (6), (7)). The inner and outer spaces are connected by the
(control) operator WT : FT — HT,

WTf=u/(:,T) (13)

LEMMA 2.1 For any T > 0 the operator W is bounded and boundedly invertible
(i.e. WT is an isomorphism,).

The proof follows directly from Lemma 1.1. The right hand side of (12) gives
us the representation of the operator wT:
T
WTH(z) = f(T—=)+ / w(z,s)f(T — s)ds, = € Q. (14)

T

In the outer space FT we introduce a family of extending subspaces F T:€ formed
by delayed controls (see (8)—(10)),

FTE =T™FT ={ feF¥ suppf C[T—¢T)}, 0SE<T. (1)
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The set
Ut =wrTrré (16)
is said to be a reachable set for the system (1)—(3) (in time &).
Lemma 2.1 shows that U7 = HT. It is clear that an analogous equality is
valid for any moment of time:
where H¢ are subspaces of HT |
HE ={aeHT :suppaC Q}.

2.2. Response operator

We consider a function uf(0,t) € F¥ as an output of the dynamical system
(1)—(3) corresponding to the input f(¢). An ”input—output” correspondence is
realized by the (response) operator RT |
RT : FT — FT , Dom RT ={f € C*([0,T};R") : f(0) = f'(0) =0},
(RT f) (t) = (0,t) ,t € [0, 7).
It is defined correctly by virtue of Proposition 1.1. In the system theory this

operator is called a dynamical transfer function. Proposition 1.1 also yields the
following statement.

PROPOSITION 2.1 For any T > 0 the following representation is valid:
it

(RT £) ) =—=f"(t) + / r(t—s)f(s)ds, 0<t<T, (18)

Jo
where the matriz-function r(t) is continuously differentiable fort > 0.

The response operator plays below a role of data of the inverse problem.

2.3. Duality relations

In what follows the upper index ”# ” means the matrix transposition.
Let us introduce the Problem Iu:

Upt — Ugp + VF(@)u=0, (z,t) ERy x (0,T), T >0,

u(z,0) = u(z,0) =0, u(0,t) =g(t) .
Let u,i be the solution and W; g W; 4= ui&(-,T), be a corresponding control
operator. Similarly as W7, the operator W;f; is an isomorphism.
Similarly to (18) the response operator R% , (R} g)(t) = (uj#)m(o,t), may
be represented in the form of
t

(R 9)0) = ~g')+ /0 ot — 5)9(s)ds . (19)
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LEMMA 2.2 The matriz kernels r(t) and ru(t) in (18) and (19) are mutually
transposed:

r#(t) = ra(t) . (20)
Proof. Let u/ be a solution of Problem I and uie be a solution of Problem I.
Set w9(x,t) = u,-;ﬁ (z,T —t). The function w? satisfies the equation

wi, —wl, +V#@)wd =0, (z,t) € Ry x (0,7) (21)
and the initial and boundary conditions

wi (e, T)=wie,T)=0, w0,1)=g(T-1)- (22)

From (19) we also have
Y
wi(0,t) = —¢' (T —t) + / ru(T —t—s)g(s)ds . (23)
Jo

Using (1)—(3) and (21), (22), from integration by parts we obtain

%0l T
/ <u£(o,t),w9(o,t)>dt:/ (wf (0, ), w8 (0, £))dt |
JO J0

where (-,-)dt is a scalar product in RY.

Taking into account (18) and (23) and changing the order of integration one
can obtain (20). O
2.4. Connecting operator

Let us introduce an operator which plays a central role in our approach to inverse
problems. For arbitrary functions f, ¢ € 7% and corresponding solutions
uf, ui of Problems I and Iy we have:

(“f(-,T),“i(-,T))HT = (W, Who)yr = <(W§)*WTf’g)fT -

= (CTfa g)fT )
where
O FT % = (VV;)*WT . (24)

This operator is an isomorphism together with W; and W7T .

A very important fact is that the operator CT can be explicitly expressed
via the response operator. To formulate the result we need to introduce the
following operators:
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the operator of odd continuation ST : FT s F2T |

r 8 0<t<T
(S f)(t)z{ _feT-1), T<t<oT;

the operator extracting an odd part of controls Q2T : F2T s F2T

@70 = 510 - F@T - 1)

the operator of restriction N7 : F2T s FT |
Nsz f l[O,T] .

It is easy to check that (ST)" = 2NTQ?T .
We shall also use the operators R?T and J?? — the response operator and
the integration operator in the space F2T |

(< il /f Yds ,0 <t <2T .
THEOREM 2.1 The following representations are valid
o7 = —%(ST)*JQTRZTST , (25)
©NO=10+ [ bEr 1= -5l 13 DIf(s)ds, (26)
where

Proof. Let us choose arbitrary functions f,g € C§2([0, T]; RY) and set
o= BT, wl9(s,t) = <uf—(.,s),uiﬁ(-,t))HT L 0<s<2T, 0<t<T.

It should be noted that f_ € Dom R?T. Integrating by parts we have the
equalities

92 92
[@ - 5—} wié(s,t) =

' /QT [<u,f~ (z,5), (ul)ee (2, 1)) — (uls (z, ), (ui)(x,t)>] di
/QT [(uf (2, 5), (ul)ex — VH#(2)ul, (z,1))—

(w5 () — V ()t~ ,5), uSy (o, 1) | do =
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./QT [(uf— (@, 8), (ui)m(m,f)) — (uf=(z, ), (ui&)(z,f))] dr =

a5
[(u~ (@, ), (e (@, ) — Gl 3, ), (W)@, 10)] =
(£ (), (BE9)(0)) + (R¥T £ )(s), 9(1))-

In the last equality we took into account that u/-(T,s) = ui(T, t) = 0 for
f.9 € C&([0, T, RY).
Thus, the function w/9 satisfies the equation

wlf —wlf = —(f_(s), (RE9)(®)) + (R*T£-)(s),9(t));
0<s<2T, 0<t<T (27)

and the initial conditions (see (2))
wf9(s,0) = wi9(s,0) = 0. (28)

The values of w/9 for 0 < t < s < T may be found by means of the

D’Alembert’s formula. Using it for t = s =T we get
1 T 2T —n
Wi, m) =3 [Can [ (7€), (Bha) ) - (BT S sl
2 Js )
Since [277" f_(¢)de =0,
il T 2T—n
T, T)==| d =5 & de .
wom ) =g [ [ (RT©),eag (29)
On the other hand,
2T —n
[ @
n

= (JTR¥f_)(2T —n) — (JTR¥ f_)(n) = —2(Q*" T R* f_)(n),

and equality (29) takes the form of
T

W!S(T,T) = — / (NTQT TR ST £)(n), g(m)dn
) —%((ST)*JQTRZTSTfyg)f—T . (30)

Recalling the definition of w/9 we have
w9(T,T) = (C*f,9) pr (31)

Comparing the right hand sides of (30) and (31) we get (25) because of arbi-
trariness of f,g € C§°([0,T]; RY). The formula (26) can be easily obtained from
(25) using (18). O
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3. Inverse problem
3.1. Statement of the problem

The "local principle” (see Section 1.1) motivates the following statement of the
inverse problem (IP): for a given response operator R?T recover the potential
V(z) for z € QT. It should be noted that to assign R?T is the same as to assign
its matrix kernel r(t) for ¢ € [0, 277.

3.2. IP as a factorization problem

Let us introduce the operator I : FT s HT, (IT f)(z) := f(T — z),z € QF.
Obviously,

FLFPE = H5, (32)

Its adjoint (IT)" : HT + F7, is defined as ((IT)* a) (t) = a(T —t),t € [0, T).
Along with it

(IT) 1M =1pr, IT(I") =1yr. (33)
The operators W7T := (IT)*WT and W; = (IT)*W;‘: acting in FT possess
the so-called triangular property (Gokhberg and Krein, 1967) : WTFTE =
FTE, WEFTE = FT4, 0< ¢ < T, (see (16) and (17)).

On the other hand, using (24) and (33) we have the following representation
for the connecting operator:

o7 = (Wg)' w” = (WE) Wi, (34)

which gives us a triangular factorization of CT along the family of subspaces
{FT£} (see Gokhberg and Krein, 1967).

Suppose that we are able to realize the factorization of CT in the form of
(34) via inverse data R?T. Then the IP can be solved in the following way.
Knowing the operator W7, we find the operator W7 = ITWT. Then, using the
representation (14) we find the kernel w and recover the potential V' from the
formula

Vi) = —2%[111(.%,:5)], zeqf. (35)

(see (4)). Thus, the IP may be considered as a problem of a triangular factor-
ization of the connecting operator C7T.
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3.3. Operator integral

The factorization (34) can be realized with the help of the canonical procedure
described by Gohkberg and Krein, (1967). We present here another method of
factorization using a construction of an operator integral based on dynamical
considerations.

Let us introduce two families of ”cutting” operators depending on a para-
meter £, 0<ELT,:

XT8 FT - FT,

2 [0, 0<t<T ¢
(XTff)(t)—{ ft), T—€<t<T

and
P HT - HT,

(Pta) (m)z{ gfm)’ gi:ﬁ;%

Let 2 = {&,&1,-.-,&n},0 =& < & < ... < & = T, be a partition of the
interval Q7 with the range A(Z) := maxi<i<n (& — &—1). With the partition we
associate the integral sum

o T s i T ¢
Se: FT o HT, Sz =Y APSWLAXTE,

i=1
where AP% = P — P&-1 and AX% = X& — X&-1

LEMMA 3.1 For any function f € FT the following representation is valid

—2)+yl (), z€lti1,&
(AP&W;EAXT’&f) (,E) _ { g)(Tm e 3);‘: \yl(g?;,g)é [51—1,51] (36)

with ylf satisfying the estimate
2 2
||y1if||L2([§i_1’€i];RN) S 0(51 - 5’5—1) ||f”‘27:T (37)
with the constant ¢ not depending on f.

Proof. The representation (36) follows directly from (5), morcover,

&
@)= [ w@ )@ -ds, o et

From this equality the estimate (37) can be easily derived. O
The following theorem describes the limit of the integral sums Sz.

THEOREM 3.1 For any € > 0 there exists § = 6(€) > 0 such thal the inequality
Sz — IT|| < € is valid for any partition Z satisfying A(Z) < 6.
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Proof. For any f € FT by virtue of (36) and (37) we have the relations

1 (== 17) Fl3 2 = Do 10 e, ey < TAENer
y=1,

proving the theorem. a
The limit of the sums Sz is called an operator integral; it is denoted by

T
lim Sz := / dPEWLdXTH,
A(E)—0 Jo

Thus, we have a ”dynamical” representation of the operator I7:
T
= /0 dP*WEdXTE.
As a consequence we obtain the representation
* 2 *
[Ty ' /0 dXTE (W) dP* (38)

Therefore, the operator wT = (I T)*WT may be represented in the following
form

T
wT = / dxTéqnhe (39)
0

where II7%¢ is the operator—function
07 = (WI) PEwT = ¢T(WT) ™ PEWT. (40)

Below we demonstrate how to express it via the inverse data.

3.4. Operator—function I17¢

Let us introduce in the space F7 the bilinear form
(f,g] = (C'Tf,g)]_-T,

For every subspace F1¢ let us introduce its ”orthogonal” complement in FE
Frépy = {f € FT i [f,9)pr =0, g € FT¢}

The equalities (16) and (17) imply that for any & € [0, 7] the space FT can be
decomposed in the direct sum

T _ rT¢ =18
FT = FRELFTE.
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Along with it the operator P¢ := (WT)_ngWT turns out to be the skew
projector FZ - FT¢ parallel to F7¢(}). Indeed, P¢ is idempotent, (775)2 =
P¢, and PEFTE = FTE, PEFTE 1 =0.

Let us represent this operator via the operator CT. Recall that, in turn, CT
can be expressed via R2T.

Introduce the operators

XTE 7T FTE, (X*T,E)* . FTé ., FT

(R™4r) W= £, T-€<t<T,
() ) 0={ g, 7 <<

& % *
As one can easily check, the operator CT¢ := XT:6CT (X T’E) is an isomor-

phism in the space FT€. Let us introduce the operator P¢ : FT s FT,
Pt = (X7) " [C7] T XTECT.
LEMMA 3.2 The operator P§ coincides with the skew projector PE.

5% 2 s
Proof. The proposition of the lemma follows from the equalities (735) = Pt
PEFTE = FTE PEFTE = (.
Thus, we have shown that the operator—function II7*¢ can be written in the
form

%% = TPt = OF (X—T,g)* {XT,&CT <XT,§) *] =k RTECT. (41)

[T

3.5. Procedure for solving the inverse problem

Representations (39) and (41) give a possibility to solve the IP in the following
way:

) construct the operator CT via R*” by means of (25);

) recover the operator—function 7¢ using (41);

;) construct the operator wT by representation (39);

) find the operator WT = ITWT and its kernel w (see (14)).

e) recover the potential V on Q7 from the formula (35).

The procedure can be completed by characteristic description of inverse data.

oo T

THEOREM 3.2 The operator R : F?T w F?T is a response operator of the
system (1)-(8) corresponding to a potential V' continuously differentiable in aQF
if and only if
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(i) the operator R can be represented in the form of
i

(RF) () = — /() + / k(- 5)f(s)ds , 0<t < 2T,

Jo
with a matriz-valued function k(t) continuously differentiable on [0,2T;
(ii) for any & € [0,T] the operator C¢ defined by the equalities
£

(Cgf)(t)=f(t)+/-[Q(2§—t—S)—q(|t~8l)]f(S)dS ,0 <1 <¢,

0

alf) = % /O R},

is an isomorphism in F¢.

Under these conditions the matriz-function V(z),z € QT, corresponding to
R is unique.

The proof of the theorem will be presented in the forthcoming paper by
the authors. Note only that a similar result was obtained in another form in
Blagoveshchenskii (1971) for the scattering inverse problem.
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