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Abstract. The problems of identification of unknown controls
for systems described by hyperbolic equations and variational in-
equalities are considered. For some classes of such systems iden-
tification algorithms of identification for distributed and boundary
controls are designed. The algorithms are stable with respect to
informational noises and computational errors. Estimates of con-
vergence rate are derived. The problem of approximation of point
source intensities is discussed especially.
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1. Introduction

The problem of dynamical identification of controls in a hyperbolic system
through inaccurate measurements of some state characteristics is considered.
It is supposed that a system is described by a linear hyperbolic equation

#(t) + Az(t) + Arz(t) = Bu(t) + f(t), teT =]ty (1)
or a variational inequality

(&(t) + Az(t), £(t) — v) + p(2(2)) — ¢(v)
< (Bu(t) + f(t),z(t) —v) fora.a.tecT VYveV. (2)

The initial state z(to) = zo, ©(to) = 10 is given. Evolution of system state
z(t) is determined by an unknown control u(-) belonging to a given functional
set Ur C Lo(T;U). Here (U, |- |v) is a uniformly convex real Banach space. At
discrete time instants 7; € T, 7; < 7341 (sufficiently frequent) some characteris-
tics of the history {‘(L‘to,‘ri(')’ito,n(')}: namely Z(Ti) = C{mto,n(')a:tto,ﬁ(')} are
measured inaccurately. A certain u(-) € Ur generating 2(-) (u(-) = u(-;2(-)))
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is to be calculated in “real time”. The precise identification (reconstruction) of
u(+) is, in general, impossible due to measurement noises. Therefore we suppose
a certain approximation to u(-) to be designed. The former is required to be
arbitrary close to the latter provided measurement errors and steps between 7;
are sufficiently small.

The problem belongs to the class of inverse problems of dynamics for control
systems (reconstruction of a system input through output observations). For
systems with distributed parameters the inverse problems, in a posteriori set-
ting, have been studied in Lavrentyev et al. (1980), Banks and Kunisch (1982),
Hoffmann and Spekels (1986), Kurzhanskii and Khapalov (1989), Barbu (1991).
An approach to problems of the above type based on the ideas of the theory of
positional control has been suggested in Kryazhimskii and Osipov (1983). Bas-
ing on this approach algorithms of dynamical identification of distributed and
boundary controls and coefficients of an elliptic operator have been suggested
for linear hyperbolic equations and for equations with monotonous operator in
Osipov and Korotkii (1991), Maksimov (1990). In the papers of Osipov (1991)
and Maksimov (1990, 1993b) analogous problem (reconstruction of a distributed
control) has been discussed for hyperbolic variational inequalities. All attempts
to apply this approach for solving of problems of reconstruction of boundary con-
trols and coefficients of an elliptic operator in hyperbolic variational inequalities
were unsuccessful up to now.

In the present paper the approach mentioned above has received further de-
velopment. In Sect. 2 the problem of reconstruction of point sources intensity
for the linear system (1) is treated. The solution algorithm which is stable with
respect to informational and computational hindrances is constructed. Anal-
ogous problem for parabolic systems has been discussed in Maksimov (1993a)
and Kryazhimskii et al. (1995). In Sect. 3 algorithms of control identification
based on dynamical modification of the discrepancy method are suggested. It
is supposed that the system is described by the variational inequality (2). The
cases when distributed (boundary) disturbances or unknown coefficients of an
elliptic operator fulfill the role of controls are considered.

Let (H,|-|u) be a real Hilbert space with inner product (-,-), and let (V, ||-||)
be a separable and reflexive Banach space. We assume that V is densely and
continuously embedded in H. Identify H with its dual and denote a duality
between V and V* by (-,-). Let Ay be a family of partitions of the interval
1= [to,’l?] with diameters (S(h) 5 Ah = {Ti,h};r;%, Ti,h = Ti—1,h -+ 6, 6= 5(h),
To,n = to, Tmp,h = d(h > 0). .

2. Reconstruction of point sources intensity
for linear systems

Consider the system whose evolution is described by equation (1). Let A; :
V — V* be a linear continuous selfadjoint operator, A : V' — V* be a linear
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continuous operator satisfying, with a certain ¢ > 0, the condition
(Ay,y) 2 clyl>  VyeV,

u(t) be a m-dimensional value of time-varying input (a control) inducing the
system motion, f(-) € Lo(T; H) be a given disturbance, B : U = R" — V,
Bu = Z;.Lzl wjuj, w; € V, u; € R. We assume to = 0, z(tp) = 29 € V,
Az =0, ’L‘(to) =110 € H. )

A function z(-) = z(+; o, Z10,u(")) is called a solution of (1) on T if
a) z() € C(T;V), £(-) € {y() € La(T; V) : 9() € La(T; V) };
b) for a. a. t € T the equality (1) is true, i. e. the equality

(#(t) + Az(t) + Arz(t),v) = (Bu(t) + f(t),v) YveV

holds.

By the Theorem 1.2 (see Gajewski et al., 1974, p. 285) for any u(-) €
Lo(T;U) there exists a unique solution z(-) of (1).

Discuss the following problem. Let C' : H x H — R"™ be a linear continuous
operator:

C{z,y} = Pz +Qy, Pz={(pj,z)}j=, Qz={(g,2)}j-1,

pj €EH,q €V, A*q; =0, j € [1:n]. Let z(-) = z(5u(-)) = z(-; To, T10,u("))
be the solution of the system (1) depending on an unknown control u(-) €
Ur = Lo(T;U). At time instants 7; € A = {7;}j, the phase coordinates
{x(7;),2(7:)} of the system (1) are measured approximately. The measurement
results are values &; such that

(6 = 2(Ti)ln < B, 2(t) = C{2(1), £(1)}

(h is a bound for informational noise, | - |, is a norm in R™). The problem is
to construct an algorithm restoring an unknown control u(-) = u(+; 2(-)) on the
basis of inaccurate measurements of z(7;).

Before describing the algorithm we indicate the set of inputs compatible with
output z(+), i. e. the set

U(z()) = {o() € Ur : 2(t) = Cu(t; zo,310,0()) ¥ t € T}.

For any k € [1: n] and ¢ > 0, define the function wg(-; o) to be the solution of
the Cauchy problem

w(t) — A%i(t) + Ayw(t) =0, w(o)=q €V, w(o)=-px€H (3)

on ]—o0,0] and zero on ]o,oo[. Existence and uniqueness of the solution of
the adjoint system (3) follow from Lions (1968), Chapter III. Let

(¢k‘(t; U))j = (wk(t;a)7wj)’ E= [1 : n]v
gk(a7g) =ax + (wk(050)7m0) - (wk(0;0)7x10)7 a= {ak};cl:l S Rn’ ke [1 : 77]
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THEOREM 1 An input u(-) is compatible with an observation result z(-) on T
(u(:) € U(2(+))) if and only if

/(¢k(t,a),u(t))Rndt = gi(2(0),0) foralloc €T and k € [1:n]. (4)
0

Proof of necessity. Let u(-) be compatible with z(-) and z(-) = z(; zo, 10, u(")).
Then for allt € T

2Z8() = (pr, 2(t)) + (qr, 2(t)) VYV Eke[l:n].

Take an arbitrary 0 € T and &k € [1: n]. Let w(:) = wi(+; o). It is easily seen
that

h= [ {0, 0() - (@0),2(0) bt =
0

= (£(0),w(0)) = (210, w(0)) — (w(0),z(0)) + (W(0),20), 0 €T,

o

fo= [{(43(0), w() + (A4"0(0),2(0) }dt = (An(0), w(0)) ~ (Az0, w(O)).

0
Note that conditions Azg = 0 and A*q; = 0 imply I = 0. In virtue of selfad-
joitness of the operator A; we have

[0, w@) - (Arw(), =0} dt =0,
0

Multiply scalarly (1) by w(t) and (3) by z(t) respectively, subtract (3) from (1)
and integrate from 0 to o. We get

L= / (w(t), Bu(t)) dt.
0
The above equality may be rewritten as

/'«ok(t,a), u(t)) R dt = (@6, (0)) + (pr, 2(0)) +
0

+ (w0, 1(0)) — (w10, w(0)) = 2 (0) + (z0,(0)) — (z10,w(0)).

This equality is equivalent to (4). Proof of sufficiency is analogous.
Let the following condition hold. ‘

ConDITION 1 RankD(gq) = n.
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We describe the algorithm approximating an unknown control u(-) = u(-; 2(+)).
Introduce the control system

wM(t) = D(g)v"(2), t
W@ (1) =w® (), w® ()= [K(t,)"(r)dr, (5)

0
WM () + A (t) + AP () =0, teT,

w®(0) = w®(0) =0, w(0)=q, W(0)=pr, ke[l:nl,
where D(q) and K(s,t) are nxn-dimensional matrices of the forms:

D(q) = {(wj, @)} k=1 K(5,) = {bk,3(5,8)}] k=1
(D g if 5>t
bk,j(S,t) = { (w.ﬂ dswk (S ’70))7 i s>

0, in the opposite case.

Before the initial time of the process, the value of h € (0,1) and a partition A =
Ap = {Thi}icy, m = my are fixed. The algorithm is decomposed into mp — 1
steps. At the ith step carried out during the time interval 6p; = [Th,i, Th it+1),
i > 1, the following operations are carried out. At time 7; = 75, ; we calculate

vi = (¢ (Tis1) — " (12))/6 — w®(r3).
Here we have
g (1) = {gi(1:)}hz1 €R™, E={(&i)r}k=1 € R,
() = (€)k + (P (0,7:),30) — (0" (0,7:),310), ke€[1:n]
Then we determine the control v"(t) = v (¢; &,4(+)),
143 'n.-D_1 Si [/ |Siln, |Siln 0
ity = op = { WD st s #
0, |3i|n =0, te 6h,i,
si = g (1) — ¢"(0) — wM(r) — w(7)

(6)

and transform the state w(r;) = {w®(5),w?(r;), w®(r;)} € R of the
model (5) into w(7i4+1). The procedure stops at time 9.

THEOREM 2 If h/6(h) — 0, 6(h) — 0 as h — 0, then v"(5£(:)) — u(;2("))
weakly in Lo(T; R™).

Proof. By virtue of Theorem 1 the following equality is true

U(z(-) = {v(-) € La(T;R™) = e(t;v(),2(:)) =0Vt €T}, (7)
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where

o(t50(),2()) = [{5:9(a(5),5) = D@o(s) - [ K(s,rpo(r)aryas,
9(2(s),8) = {gk(2(8), 8) }i=1-

Further we shall write ¢(s) instead of %g(z(s)s) and g(s) instead of g(2(s), s)
for the sake of simplicity. Let Condition 1 be fulfilled. Then it follows from (7)
that the set U(2(-)) contains one element, i. e. U(z(:)) = {u(-;2(-))}. Let us
estimate the evolution of

e(t) = e(t;v"(), 2()) = lg(®) — 9(0) —wD(¥) —wP B,  te[r, 9]

We have

e(Tip1) = e(mi) + 2rips + |uil. (8)
Here

ri = g(r;) — g(0) — wM () — w®(7),

pi = g(Tir1) — 9(73) — 82{2K (Ti1,73) + K (73, i) o} —

7

— 5 ZK(Ti—HaTj—l)v?——l — 8D(q)v}
=1

It can easily be shown that the following inequalities hold:

Iril < C1+Ca6Y  f,l, i>1, 9)
J+1
Tit1 B
af? < Cs9 / G(5)Pds+ > 82l |2 + loP 2}, (10)
j+1

Ti

Here, constants Cj, j € [1 : 3] do not depend on 4, 6. Hence, taking into account
the definition of v} (see (6)) we deduce from (8)

e(rir1) < e(r) + 4hluil + Co( + I8 | + |l + Cshlra] + h). (11)
Note that
i—1 mp—1
di = 61"”1"1—-1'2 <ai+ Ceﬁzdj, Z a;j < 4oo.
i=1 i=1
Consequently,
mp—1 .
Z 5|v§l_1|2 = |vh(-)li2(T;U) < C7 < +o00. (12)

=1
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Thus, by (9) — (12) we have

&(Tiv1) < e(mi) + Ca(h/6+6),  i€[0:my—1].

Therefore the following estimation is true

e(t;v"(),2(:)) < A(h,6) =0 as h—0, § =0, h/6§ —0. (13)
Validity of the theorem follows from (12), (13). Theorem 2 is proved. a

3. Control identification for variational inequalities

Now for the hyperbolic variational inequality (2) we construct a dynamical pro-
cedure for identification of a control u(-). We assume that ¢ : H — R =
R* [J{+o0} is a convex, lower semicontinuous, proper function, R* = {r ¢ R :
r > 0}, P C U is a convex, bounded and closed set, Ur = {u(-) € Lo(T;U) :
u(t) e Pfora.a. t €T}, mo €V, z10 € H.

Consider two cases. In the first case we suppose B € L(U;H), f(-) €
W(T;H) = {z(-) € Lo(T; H) : &(-) € Lo(T; H)} and an unknown real control
u(-) = u(;z(-)) € Ur is such that

#(-) = 2(-3 70, 710,u()) € Wi(T;V*) = {y(-) € C(T3 V) :
§() € Loo(T; V) [\ C(T3 H), §() € La(T; H) }, (14)

where L(U; H) is a space of linear continuous operators acting from U to H.
The inclusion (14) takes place (see, for example, Tiba (1985)) if t — Bu(t) =
Bu(t;z(-) € Lo(T; V') and the following condition is fulfilled.

CONDITION 2 V = HE(Q), H = L2(R), ¢(y) = [i(y(n))dn, ify € V, n —
Q

j(y(n)) € L1(82), ¢(y) = +oo, in the opposite case, j : R — R is a convez, lower
semicontinuous, proper function, f(-) € W(T;V), B = I (identity operator),
U=H, xo €V, Apzio € H, T10(n) € dom(9j) for a. a. n € Q.

Here Ay, is Laplace operator, 0j is subdifferential of j.
In the second case B € L(U;V*), ¢ : V — R and the system is described by
the variational inequality

(5(1) + A (t) + An(t), 5(2) — ) + B(E() - 4(0) <
< (Bu(t),#(t) —v) + (f(t),2(t) —v) fora.a.teT VveV. (15)

Here A; : V — V* is a linear continuous and coercivity operator. The
solution of the system (15) is the function z(-) € {y(:) € L2(T;V) : 9(-),4(-) €
Ly(T5 V) }-

The sufficient conditions for existence and uniqueness of solutions of (15)
with indicated smoothness have been obtained, for example, in Duvant and
Lions (1972), ch. III, § 6.
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Let us focus on the first case. Consider the following problem: Let z(:) =
z(-;u()) = z(-; 20,10, u(-)) € Wi(T;V*) be the solution of the system (2)
‘depending on an unknown control u(-) € Ur. At time instants 7; € A = {1;}7,
the phase coordinates {z(7;) = z(7;),2(7;)} of the system (2) are measured

approximately. The measurements results are values &, = {ffl),fi(z)} €V xH
with the properties

€2 —a(rlw <h, (€0 —am)l <h €5 - e D). (16)

The problem is to construct an algorithm restoring an unknown control u(-) =
u(+;z(-)) on the basis of inaccurate measurements of z(7;).

REMARK 1 With Condition 2, the inclusion t — Bu(t) = Bu(t;z(+)) € Lo(T; V)
means the following. A real (unknown) control u(-) = u(-;z(-)) possesses two
properties: u(t) € P C H for a. a. t € T and t — u(t) € Ly(T; V). It generates
the output z(-) = z(-;u(-)) (the solution of the system (2)). This output is
measured inaccurately. A control u(-) is to be reconstructed.

Let U(’E()) be the set of all controls v(-) € Ur, generating z(-):
U(z(:)) = {v(-) € Up : z(t) = z(t; 20, Z10,v(")) vVt e T}

Let S(v) = {z € D(¢) : ||z — v|| < 1}, and let ¢(:,-) be a function such that
é(h, 6) = 0as h — 0+, 6 —» 0+, h/6 — 0+,

< Tit+1
¢(h,8) > fu(c16Y/? + 2ch/8) + sup{ / |#(T)|%dT : 3 €[0:m—1]},

m = Mp.
We denote sup{|¢(&(7)) — ¢(¥)| : ¥ € D(¢), |&(7) —Pla < & 7 € T} by
fz(€) and the element of the set U(z(:)), whose Ly(T;U)-norm is minimal,

by u.(;z(-)). The numbers ¢ and c; are such that |z|g < cl|z] Vz €V,
|Z(; u(:))|Lo(r;my < c1. Introduce the convex bounded sets

Urtww ) ={uePi s {~Fislw,,pnviz— (1 -0)/6)+
- 2€8((p—v)/8)

+ (Buyz — (1= v)/6) + $((1— v)/6) — (2)} < vk, h,6)},
where

Fi5(w,v,1,v52) = (w = 0)§ = f(7:), 2) + (Al +v)/2, 2),

v(k, b, 6) = k(h6™2 + 82 + ¢(h, 6)].

Assume that the following condition is fulfilled.
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CoNDITION 3 The function ¢(-) is continuous on D($). There exists a number
N > 1 such that for any v € D(¢), A € [0,1] the inequality ¢(Av) < AN ¢(v)
holds.

To calculate (approximately) u(-) = u«(; z(-)) we apply dynamical modifica-
tion of the discrepancy method. Let us describe the algorithm, i. e. the sequence
of actions forming an approximation to u.(-) = u.(-;z(-)). First, a family Ap
of partitions of the interval T' with diameters 6(h), 6(h) — 0, h/6%2(h) — 0 as
h — 0, is chosen. Before the initial time of the process, values h, k and the
partition A = Ay, are fixed. The work of the algorithm starting at time ¢ is
decomposed into my, — 1 steps. At the ith step carried out during the time in-
terval 8; = 6p; = [Th,i, Thit1), the control v"(t) = v (t; &, +(1)) = Vi, t € 6h 4,
iz 1,

. h,6 .
h { argmin{|uly : u € U (pi(€))}, if U (pi(§)) # 0

vy =

(17)
0, in the opposite case,

pi(€) = {gg)l, 52),551)1, 1(1)}, is calculated. The procedure stops at time 9. Let

v(t) = vf = argmin{|u|y : u € P}, t € dno.

THEOREM 3 There ezists a number k, > 0 such that for every k € [k, +0o0)

0" (5€()) = w52 Nzaemy >0 as h—0. (18)

Proof of the theorem is performed by analogy with proof of corresponding state-
ments in the papers by Osipov and Kryazhimskii (1983) and Osipov et al. (1991).
Tt is based on the lemmas we will formulate here. First, introduce the sets

Uﬁ,k(f(')) = {u(-) € Ur | u(t) = u; for a. a. t € [Ti_1,T5),
i€ [l:ml], u € Upl(ma(€)},

U (v, w,p,v) ={ueP:  sup {—((w—v)/6—f(r:), z— (n—v)/5)
zeS((p—v)/8)

(AGit )2, 7~ (= 9)/6) + (Buy 2 — (1 — 1)/8)

T o((n—1)/8) — p()} < vk, hB)}, i€ [Lim],
Ua(@() = {u() € Ur | [ (Bult),v = (0) dt < 9(ri,isn,v,2()

Vv eV, ie[O:mil]}.
Here £() € EM(x()), T = Th,i, m = my, E*(z(-)) is the set of piecewise constant
functions £(t) = {EW(t),EP@)} € V x H, t € T, €W (t) = £, £ (t) = ¢2,
t € [, Tit1), satisfying (16),
P(7i, T, v, 2()) = / {(@() = £(2),v — (1)) + (Az(2), v — (1)) + »(v)

T4
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—p(2(t))} dt.
Tit1
LEMMA 1 Let v(-) € Ua(z(")), v«(t) = 671 [ v(t)dt for a. a. t € [1i,Tit1),
Ti
1 € [0:m —1]. Then there exists a value ky > 0 such that the inclusion
ve(") € UAk(6()) Yk > k. (19)

holds uniformly with respect to all h € (0,1), § € (0,9 —to) and &(-) € EM(z(-)).

Proof. Let z € D(p), &(-) € E*(z()), £t) = {£M,6P} as t € [, 7i41),
xi = (€, — EM)/s,

P (i Tig1, 2,6()) = (€D — €2 — 6f (i), 2 — x3) +

+ 6{(AES, + )72, 2 — xi) + 0(2) — p(xi)}, (20)
|1Z()|Loo(1;v) < €2 < +00. (21)
Due to equality A = A* and (21) we have
| [ (Aa(0), 2 - 50 dt = 8{AG@iaa + 20/2 2= (iaa — 2)/5)

< ko1 + |z — (wiz1 — ) /8ll), @ = x(m). (22)

Using inclusions 2(-), f(-) € W%2(T; H) and continuity of embedding V into
H, one can easily deduce inequality

Tit1

| / (B() = £(8), 2 — #(8)) db — (Gagr — 5 — 6F(73), 2 — (i31 — 72)/6))

Ti4-1
< k16{6+ / |5(t)|% dt + 62|z — (misr — ) /6ll}, @i =(m). (23)

It follows from (16) that the inequalities
lo(2(2)) — 0(xa)| < fr(c16Y/2 + 2ch/6), (24)
162, — €2 — 8f (1), 2 — Xi) — (i1 — &3 — £ (73), 2 — (Biy1 — 2:)/6))|

< kol€®, — €2 — 8f(r:)|h/6 + 2h|z — (wis1 — 7:) /6|

Ti+1

< ksh6 " {h+6+ / ()% dt} + 2h|z — (Tit1 — 23)/6]m
1"’-‘i.-{:-l
< hah{o (k5 [ 15O ) + 11z = (e — /0l (25)

Ti
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ONAEE +€7)/2,2 = x3) = (Alwign +30)/2,2 = (@41 = 2:)/6)
< ksh{l+6||z — (zit1 — =:)/6]} (26)
hold for ¢ € §;. Taking into account (22) — (26) we have

[ (Ti, Tig1, 2, 2()) = V* (Tiy Tig1, 2, €())| < kg{h + 6%+ h%/6 +

(6+ h/6) 71|¢(t) |% dt} + 6f5(c16Y% +2ch/6)

+k75(h6—1n+ 8Y2) ||z — (wig1 — 2:) /6] (27)
Besides,
Tléﬁ(t)l% dt<d, | 71{(Bv(t),fir(t)) — (Bu(t), x:)} dt|
h < kgb6{6'/? + h/6} vZ(-) eUr, i€0:m—1]. (28)

From (27), (28) we conclude that there exists a value k. > 0 such that the
inequality

T’i-}:l
5_1(‘8 / U(f) dtv Z = Xl) < 6~1’l/)* (Tia Tit15 2, g()) + V(k? h‘a 6)

T

Vk > ke, z€ S(x:)

is true. (The constant k., is written out explicitly.) This implies (19). Lemma 1
is proved. ]
LEMMA 2 Let h; — 0, §; — 0, h,j6j—2 — 0 asj — o0, Aj = Ay, us() €
Up (&), &() € EM(()), us(-) — uo(’) weakly in Ly(T,U). Then uo(") €
U@): |
Proof. Let ug(+) ¢ U(z(:)). There exist v, € V, t1,t0 € T, 11 <tz and a, >0
such that

12

/(Buo(t),v* — ) 5 P, B ) e (29)
i

Let j1 be such that for j > 71

8 < (ta —t1)/3, (30)

sup{ [ 1(Bu(e) v — &) dt, [ {10 = F2),v. = )]+ {A2(0), 0.~ 5(2)

o) —@@EE)} dt: tot €T, 0<t* —t. <&,
u(+) € Ur} < a,/16. (31)
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Let Ti () = max{Ti(j) = Aj L Ti(g) < tg} and Tix(5) = min{Ti(j) S Aj  Ti(h) >
t1}s T =Ty = Thyi(j)- Due to (29) — (31) we have i.(j) > 4*(j) and for j > 71

Tix (4)

(Buo(t), ve — (1)) db 2 $(Tix (5)s Tiu (5 Ve (1)) + 30 /4. (32)
Tox )
By the definition of w,;(-), u;(t) = ug.i) = 61._1uij for a. a. t € 6n; 4(j) = [T, Tit1),
we get
(Busg,v =x) € 9" (73, a1, 0,650)) + 6505 Vo € S06”)

(Vj = V(ka hj76j))‘ (33)
Let A = 1, v = vy, if v, € S(¢), and A; = [Jo. — x|, vi = x7 + (v, —

(1))/||v E])H — otherwise. Note that with v, ¢ S(ng)) the relation v; €

D(y), ||vi — gj )|| =1 is true. Using Condition 1, convexity and nonnegativity
of ¢ we have

M) — o0} — o) + () < 0.

Consequently
At (Tiy Tig1, Vi, §5(4)) < U (75, i1y V4, () (34)

S LT e |£1(j2 ) g (1:)|# < h; and inclusions u;(-) €
Ugﬂ,k({i(-)), we conclude that

X — &(t)|m < 2chi/8; + c16)/* for t € bhy i),

Ti (4) Tiw ()
b= [ Bu®o-s@)as [ BuEn -,
Tz';‘(j) Ti*(4)

1 = ko(h;/6; + &%),
Therefore it follows from (33), (34) that

i (7)1 iu()—1
lj < Z )\i(B'u,ij,vi (J))“‘,U < Z Ai {7,[) TlaTz+1vU17£]())+6J'V]'}+:LLJ"
i=i*(7) i=i*(j)

(35)
Due to (34), (27) we deduce

Li £P(Tis ), Ti*(j),'U*,-"C(')) + fi(hy, 65), (36)
fulhs,6) = c1h;67 + a8} + capa by, 7).
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Let jo > ji be such that for j > jo  f1(hj,6;) < a./4 and

Tix(4)
/ (Buo(t) — u; (1)), va — (t)) dt
Tax ()
< /(B(uo(t) e s (E) B e ) B 0 B 5 [ (37)

Therefore for j > j5 it follows from (36), (37) that

Tiw(5)
(Buo(t), ve — (t)) dt < Y(Tie(5), Tan (5) V> T(+)) + 0 /2. (38)
Tix (9
However, (38) contradicts (32). Lemma 2 is proved. O

Introduce the following
CONDITION 4 Function 0] is single-valued and Lipschitz.

We assume that conditions 2 and 4 are fulfilled. Let elements &; satisfy (16),
a family Ap, with diameters §(h) be such that §(h) — 0, h6~1(h) — 0 as h — 0.
Theorem 3 is also valid, if we assume in (17)
U’ (pi() = {u€ P: 671 —£2)) + AV
+ Ast® — f(7;) — Bulv~ < k(6% + h61)},
where Ay : H — H is an operator of the form (Asz)(n) = 0j(z(n)) for a. a.

n € . In this case proof of Theorem 3 differs by some technical details.
Let under Conditions 2, 4 the set of admissible controls Uz be of the form:

Ur = {v(:) € Lo(T;V) :v(t) € P, |0(t)|g < a fora. a. t €T}, a < +oo.

At time instants 7; € A the history of the motion z,,_, -,(-) is measured appro-
ximately, i. e. a piecewise constant function &, , r,(-) being an approximation
to Tr,_, 7 (+) is calculated:

Ti

/ Ale(t) —b(t)de| <h (39)

Ti—1

|& — &(73)|z < b,y

Here 9(t) = zo + jf(T)dT, & = &(m), €() € E(=(-),h), E(z(-),h) is the set

of all piecewise constant functions &(-) : T — Hg(€2) N H?(Q) such that the
inequalities (39) hold (the set of all possible measurement results for z(-)).
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Let X7 be the bundle of all solutions of the variational inequality (2), i. e
X1 = {z(:;20,%10,v(")) : v(-) € Ur}, and let u(-;z(-)) be a control generating
the motion z(-) € X7. Denote

sup{[v"(-€()) = u(s 2N Ly : 2() € Xz, €() € E(x(), h)}
by v(h). We assume in (17)

URe i) = {ue P |57 6~ 6im0) + 87 [ Aw(O)dt+ Anti— £~

Ti—1
KO +h5) ] pil€) = Eom():
Then the following theorem is true.

THEOREM 4 Let int P # 0. Then there exist values k. > 0 and h, € (0,1) such
that for every k > k. and h € (0, hy) it holds

C1(h6~1 + 6Y/2)2 < w(h) < Cy(h6™1 4 6Y/2).

Here the constants C; and Cs are found explicitly.

Proof of Theorem 4 is performed by analogy with proof of Theorem 2.2
from Maksimov (1994). It is based on the ideas from Osipov and Kryazhimskii
(1995).

Consider the second case. We assume ¢ : V — R. At time instants 7;
the coordinates (7;) of the system (15) are measured approximately, i. e. the
elements &; € V close to &(7;) in the following sense

1€ —&(m)| < R (40)

are found. Let ¢;(-,-) be a function with the properties: ¢1(h,8) — 0ash — 0+,
6 — 0+,

Ti+1
$1(0,8) 2 va(8) + () +sup{ [ Na(r)|Pdrsi € [0:m -1}

Ti

v (+) be the modulo of continuity of the function t — ¢(&(t)), t € T, f(l)( =
sup{|((7)) — ¢(¥)| : ¥ € D(¢), ||£(7) — || <&, T € T}. Introduce the convex
bounded and closed sets:

W Cun)={ueP: swp {FQéb -2
z€S8(&i—1

i—1
F(Awo+ 83 &), Eim1 — 2) + BlEinn) — $(2)} S KBS + 82+ (k) |,

Jj=1
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where
Fi(’?(u, w,v,2) = ((w—v)§" — f(13), 2) + (A1v — Bu, z).

In this case the algorithm of approximation to u(-) = u.(-;2(:)) € U(z(+)) C
Ur is analogous to the one described above. Let §(h) — 0, h6=1(h) — 0 as

h — 0+. If in (17) we replace sets U (p;(€)) by sets V" (€1 (-)), then the
following theorem is true.

THEOREM 5 Let Condition 3 be fulfilled. Then the convergence (18) takes place.

Proof of Theorem 5 is similar to proof of Theorem 3. Instead of the inequality
(27) we use in the process the following inequality

|'(/)(7',;,Ti+1,2,-’13(')) _1/);(7_1"7-'54-172:,5('))' -
< 5{1(6) + lo(ix) — (€)1} + kb {6+ / li(r) |2 dr}
4 kablo — / 1F @) + 12} + Bsh(L + o — &),
where |
4(6) = sup{lp((ta)) — @G| ¢ trb2 €T, 2 — ] < 8,
P} (Ti, Tig1, 2,E()) = (i1 — & — 6f (1), 2 — &) + 6(A&i, 2 — &)
+8{p(2) - w(€)},

£(-) € EM(z(+)), E2(x(")) is the set of piecewise constant functions £(t) € V,
teT,&(t) =&, t € [1i,Tit1), satisfying (40).

Suppose that in (15) B = B(¢) (or B = B(z)), V = H)(Q), H = Ly(Q),
Q c R™ is a bounded region with a smooth border, U = Lo(2; R"*™), a family
B(y)u:U — V* (Yy € V) of operators is of the form

T / o (M) () 2y (M V2 €V, 1= {(wna(m)iica )
k= 10

P C U is a convex bounded (in Lo (£2; R™*™)) and closed set. Theorem 3 is
also true, if in definition Fi(,}s) we replace B by B(v).

REMARK 2 The given case corresponds to the following problem. There is
some dynamical system described by the variational inequality (15). Several
leading coefficients of elliptic operator (they respond to item A;i) are known.
The remaining coefficients (u(t) = {(u,1(t,1))k ;=1}) are to be defined by use of
approximate measurements of elements (7). Namely, it is required to calculate
some cocfficients w(t) = {(ug(t,1))§ =1} € P for a. a. £ € T such that the
relation (15) is true provided Bu(t) = B(%(t))u(t) for a. a. t € T
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REMARK 3 Let B = B(z) in the inequality (15). Theorem 3 is also true if in
i—1

definition Fi(,lg) (u,&;,&i—1,&i—1—2) we replace (Bu, z) by (B(zo+6 '21 &), i1 —
J=

2)
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