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Abstract. The paper concerns the equilibrium problem for a 
plate contacting with a rigid punch and having a vertical crack. 
Two conditions of inequality type are assumed to be imposed on 
the solution. These conditions describe a mutual nonpenetration in 
the plate- punch system and a nonpenetration of crack faces. The 
first one is of the fori:n w ~ r.p, where w is the vertical displacement 
of the plate, and r.p corresponds to the punch shape. The second 

one can be written as I [ ~':;] I :::; HWJv, where W = ( wl, w2
) is the 

horizontal displacement, v is the norm:;tl to the crack shape curve, 
2c- is the thickness of the plate, and [·] is the jump of a function at 
crack faces. The aim of the paper is to study the solution properies 
of the optimal control problem of the punch shape r.p. The existence 
theorem is proved as providing the minimal jump of the displacement 
x = (W, w). The solution regularity is analyzed up to the interior 
crack points. In particular, the inclusion x E coo is stated to be 
valid for the crack points having a zeroth jump. The convergence of 
solution is investigated as c ~ 0. 

Keywords: variational inequality, optimal control, solution re
gularity, solution convergence, nonsmooth boundary, crack. 

1. Introduction 

The object of this paper is to analyze the solution properties of the variational 
inequality describing the equilibrium state of the elastic plate. The plate is 
assumed to have a vertical crack and, simultaneously, to contact with a rigid 
punch. The vertical section of the plate-punch system is represented in Fig. 1. 

Considering the crack, we impose the nonpenetration condition of the in
equality type at the crack faces . The nonpenetration condition for the plate
punch system also has the inequality type. It is well known that , in general, 

lThis work was support":d by the Russian Fund for Fundamental Research, grant 95-01-
00886a. 
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z = w(x, y) 

z = <p(x, y) 

Figure 1. 

solutions of problems having restrictions of inequality type are not smooth. 
In this paper, we establish new existence and regularity results related to the 
problem considered. Namely, the following questions are under consideration: 

1. The existence of punch shape which provides the minimal opening of the 
crack. 

2. The regularity of solutions in the case of minimal opening of the crack. 
3. The solutions properties related to the case where the thickness of the 

plate trends to zero. 

We consider the well-known Kirchhoff-Love model of the plate for which 
both vertical and horizontal displacements of the middle surface points are to 
be found. The displacements of other points of the plate can be easily found by 
the corresponding formulae (see further on) . 

Let us introduce the notations and give the appropriate formulae of the 
Kirchhoff-Love model which can be found, for instance, in Donnell (1976), 
Vol'mir (1972). Denote a bounded domain with a smooth boundary r by 
n c R 2 ) and y = '1/J(x) signifies the function describing a crack face, X E [0, 1], 
(x, y) E D. Let r 7/J be the graph of the function y = '1/J(x) and D,p = D \ r ,,~;. 

The domain D,p is identified with the middle surface of the plate in its 
nondeformable state. The displacement vector of the middle surface points is 
denoted by x = (W,w), W = (wl,w2 ) is the horizontal displacement, w is the 
vertical one. 

We next assume that the graph z = cp( x, y) corresponds to the punch shape, 
(x, y) E D. Then the nonpenetration condition for the plate-punch system can 
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Figure 2. 

be written as 

w ~ <p m D'I/J. (1) 

The Kirchhoff-Love model of the plate is characterized by the linear dependence 
of the horizontal displacements on the distance from the middle surface, that is 

W(z) = W- z'Vw, -E:::; z:::; c:, 

where z = 0 corresponds to the middle surface, and the axis z is orthogonal 
to the (x, y)-plane, 2c: is the thickness of the plate. Denote the normal to 

the graph r ..;, by v = ~, v = ( v1, v2). In this case, the non penetration 

condition of Signorini type imposed at the crack faces is as follows 

[W- z'Vw]v ~ 0 on f'I/J, [z[:::; E, 

where [V] = v+- v- is the jump of V, and v± correspond to the positive and 
negative directions of v, respectively. As evident from above, the nonpenetration 
condition can be rewritten in the equivalent form 

(2) 

Thus, we see that there is no penetration for all points of the crack faces since 
condition (2) is independent of z E [-c:, c:]. The general view of the plate having 
the vertical crack is depicted in Fig. 3. 
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Figure 3. 

The strain and integrated stress tensors are denoted by eij = eij (W), CJi.i = 

O'i,i(W), respectively: 

ei.i =.!. (awi + awi)' 
2 ax.i OXi 

i,j = 1,2, x1 = x, .T2 = y, 

CJn =en+ K.e22, 0'22 = e22 +Ken, 0'12 = (1- K)el2· 

Here K = const is the Poisson's ratio, 0 < K < ~· 
The following boundary conditions are assumed to be fulfilled at the external 

boundary 

aw 
w = - = w = 0 on r. 

an 

Let the subspace H 1,0 (D..p) of the Sobolev space H 1 (D..;,) consist of functions 
equal to zero on r. Analogously, the functions of H 2 ,0 (D..p) are equal to zero 
on r together with the first derivatives, H 2,0 (D..p) c H 2 (D..p). Define the space 
H(D..p) = H 1,0 (D..;,) x H 1,0 (D..p) x H 2 ,0 (D..p) and consider the energy functional 
of the plate 

Here f = (fr, f2, h) E L2 (D) is the given vector of exterior forces, the brackets 
(-, ·) mean the integration over D..p, 

B(v., v) = ./ (uxxVxx + UyyVyy + KUxxVyy + fl,UyyVxx + 2(1 - K.)V•xyVxy)dD..;,. 

n,, 
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The above formula for II(x) contains three different terms which correspond 
to the bending energy of the plate, to the deformation energy of the middle 
surface, and to the work of the exterior force J, respectively. Also, we introduce 
the set of admissible displacements 

K'f= {(W,w) EH(O.p) \ (W,w) satisfy (1),(2)}. 

The equilibrium problem for the plate can be formulated as variational, namely, 
it corresponds to the minimum of the functional II over the set of admissible 
displacements. To minimize the functional II over the set K'f we can consider 
the variational inequality 

B(w, w- w) + (O"iJ(W), eiJ(W- W)) 2:: 
2::(f,x-x), x = (W,w)EK'f, VX:EK'f. (3) 

Nonemptiness of the set K'f depends on the values of the function r.p on r. For 
further consideration we should note that the following inequality holds in O..p 

B(w, w) 2:: cl l wll~,n., V wE H 2
'
0 (f2v,), (4) 

and the first Korn inequality takes place 

(5) 

with the constants independent of w, W, respectively. The relations (4), (5) 
provide for the coercivity of the functional II on H(f21/J)· Thus, considering the 
weak lower semicontinuity of II, one concludes that there exists a solution of 
(3). Moreover, the solution is unique. 

I11 the sequel we shall study an optimal control problem. Let <I> c H 2 (0,) 
be a convex, bounded and closed set. Assume that r.p < 0 on r for each r.p E <I>. 
In particular, this condition secures nonemptiness of K'f . Denote the solution 
of (3) by x = x( r.p) , and introduce the cost functional which characterizes the 
opening of the crack 

Jf;(r.p) = ./ l[xJidr 1/J· 
r., 

The problem of finding an obstacle providing the minimal opening of the crack 
can be formulated as follows 

inf J£ ( r.p) . 
cpE1> 

(6) 

The crack shape is defined by the function 'ljJ. This function is assumed to be 
fixed. It is noteworthy that the problems of choice of the so-called extreme crack 
shapes were considered by Khludnev (1992, 1994). In particular, a nonpenetra
tion condition considered in the first paper exactly corresponds to (2) with c = 0 
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and can be considered as approximate one. The solution regularity for bihar
monic variational inequalities was analyzed by Frehse (1973), Caffarelli et al. 
(1979), Schild (1984). The last paper also contains the results on the solution 
smoothness in the case of thin obstacles. As for general solution properties for 
the equilibrium problem of the plates having cracks, one may refer to the book 
by Morozov (1984). Referring to this book, the boundary conditions imposed 
on crack faces have the equality type. In this case there is no interaction be
tween the crack faces. Asymptotic properties of solutions for problems having a 
nonsmooth boundary were analyzed by Kondratiev et al. (1982), Oleinik et al. 
(1981). In these papers the boundary conditions also have the equality type. 

In the next two sections the parameter s is supposed to be fixed. The 
convergence of solutions of the optimal control problem (6) as s ----) 0 will be 
analyzed in section 4. For this reason the s-dependence of the cost functional 
is indicated. 

Also, we have to note at this point that within the Kirchhoff model the 
unilateral condition (2) cannot properly describe the behaviour of a through
the-thickness fissure in a plate subject to bending when s is equal to zero. 
From the physical point of view our considerations apply rather to membrane 
states, thus precluding bending. Other possibilities require very special types 
of loadings, for instance compressed plates when the fissure is always closed. 

2. Existence of solutions 

Let s be fixed. Before proving the theorem an auxiliary statement is to be 
established . It is formulated as lemma. 

LEMMA 2.1 Let a sequence CfJm E <P possess the properties 

CfJm----) cp weakly in H 2 (D) and uniformly in D. (7) 

Then for any .fixed x = (W, w) E K'f there exists a sequence X m = (Wm., wm) E 

K'fm such that 

Xm. ----)X strongly in H(D?/,)· 

Proof. Without loss , the following inequality 

1 IVJm - cpl < - in D 
m. 

(8) 

is supposed to hold. Set Wm = w + ~- In this case Wm ~ CfJm in D,p. There 
exists a neighbourhood 0 of the boundary r such that the relation 

cp < -8 < 0 

holds in 0 n D with a constant 8 > 0. Let r 1/, n 0 = 0. In view of the uniform 
convergence of 'Pm the following inequality holds 

8 
(/Jm < -2 m onn. 
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It is easy to construct a sequence (m E coo such that the supports of (m belong 
to 0 and 

1 
(m=-, V(m = 0 on r, 

·m, 

ID"'(ml :::; ~ in 0, lal :::; 2, 
m, 

with a constant c independent of m. Now, we can define 

Wm = Wm - (m-

It is clear that Wm ~ <pm in D1/J and [ 8'!):;'] [ ~~] on r 1/J· Thus the functions 

Xm = (W, wm) belong to K't"' for all m. Moreover, convergence (8) takes place. 
The proof is completed. 

We now are in a position to establish solvability of the optimal control prob
lem (6), (3). 

THEOREM 2.1 There exists a solution of the problem (6), (8) . 

Proof. Let <pm E i!> be a minimizing sequence. It is bounded in H 2 (D), hence 
convergence (7) can be assumed. For every m, the solution of the following 
variational inequality can be found: 

B(wm,Wm - Wm) + (O'ij(Wm), ei,i(Wm- Wm)) ~ 

~ (f,xm- Xm), Xm = (Wm,wm) E K'f'"', \:I Xm E K'fm. (9) 

By virtue of the uniform convergence of <pm there exists a function X such that 
X E K'f"' for all m. Substituting this function in (9) as Xm implies 

llxmiiH(O-v) :::; c 
uniformly in m. In deriving this estimate we make use of the inequalities ( 4), 
(5). Hence choosing a subsequence, if necessary, we assume as m----+ oo 

Xm----+ X weakly in H(D..;,) . (10) 

Let X E K'f be any fixed element where <p is the function from (7). Lemma 
ensures the existence of a sequence Xm E K'f"' strongly converging to x in 
H(D1/J)· Bearing in mind (10), this allows us to carry out the limiting procedure 
in (9). The resulting relation precisely coincides with (3), i. e. x = X(<p). An 
additional assumption 

x;.----+ x± weakly in L1 (r "') 

easily yields the relations 

i~f 16 ((/J) = lim / l[xm]ldf..;, ~ / l[x]idf..;, ~ i~f Jc(ifJ) . 

r,, r '" 

This means that the funct ion <p is a solution of the problem (6), (3) which 
completes the proof. 
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3. Solution regularity 

Let Q C R 2 be a bounded domain with a smooth boundary "f. An external 
normal to 1 is denoted by n = (n1 , n2). Introduce the following operators 
defined at the boundary 1 

a2u 
m(u) = Kl:;,.u + (1- K) an2' 

a a3u 
t(u)=-a /:;,.u+(l-K)a a2 , s=(-n2,n1). 

n n s 

It is well known (John et al., 1976) that for any fixed u E H 2(Q),L:;,. 2u E L2(Q) 
the values m(u),t(u) can be considered as elements of H-!(1) and H-~(1), 
respectively. Moreover, the Green formula 

av 2 
Bq(u, v) = (m(u), -a )l ~- (t(u), v)l. ~ + (!:;,. u, v)q 

n, 2'1 2" 
(11) 

takes place for all v E H 2 (Q). Here, the integration is carried out over Q, and 
(·, ·)p,"'f means a duality pairing between H-P(!) and HP(!). Besides, one more 
Green's formula holds good (Temam, 1979). Namely, for any U E H 1 (Q), cri.i = 

CTij(U), ~:7 E L 2(Q),i = 1,2, one has CTi,jTI-J E H-!(1) and 

acrij av 
(-a ,v)q = (crijnj,v)l "Y- (cri.i> -a )q 

Xj 2 ' Xj 

\fv E H 1(Q), i = 1,2. (12) 

Assume next that 

w > <p in W, (13) 

where W is a neighbourhood of the graph r .;,. In this case the inequality (3) 
implies that the following equations are satisfied in the sense of distributions in 
W\f.;, 

t;,.2w=h, 

_ acrij _ J· 
a - " i = 1, 2, 

Xj 

(14) 

(15) 

where cri.i = crij(W). The relation (13) means, in particular, that the inequality 
w > <p holds at both crack faces. This last fact will be written as w > <p on r~. 

Consider a connected curve such that it confines the bounded simply con
nected domain Q c W \ r ..p and contains r ..p as its part. According to the 
aforesaid the equations (14), (15) hold in Q, hence 

1 3 1 
m(w) E H -2(1) , t(w) E H-2(/), crijnj E H -2(/), i = 1,2. (16) 

Obviously, the domain Q can be constructed in different ways. Nevertheless, 
in any case one of the inclusions r~ C 1, f:;j; C 1 will be valid , and (16) will 
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take place. The exact form of the boundary conditions on r 1/J was obtained by 
Khludnev (1995). We omit the derivation of these conditions here. The only 
thing we want to do is to discuss shortly their general form in connection with 
the subsequent regularity result. These conditions are as follows. Let 

{ ai.iv.i} = avv +ass, s = ( -v2, v1), 

be a decomposition of the vector { ai.iv.i }, i = 1, 2, into the sum of normal and 
tangential" components on r;. Then, assuming E: = 1 on account of the reasons 
shown at the beginning of section 4, we have 

as= 0, av :::; 0 on r "'' 
t(w) = 0, lm(w)l:::; -av on r "'' 

m(w)[~:] +av[W]v=O on fv, 

[m(w)] = 0, hjvj] = 0, i = 1,2. 

The first term of the second line means that for any smooth function e in D 
with a compact trace on r"' \ ar"' the relation 

(t(w),e)~,,+ = o (17) 

holds, where a domain Q+ is chosen in such a way that r~ c /'+. A similar 

relation takes place in the case r; C ,- . The zeroth jumps of m( w ), ai.iv.i on 
f V' mean that 

ae ae 
(m(w),-

8 
h~+ = (m(w),-

8 
)1.~-, 

V 2" V 2" 

(aijLij' e)l ~+ = (aijLij' e)l ~-' i = 1, 2. 
" 2 1/ 2 l I 

In general, the above boundary conditions hold provided that (13) is fulfilled and 
the solution is quite regular. In fact, some part of the boundary conditions can 
be considered as holding in the strong sense without any additional assumptions 
on regularity. In particular, as proved in the mentioned paper by Khludnev, if 
x0 E r 1/J \ ar 1/J and O(x0 ) is a neighbourhood of x0 such that O(x0

) c W and 
r 11, n O(x0 ) is a segment, the following inclusions take place 

WE H 2 (0(x0
) n D1/J), wE H 3 (0(x0

) n D1/J)· 

Hence 

m(w), aijVj E L 2(r* n O(x0
)), i = 1, 2. 

The condition [x] = 0 on r 1/J implies that the cost functional of the problem 
(6), (3) is equal to zero, i.e. 

Je(<f!) = ./ l[x]ldf 1/J = 0. 

r.p 
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In this case the crack is said to have a zeroth opening. The cracks of a zeroth 
opening prove to possess a remarkable property which is the main result of the 
present section. Namely, the solution X is infinitely differentiable in a vicinity of 
r ..p \8f 11, provided that f is infinitely differentiable. This statement is interpreted 
as a removable singularity property. In what follows this assertion is proved. 
Let x0 Er 11, \ ar ..p and w > ifJ in O(x0

), where O(:r0
) is a neighbourhood of x0 . 

For convenience, the boundary of the domain O(x0
) is assumed to be smooth. 

rt/J 

Figure 4. 

THEOREM 3.1 Let j E C00 (0(x0
)) and [X]= 0 on 0(x0

) n f,;,. Then 

X = (W, w) E C00 (0(x0
)). 

Proof. In view of (2) the hypotheses of the theorem imply [ ~':; ] 0 on 

O(x0 ) n r 1/J· Consequently, (see Mikhailov, 1976) 

(18) 

Equations (14), (15) hold in O(x0 ) n 0.11, in the sense of distributions, hence 

2 2 ( 0) 8CJ i i 2 ( ( 0) ) . Do wE L (0 X n 0.-.p), ax.~ EL 0 X n fl...p ' 2 = 1, 2. 

Let us show that the equation 

(19) 

holds in O(x0 ). The brackets(-, 8) will mean the value of a distribution evaluated 
at the point e. The inclusions (18) are essential in our further reasoning. Let 
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e E C0 (0(x0.)) be any fixed function. In view of the Green formula (11) one 
has 

(~2w- h, e)= B(w, e)- (h, e)= 
= B+(w,e) + B_(w,e)- (h,e) = 

_ , ae _ ae + 
- (m(w), -a ) 1 - (m(w), -a ) 1 -

V 2 V 2 

-(t(w),e)i + (t(w),e)! + (~2w- h,e)±· (20) 
2 2 

The signs+,- mean that the formulae are concerned with the domains o+(x0 ), 

v- (x0
)' respectively, where 

and o- (x 0 ) is defined in a similar way. The presence of two corner points at the 
boundaries ao±(x0 ) is not essential since e has a compact support in O(x0 ). 

In view of (17) the boundary terms of (20) containing t(w) are equal to zero. 
Besides, the equation (14) holds in o±(.T0) so that two last terms of (20) are 
equal to zero. Finally, the condition [m(w)] = 0 on O(x0 ) n r,,~; provides for 
vanishing of two terms of (20) containing m(w). Thus, (20) yields 

The proof of (19) is completed. 
Analogously, the Green formula (12) and the first relation of (18) imply 

(- ~:·; - fi,e) = (CJi.i, ::J- (!i,e) = 

ae 
= (CJi.i, ax)±- (fi,e) = (CJi.iv.i,e)-;,-

• .1 2 

)+ ( ) ( aCJij ) -
- ( (J ij v.i' e l - h e - ax . ' e ± -

2 • J 

aCJij ) . = ( ---- fi, e ± = o, z = 1, 2. 
ax.i 

In so doing the equations (15) are used as holding good in o±(x0
). The equa

tions [CJi.ivi ] = 0 on O(x0 ) n r '1/J are also used. Consequently, the following 
equations 

- aCJij - J· 
a - " i = 1, 2, 

x.i 
(21) 

hold in O(x0 ) in the sense of distributions. The results on the internal solution 
regularity of (19), (21) (see Fichera, 1972; Lions et al., 1968) provide the validity 
of the theorem's assertion. The proof is completed. D 
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4. Convergence of solutions as E ---> 0 

Consider the limit case corresponding to c = 0 in (2). The restriction obtained 
in such a way describes approximately mutual non penetration of the crack faces. 
Note that in reality a complete account of the thickness implies the dependence 
of the energy functional on c. This dependence is as follows ( Vol'mir, 1972) 

c3 c 
II(x) = 2 B(w,w) + i(O";J(W),e;J(W))- (f,x). (22) 

Moreover, in this case m(w), t(w), e;j(W) should also depend on c. In spite of 
this, in section 4 the parameter c is equal to 1 in the formula (22) just as in 
the previous sections. Thus, the case c = 0 in (2), in fact, means both the 
approximate description of the non penetration condition and a fixed thickness. 
Hence, in the case under consideration a solution should satisfy the following 
restriction 

w 2: r.p in O..p , 

[W]v 2: 0 on r..,,. 
As a result the set of feasible displacements is as follows 

K'({ = { (W,w) E H(O..p) I (W,w) satisfy (23), (24) }· 

(23) 
(24) 

Herewith the problem of minimizing II over the set K'({ is equivalent to the 
variational inequality 

B(w, fiJ ~ w) + (0";_7(W), e;J(W- W)) 2: 
2:(f,x-x), x=(W,w)EK'({, VxEK'({. (25) 

Let the set <P be the same as in section 2. Consider the optimal control problem 

(26) 

There exists a solution of (26), (25). We omit the arguments. 
So, instead of precise nonpenetration condition (2) we consider the approx

imate condition (24) in this section. In practical applications this approach is 
interesting since it is easier to find the solutions of (25) as compared to (3). In 
particular, it is possible to find solutions of (25) by using the penalty operator 
relative to the restriction (24). The displacements W and w are uncoupled in 
(25), and one can write down two variational inequalities for finding Wand w, 
respectively. Meanwhile, when the optimal control problem (26) is solved, the 
solution r.p depends on the pair (W, w) what, actually, means the coupling of 
W and w. The problem is to prove the solution proximity of (6), (3) and (26), 
(25), as c ____, 0. 
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As for other problems related to the elastic plates having cracks with the 
approximate nonpenetration condition (24), we refer the reader to Khludnev 
(1992, 1995 ) . 

A relationship between the solutions of (6), (3) and (26), (25) is characterized 
by the following statement. Introduce the notations 

]o = inf .lo(<p), Jc = inf .Jc(<p). 
~EW ~EW 

Let 'Pc be the solution of (6), (3), and Xc correspond to 'Pc· 

THEOREM 4.1 From the seqv.ence <pc, Xc one can choose a subseqv.ence such that 
as t: ---> 0 

'Pc ---> <p weakly in 

Xc ---> X weakly in 

Jc ---> ]o, 

wher-e <p is a solv.tion of (26), (25) and X= X(<p) is defined fr-om {25). 

Proof. Consider first any fixed element <p E <I> and prove that 

(27) 

Let Xc(<p) be the solution of (3). There exists an element x such that x E K'f 
for all t: . Substituting x in (3) as a test function implies 

with a constant c independent of t:. Without loss of generality as t: ---> 0 we 
assume that 

Xc(<p) --->X weakly in H(Dv,), 

x:(<p) ___. x± strongly in L 1 (fv,)· 

Moreover, the pair ( <p, x) is a solution of the variational inequality 

B(w, iiJ- w) + (Clij(W), eij(W- W));:::: 

2:: (f,x- x), x = (W,w) E K<f, V X E K<f. 

(28) 

To verify this it suffices to fulfill the limiting transition in (3) as t: ---> 0. Thus, 
x = x(<p). In view of (28) we arrive at the desired convergence (27). 

Let <p be a solution of the optimal control problem (26), (25). The above 
arguments imply 

Whence 

limsupjc::; Jo(<p) = Jo. (29) 
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On the other hand, the boundedness of the set <I> provides the estimate 

(30) 

which is uniform in c. Consequently, the inequality 

B(ws, W- 'Ws) + (O'i.i(Ws), ei.i(W- Ws)) 2:: 
2:: (f,x - Xs), Xs = (Ws,ws) E K'fe, 'V X E K'fe (31) 

enables us to derive the following estimate 

(32) 

being uniform in c. Choosing subsequences, still denoted by C{Js, Xs, we assume 
that as E ---> 0 

CfJs ---> rjJ weakly in H 2 (D), uniformly in D, 
Xs ---> X weakly in H (D..;;). 

Moreover, it can be proved that for every fixed X E Kt there exists a sequence 
Xs E K'fe such that 

Xs ---> X strongly in H (D..;;). 

Combining this convergence and Lemma, one can pass on to the limit in (31). 
Hence the following relation results 

B(w, w- w) + (O'i_i(W), e;j(W- W)) 2:: 

2:: (f ,x- x), X= (W,w) E Kt, 'V X E Kt, 
that is X = x( rp). Furthermore, just as in the proof of (27) the convergence 

holds. Hence 

(33) 

A comparison of (29) and (33) results in the conclusion that rjJ is a solution of 
(26), (25) and is---> j 0 . As noted above, x = x(<p). Theorem 3 has been proved. 
D 

5. Conclusion 

The condition [x] = 0 is shown to provide the infinite differentiability of the 
solution only for c > 0. For the problem (25) , corresponding to E = 0, one 
cannot state that wE H 2 (0(x0 )) provided that [x] = 0 on O(x0

) n I'..;]) since, 

in general, in this case [ ~~] # 0 on O(x0
) n I' 'if; · 
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The result of Theorem 2 on C 00-regularity actually shows that the condition 
[x] = 0 provides the disappearance of singularity which takes place in view of 
a presence of the crack. It means that under the condition mentioned , we can 
"forget" about the crack since the behaviour of the plate is the same as that 
without the crack. This property of the cracks of minimal opening is interesting 
from the standpoint of mechanics. It can be used in applications of the ·Crack 
theory. 

Acknowledgment 

The author is thankful to J .R. Ockendon and the anonymous referees for the 
useful remarks and wishes which led to improvement of the paper. 

References 

CAFFARELLY, L. AND FRIEDMAN, A. (1979) The obstacle problem for the hi
harmonic operator. Annali Scnola Norm. Snp. Pisa, serie IV, 6, 151-184. 

DONNELL, L.H. (1976) Beams, Plates and Shells. McGraw-Hill Book Com
pany. 

FICHERA, G . (1972) Boundary value problems of elasticity with unilateral con
straints. In: Handbv.ch der Physik, Band 6a/2, Springer-Verlag. 

FREHSE, J. (1973) On the regularity of the solution of the biharmonic varia
tional inequality. Mannscripta Math. 9, 91-103. 

GOLDSHTEIN, R. AND ENTOV, V. (1989) Qnalitative Methods in Continv.v.m 
Mechanics. Nauka, Moscow (in Russian). 

JOHN, 0. AND NAUMANN, J. (1976) On regularity of variational solution of 
the von Karman equations. Math. Nachr·. 71 , 23-36. 

KHLUDNEV , A.M . (1992) On extreme crack shapes in a plate. lzvestiya Rossi
iskoi Akademii Nav.k, Mekhanika tverdogo tela, No. 1, 170-176 (in Rus
sian). 

KHLUDNEV , A.M. (1994) On contact problem for a plate having a crack. Con
tml and Cybernetics, 23, No. 3, 453-460. 

KHLUDNEV, A .M . (1995a) On contact problem for a plate having a crack. 
Control and Cybernetics, 24, No. 3, 349-361. 

KHLUDNEV, A.M. (1995b) The contact problem for a shallow shell with a 
crack. Prikladnaya Matematika i Mekhanika, 59, No. 2, 318-326 (trans
lation in: J.Appl. Maths Mechs, 1995, 59, No. 2, 299-306). 

KONDRATIEV , V.A ., KOPACEK, J. AND OLEINIK, O.A. (1982) On behaviour 
of solutions to the second order elliptic equations and elasticity equations 
in a neighbourhood of boundary points. In: Pmceedings of Petmvsky's 
SeminaT, Moscow University Publishers, Moscow 135-152 (in Russian). 

LIONS, J .-L . AND MAGNES, E. (1968) PTOblemes aux Limites Non Homogen es 
et Applications. Vol.l , Dunod, Paris. 



620 A.M. KHLUDNEV 

MIKHAILOV, V.P. (1976) Partial D~fferential Equations. Nauka, Moscow (in 
Russian). 

MOROZOV, N .F . (1984) MathematicalFonndations ofthe Cmck Theory. Nauka, 
Moscow (in Russian). 

OLEINIK, O.A., KONDRATIEV, V .A. AND KoPACEK, J. (1981) Asymptotic 
properties of solutions of a biharmonic equation. Differential eqv,ations, 
17, 10,1886-1889 (in Russian) . 

SCHILD, B. (1984) A regularity result for polyharmonic variational inequalities 
with thin obstacles. Annali Scnola Norm. Snp. Pisa, 11 , No. 1, 87-122. 

TEMAM, R. (1979) Navier-Stokes Eqnations. Theory and Numerical Analysis. 
North-Holland Publishing Company. Amsterdam, New-York, Oxford. 

VoL'MIR, A .S. (1972) Nonlinear Dynamics of Plates and Shells. Nauka, Mos
cow (in Russian). 


	Bez nazwy

