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Abstract. In this paper a new integrated approach to mesh
refinement for shape optimal design is considered. The local mea-
sure of residuals in necessary optimality conditions is proposed as
an additional error estimator for controlling the quality of mesh.
Comparison of the developed double refining procedures with the
conventional Z2-refining have been made. Computation performed
confirmed that the proposed approach can be effectively applied to
a wide class of shape optimal design problems.
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1. Optimal shape design problems.
Continuous and discrete formulations.

Consider a deformed clastic body occupying a region {2 whose boundary consists
of a surface I' = I', UT,;. Displacements arc assigned to the part I',, of this
surface, while tractions are given on the part I', . The corresponding boundary
conditions and the basic cquations of the theory of elasticity arc

u; = U; on Ty, oty =1 on Ly (1)
1
oiji +a=0, &= 5(“1‘,,7' +uji),  0ij = Cijkicrl (2)

where 0y, €, u; and n; denote, respectively, the components of the stress
tensor, the strain tensor, the displacement vector, and the unit vector pointing
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in the direction of an outward normal to the surface of the body, while U; and T}
are given functions of the coordinates z;. Constants Cj;x; are the components
of the clastic moduli’s tensor. We use a Cartesian reference frame {0, 21, 22, 23}
and the indices ¢, 7 assume the values 1,2, 3. The summation is performed over
repeated indices.

The optimization problem comnsists in finding surface I, T, C T, such that
the optimized functional attains a minimum

v

J = / flug, 0i;) d2 — min (3)
Ja

while satisfying prescribed bounds on some properties of the stressed and de-
formed state

gu(ug, 0i5) < Cy, v=12,... (4)

where g, are given functions and C,, are given constants.

Applying the approach of finite element modelling we discretize the domain
€ and boundary I' and approximate the state and design variables. The optimal
design problem now assumes the form

I(u, h) =>mhin (5
W;(u,h) =0, EST ) . 1) (6
U, (u, h) <0, i=m+1,...,k (7

Here u and h are vectors of the state and design variables and I(u,h), ¥;(u, h
are given functions.

2. Sensitivity analysis

Consider the problem of optimal design formulated in (5)-(7) and evaluate the
effect of variation of design variables 6h . We shall observe both the state and
the design variables w and h and their perturbed values u + éu, h + 6h. We
linearize the relations between the variations of the quality function and the
constraints as well as the vectors du and oh

ol oI

= (=—,0u —, 0h 8
o1 = (G 8 + (g M) ®)
6\111-:(%\1;,611,)—1—(%}1,611) i=m+1,...,k (9)
and linearize (6)
oY1 9y 9 Oy
Ouy e Dl Ohq e Ohn
ASu+B6h=0 A=| : . : |, B=|: - | (0
Otbum Oprm P Ot

dur  C Oum dh, "'  Ohn
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The quantities I /0u, 8I/0h, 0¥;/0u and 0V;/0h, which occur in (8), (9)
as well as the matrices A and B, must be computed for unperturbed values of the
arguments. Matrix A is assumed to be nonsingular. The following approach for
climinating the dependence of functions on du has found very wide acceptance.
To eliminate the expressions (0I/0u)éu and (0¥;/0u)éu let us introduce k —
m + 1 vectors \;

O oy O
ou’ ou
where the superscript T denotes the transpose of a vector or matrix. The

functions on the right hand side of (11) are computed for the current values of
the vectors u and h. Using (11) and (10) we derive

oI ; ov;
—(X°, Béh) = (7=, 6u), —(\',Béh)= ("
(0, Boh) = (S0, 6u), ~(V, Bo) = (5

Substituting from (12) the expressions for 0I/0u and 0¥;/0u in (8), (9) we
obtain

AT X0 = i=m+1,...,k (11)

, 6u) (12)

(ol Th0 ’
6I—(ah B )\,6h> (13)
60; = %—BT)\",M i=m+1,...,k (14)

oh
The components of the vectors
_ oI T0
Vil = o B\ (15)
oY; -

L\Ili = L _BTX )

Vi o B\ (16)

arc called the sensitivity coefficients of the constraints and the quality functional
with respect to the corresponding design variables.

The sensitivity coefficients in (15), (16) are very useful in a shape design
process, since they contain information how a change in design affects the qual-
ity functional and the constraints. In particular the computation of the values
of these cocfficients permits us to identify those design variables whose changes
have the most significant influence for the objective function and other charac-
teristics.

3. Successive optimization and motivation

for design refinement

An cffective solution of the problem of designing an optimal structure can be
obtained only after a decomposition of the original problem into a sequence of
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simpler problems of constructing improved approximations. So we pay particu-
lar attention to the iterative optimization algorithms, which can be conveniently
applied to shape optimization problems.

In solving shape optimal design problems we apply FEM for computing
displacement and stress ficlds and gradient projection technique for improving
the unknown shape. For effective computations of the state fields we can ap-
ply mesh refinement using the Zienkiewicz-Zhu criterion (Zienkiewicz and Zhu,
1987, 1991) as an a posteriori error estimator

/ (0= 8)7C (0 — 8) dQ (17)

Here o is the computed stress distribution and & is a continuous stress distribu-
tion which is obtained from postprocessing. This criterion gives us a possibility
to refine the mesh by minimizing the stress jumps at the element edges. As
it follows from the direct computations of the stress fields by FEM and from
theoretical analysis these jumps grow and concentrate nearby the stress con-
centrators (boundary angles, cracks, holes) and for the regions with high stress

gradients. The refined mesh will bc concentrated at special regions of the do-
main {2 to satisfy the requirement 777 < &4, where g, is a small positive number.
It is very reasonable from the theoretical and engincering point of view and
improves meaningfully the quality of the solution of the analysed problem. It
means also that our additional degrees of freedom were exhausted by the special
regions.

For shapc optimization problems the crror of the solution is a sum of errors
from the finite clement analysis and the process of improving of the shape.
The latter can be evaluated by a norm of the residuals in necessary optimality
conditions. To minimize this crror it is necessary to have an accurate (detailed)
information concerning the state functions for the regions close to the varied
boundary. So we also need additional degrees of freedom (additional refinement)
for the optimized boundary. Onc of the simplest design error estimators which
can be taken as an a posteriori refinement criterion is the norm of the design
eradient of the Lagrange function

B / (VpI")%dr (18)
JT

J

In accordance with the requirement ,u < er (er is a given small positive
number) the refined mesh will be concentlatcd nearby optimized boundary.
Note that the exact expressions for the design gradients of the Lagrange func-
tions arc presented in the books (Banichuk, 1990; Haug and Aurora, 1979).

The algorithm of iterative optimization consists of obtaining successive ap-
proximations of the optimal solution and comes from the idea of "small” per-
turbations of the design vector h (shape of the boundary) and multiple solution
of the ”direct” problem of finding state variables (displacements, stresses and
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strains) with the values of h regarded as fixed. For a chosen small positive values
er and €, the algorithm consists of specified steps:

Step 1. As a result of computations completed in the previous cycle with
number k, we rcgard the design and state variables as known and solve the
boundary value problem of the theory of elasticity. Then go to Step 2.

Step 2. Estimate an a posteriori crror, using Zienkiewicz - Zhu criterion.
If m;@x(n?) > €, for new state variables (u)¥*!, (0)¥*!, then perform mesh

refinement and return to Step 1. Otherwise, go to Step 3.
Step 3. Compute the new values of Lagrange multipliers (X)*+1.
Step 4. Compute the new values h¥+1, T¥+1 of design variables and objective
function.
Step 5. Estimatc the incompatibility of the state and design variables in
satisfying the necessary optimality conditions. If max(u?) < er, terminate the
J )

program. Otherwise go to Step 6.

Step 6. Perform boundary mesh refinement and return to Step 1.

To derive the new values of design variables we use design sensitivity analysis
and the derivatives of the cost function I and the augmented Lagrange function
IY with respect to design paramecters. The values OIF/0h; arc used also to
identify the boundary clements for which the refinement is necessary. So, the
clement of the boundary must be refined if the local gradient of I” with respect
to coordinates of the element is greater than a given positive constant ep; /I,? >
Efe

4. Numerical example

The developed technique of shape optimization with mesh refinement is illus-
trated in the following example. The example concerns weight optimization of
an in-planc loaded plate under displacement constraints. The initial design of
the plate is rectangular (2: 0 <23 <, 0< 2y < 1). The plate is loaded by a
uniformly distributed load ¢ = 1 at the edge 0 < 21 < @, 22 = 0 and is clamped
(uy = ug = 0) along the edges 3 = 0,0 <2y <landz; =, 0 <2 < 1.
The load free boundary is taken as unknown and has to be found to minimize
the plate arca under the displacement constraint us < 1. For the initial design
S = meas{) = a the mesh consists of N = 80 clements. Bilinear quadrilaterals
(4-node isoparametric elements) are used in the example and the material con-
stants (Young’s module, Poisson ratio) arc taken as E = 2,1 - 103kN/m? and
v =10,3.

The shape is modeled as a COONS patch with a Bezier curve of degrec 8
for the load free boundary. The x5 - coordinate of 8 Bézier control points are
the discrete design variables marked with stars in the Figure 2.

The optimal shape was computed using two different mesh refinement tech-
niques within the optimization procedure. In a first approach the conventional
Zicnkicwicz and Zhu crror indicator was applied twice within the optimization
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Figure 1. Initial design and mesh
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Figure 2. Optimal design and the final mesh.

process to improve the accuracy of the finite element analysis of the considered
intermediate design. The minimal value of the objective function is J = 0,68c.
In the second approach we applied our newly derived criterion together with the
above mentioned error indicator to improve the overall optimization procedure.
The computed optimal shape and the final mesh are shown in Figure 2. We
end up with the same objective function value. The refined regions are not only
the regions with stress concentration but also the part of the boundary with
nonhomogenecous energy distribution. Thus this mesh is more adapted to our
optimization problem and leads to a faster convergence of the algorithm, i.e.
the optimum was obtained with only 85% of the computational time compared
to the first approach.
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5. Some notes and conclusions

The computations showed fast convergence of the algorithm. Comparison of the
developed double refining procedures with the conventional F'E refining have
been made. Extensive analysis performed confirmed that the proposed approach
can be cffectively applied to a wide class of shape optimal design problems, but
it appears to be especially effective in the case of nonhomogeneous state field
distributions. Another important feature, which is revealed in applying the
proposed approach to shape optimal design problems, consists in the following.
Even though the "new” boundary nodes obtained in optimization refinement
arc not considered as an additional degrees of freedom for the shape, the ap-
proximate solution so found remains to be good. It makes possible to bound the
dimensionality of the design vector and to use effectively the parametrization of
the boundaries.

The proposed approach can be directly applied to the problems of inter-
nal structurc optimization and finding the optimal thickness for thin-walled
structures, where the design variables enter the coefficients of the governing
cquations.

This paper concentrated on a new iterative approach to the solution of shape
optimization problems. By coupling the optimal design error estimator with the
FEM a posteriori estimator we developed the successive optimization algorithm
and performed the computational experiment. It is worthwhile to note that
theoretical and practical interests for future investigation are the following:

(i) How to develop the procedure with a flexible mesh refinement scheme
taking into account that the errors arise both from the approximation of
the displacement fields and their derivatives (strains and stresses)?

(ii) What is the optimum strategy for domain and boundary mesh refinement?
(iii) What a posteriori refinement criteria can be applied for effective reduction
of error in double iteration procedures?
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