Control and Cybernetics
vol. 25 (1996) No. 4

Representation of bargaining games as simple distribution
problems

by
Somdeb Lahiri

Indian Institute of Management,
Vastrapur, Ahmedabad 380 015,
India

Abstract: In this paper we show that the set of all bargaining
problems is isomorphic to the set of all simple distribution problems.

1. Introduction

Beginning with the seminal work of Nash (1950), a bargaining problem has been
conceived as a compact, convex, comprehensive subset of a finite dimensional
Euclidean space, each such subset containing a strictly positive vector. The
intuitive motivation behind the bargaining problem has been a rather common
place economic problem: dividing a dollar between a group of claimants. Fol-
lowing Nash (1950), there has been a plethora of research in this area, with
almost all of them dealing with the same or similar problem. A recent survey
of such rescarch is the book by Peters (1992) and more importantly the special
issuc of this journal dedicated to bargaining and negotiations (see Stefanski,
1992). But a technical issue, concerning the class of all bargaining problems
as conceived by Nash (1950) and all money division problems as is usually the
intuitive motivation behind bargaining game theory, remains yet unanswered:
the problem of mathematical isomorphism.

Let N = {1,2,...,n} be a set of agents. A simple distribution problem for
N is a pair [(u;)ien, W] satisfying the following properties:

(a) W is a positive real number.
(b) For eachi € N, u; : Ry — Ry is a function which is continuous, concave,
non-constant and non-decreasing.

Let E denote the set of all simple distribution problems. Generic elements
of I will be denoted e.

Given e = [(Us)ien, W] € E, it is well known that the set S(e) = {z € R}/
Ty < us (Yi), DienVi =W,y € R7 } satisfies the following property:
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(1) S(e) is non empty, compact, convex, comprehensive and contains a strictly
positive vector.

This result may be found in Peters (1993) for. instance. Let C be the set of
all sets S in R satisfying property (1). Thus corresponding to each e in E,
there is a unique S € C such that S = S(e).

The converse result i.e. corresponding to each S € C, there is an e € E such
that S = S(e), is what we propose to establish in this paper. Our technique
of proof mimics that of Billera and Bixby (1973;1974) whose result established
an equivalence relation between the set of non-transferable utility games and
distribution problems with the number of commodities varying with the number
of agents.

2. Polyhedral problems

A set S € C is said to be a polyhedral problem if it is the convex comprehensive
hull of a finite number of points in R .

LEMMA 2.1 If S is a polyhedral problem then there exists an e € E such that
5 = 8(e).

Proof: Without loss of generality assume that D"~! = {y € R}/ Y ien = 1}
is a subset of S where S is a polyhedral problem. This is possible since suitable
multiplication of the resulting functions (u;)ien in e, by positive scalars will
have the desired property.

Let A= {a',...,a*} C R} be such that S = convex hull of AU{0}, and
that there does not exist B (a strict subset of A) such that S = convex hull of
BU{0}. Let I; be the half line connecting the origin to a’. Let [; intersect D™~!
at b/. For i € N, assume without loss of generality that b} < b? < ... < b¥.
Define u; : Ry — R4 as follows:

w(t)) =al for j € {I,...,k}
w (s + (1 - uT) = tal -+ (1 —Hal ™™ for § € {1, ando— 1}
ui(k) = u; (%) for k > bf

Observe b} = 0, b¥ = 1. Also u; is continuous, concave, non-constant and
non-decreasing. It is easy to see that S = S(e) where e = [(u;)sen, 1] as each
polygon in D™~ defined by the intersecting half lines is linearly mapped into a
polygon on the efficient frontier of S. This proves the Lemma.

3. The main result

THEOREM 3.1 If S is a problem in C, then there exist an e € E, such that
g = 5(e),




Representation of bargaining games as simple distribution problems 683

Proof: Let {Sk}gzl be a sequence of polyhedral problems in (', satisfying the
following properties:
i) S* C Skl k € N (the set of natural number)
i) limg_e0 S*¥ = S, where the limit is taken in the Hausdorff topology on C.
iii) Vk € N, a;(S) e; € S*, i € N, where a;(S) = max{z;/z € S}, i € N, and
e; € R is the i-th unit coordinate vector.
By Lemma, 2.1, for each k € N, there exists ef = [(uf)ieN,l] € F, such
thiat 5% = S(e*).
Let u; be the uniform limit of {uf}xen for i € N. This limit exists on [0, 1]
for the following reasons:
a) ubt(2) > uf(z)Vz e Ry, VEEN.
b) Each u¥ is continuous on the compact set [0,1]. Hence u; is continuous
on [0,1].
Since beyond 1, each uf(z) = a;(S)Vi € N and k € N, the uniform
limit of {u*}ren exists beyond 1, and is constant. Let e = [(u;)ien,1]. Since
limg_,00 S* = S, we have S = S(e).

REMARK 3.1 It is easy to see in the above thal the uniform limil of a sequence
of concave functions is concave.

REMARK 3.2 Our result sharpens a corresponding result of Arrow and Hahn
(1971) who merely establish  that the sel of efficient points of a problem in C
18 homomorphic to the unit simplez.

REMARK 3.3 Problems in C are often referred to as choice problems or bar-
gaining games.

Acknowledgement

A3

I would like to thank Hans Peters, Ajit Ranade and two anonymous referees of
this journal for very enlightening comments on this paper. I would like to bring
to the notice of the reader (largely at the behest of one of the referees) that the
set A used in Lemma 2.1, is precisely the set of non-zero extreme points of S
(which always exists as a finite set for polyhedral problems).

References

ArRrOW, K.J. and HAHN, F.H. (1971) General Competitive Analysis. Holden
- Day, San Francisco.

BILLERA, L.J. and BixBY, R.E. (1973) A characterization of Pareto surfaces.
Proceedings of American Mathematical Society, 41, 261-267.

BILLERA, L.J. and BixBY, R.E. (1974) Market Representations of n-Person
Games. Bulletin of the American Mathematical Society.

NasH, J.F. (1950) The bargaining problem, Econometrica, 18, 155-162.




684 S. LAHIRI

PETERS, H.J.M. (1992) Aziomatic Bargaining Theory. Kluwer Academic Pub-
lishers (Theory and Decision Library).

STEFANSKI, J. (1992) Bargaining and arbitration in conflicts. Control and
Cybernetics, 21, 1.




	Bez nazwy

