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Abstract: Some approximations to the problem of convection-
diffusion of a radioactive tracer in the blood stream are presented.
In particular we deal with the problem of retrieving the tracer con-
centration at the entrance of a vessel from measurements performed
at some distance from the heart. The convergence of a numerical
scheme with time discretization for the computation of the direct
diffusion-convection process is proved.

1. Introduction

The quantity measuring the blood flow to the brain, called “brain perfusion”
and defined as the volume in ml of blood crossing the unit mass (gram) of brain
tissue in one second, has been the object of many neurological studies (see
Bacciottini, 1990, Iida, Kanno, Mirua, Murakami, Takahashi, Uemura, 1986,
Quarles, Mintun, Larson, Markham, 1993 and related references). Radioactive
tracers and the Single Photon Emission Tomography (SPECT), a technique
which enables us to measure the tracer concentration even in very small portion
of brain tissue, are often employed in its analysis. A radioactive tracer, in the
specific here considered hexamethyl-propylene-aminoxine (HMPAO), is injected
in a patient’s vein; following the circulatory system it reaches the heart and
then various body districts, including the Central Nervous System (CNS). There
the tracer crosses the capillary wall, it diffuses and is distributed in the brain
tissue where its concentration, C;(t), can be measured by means of the SPECT.
If the concentration C,(t) of the tracer in the capillaries which are in direct
contact with the considered part of brain tissue were known, it would be possible,
due to a compartmental model described in Bacciottini (1990), to retrieve the
absorption rate of the tracer in brain, a measurement which is closely related




774 P. SALANI

to perfusion. Since it is not possible to measure C, (%) directly, at the moment
the usual procedure is to sample the concentration (Cp(t)) of the tracer at the
end of a peripheral artery, usually in an arm, relating C,(t) to it through the
formula:

t+Dt
Calt)= [ Gyl - dt =i

where Dt is the time delay between the instants at which HMPAO is detected
in the brain and at the peripheral exit, d(¢) is the dispersion function %e—t/ =
whose justification is experimental (see Tida, Kanno, Mirua, Murakami, Taka-
hashi, Uemura, 1986), and 7 is a constant. This paper is in the framework of
a project aimed at the construction of methods for the computation of Cy (%)
with an acceptable theoretical basis. The project is developed in cooperation
with the research group directed by Prof. Alberto Pupi of the Nuclear Medicine
Department at the University of Florence.

Here we deal first with the problem of the determination of C,(t), simply
assuming that the tracer diffusion can be neglected compared to the convection
duc to the blood flow (see section 3). Concerning the direct set-up, i.e. the
combined diffusion-convection of the tracer in the blood stream, it is well known
to give rise to a well-posed parabolic initial-boundary value problem. Here we
prove the convergence of a numerical method for the computation of its solution,
based on time discretization and on the step by step computation of a sequence
of purely diffusive and purely convective processes (see section 4).

2. The matematical model

We focus our attention on a single blood vessel, which for our purpose will
be considered as a rigid tube of uniform circular cross-section. We assume
that blood can be modelled as a Newtonian fluid (although it is known that the
reality is much more complicated) and that its flow through the vessel is laminar
and steady. In a system of cylindrical coordinates, the equation governing the
tracer diffusion and transport is:

1
Dg <'u,,~T + —ur> + Dptyy — v(T)Uy = Uy, (1)
r

where u(z,r,t) is the tracer concentration, Dr and D4 are the radial and axial
diffusion coefficients of the tracer in blood, respectively, and v(r) is the blood
velocity (a steady Pojseulle flow):

=22 (1-2). @

where R is the vessel inner radius and @) the prescribled flow rate.
It is to be observed that the quantity Cp(f) introduced in section 'l is the
average tracer concentration over the vessel section (this is what we really can
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measure). Obviously the “real” concentration u is a function of r too. If we put
the origin of z just at the exit from heart, it seems reasonable to consider the
tracer homogeneously distributed on the section z = 0, because of the mixing
action occurring in the heart. Moreover, we impose a zero flux condition at the
vessel wall. Thus the initial and boundary conditions associated to (1) are:

u(z,r,0) =0, u(0,r,t) = C(t), us(2,0,t) =0, u(z,7,t) =0.

This model is of course largely approximated. First af all, blood vessels are not
rigid, on the contrary they must be able to meet the pressure fluctuations they
are liable to; moreover, blood is not a Newtonian fluid, but more precisely it is
a suspension, and in any case the flow is only approximately laminar (hemody-
namic models which include the clasticity of the walls as well as pressure and
flow fluctuations have been considered in the physiological literature since 1950s
by J. R. Womersley and others; these models were already included in books
like Attinger, 1964, Bergel, 1972 and McDonald, 1960). However, here we are
not concerned with the study of the blood flow, hence we assume (2) to simplify
calculus. In order to further simplify the problem, since blood takes only a
few seconds to go from heart to brain, or to the peripheral sampling station, it
seems rcasonable to assume that axial diffusion can be neglected with respect
to convective transport.

The above assumptions lead us to the following initial-boundary value prob-
lem:

Dgr (urr + %ur) — (1)U, = ut inQ=(0,L] x[0,R) x (0,00),

uw(z,r,0) =0, z € (0,L), r € [0,R), (3)
U3 0,8) = wrlayr ) = 0, z € (0,L),1>0,
w0, t) = C(t); re[0,R), t>0,

with the differential equation satisfied in the classical sense and u bounded, u

and wu, continuous in ), with the exception of the points lying on = = 0 for

t = 0. If we introduce the nondimensional variables: £ = £, p = &, 7 = &,

u R, _ _ DgT: s
U:W’V(P):_(_“ P):1—p2,00—”—cﬂ,a——I%—Q,whercvmam_ﬁi,

Umax

To = 52, [IC|| = supie(ow)|C| and [Ju]| = supqlul,
We get:
o (Upp + %U,,) (A= =U, inQ=(0,1] x [0,1) x (0,00),
U(,p,0) =0, £€(0,1), pe0,1),
U(E,0,7) = U, 1,7) =0, £e(0,1), 7>0,
U, p,7) = —Ci’éf—), p€[0,1), 7>0.

(4)

It is known that such a problem is well posed for any continuous function Co(T)
such that Cp(0) = 0. About notation: with || - || we denote the usual norm, i.e.
the supremum of the absolute value of a function in its domain.
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3. Purely convective problem
If we neglect diffusion completely, then the problem (3) is reduced to:

ut +.(r)u, =0, in{)
u(z,7,0) =0, z €0,L], r € [0, R, (5)
u(0,7,t) = C(t), r€[0,1], t € [0, 00),

whose solution can easily be found:

u(z,rt) = C (t = %) : | (6)

where C(t) = 0 for ¢t < 0. In this section we want to solve the problem of
determining the boundary value C(t), ence the average Cp(t) of v at z = L is
prescribed as a continuously differentiable function. If we denote by C/(,t) the
average of concentration over the vessel section z, we have:

E(x,t)zé/oRp-CGf—%)dp=2/olp-0<t—m>dp.

(7
Setting n =t — m and T'(z) = 72— , we have:
— t—T(z) 1 t—T(x) 1
Clat)=T@ [ oo Cdn=TG) [ o=y - Clopan
(8)

Recalling that Cp(t) is the average of u sampled at the section z = L of the
vessel and setting Tp = T'(L) and 7 =t — Tp , we obtain:

/O.T m - C(n)dn = Tiocp (T +To) - (9)

Differentiating with respect to 7 we arrive at the following Volterra equation of
the second kind for the unknown C(t):

T 2
o) - [ gy Clnlin =Ty (r + ), (10)
that is
c(r) - / K(r,7) - Cln)dn = Y (r)

where K(7,7m) = [TO?FT’I?%F’ Y (1) = ToCyp (1 + To).
This problem is well posed (see Tricomi, 1957) and the solution is given by

Cr) =Y +Y / " ko(rym) - Y () (11)
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with k; = K, kr+1 = f; K(T: f) ' kr(§7n)d£
Another way of calculating C(7) from (9) is to use Laplace Transforms. This
technique leads to

o(s) - K(s) = -eap(sTa)es ),

where ¢(s) and ¢p(s) are the Laplace trasforms of C(7) and C,(7), respec-
tively, and k(s) is the Laplace transform of m, ie. k(s) = —s-exp(sTp) -

Exp;(sTo) + TLO, with Bzpi(z) = [ %udu. Hence

C(s) = %k;(s)exp(sTo)cp(s).

A delicate aspect in the calculation of C(7) is to check that it is positive for all
times. Generally speaking, it is difficult to characterize the set of admissible data
Cp(7). For instance it is clear that it cannot decay at infinity faster than 772,
corresponding to C(7) positive almost everywhere and with compact support.
Finally, let us restrict our interest to a finite time interval, say for instance
[0,T], and consider the linear operator L : C*[0,T] — C°[0,T] (in C[0,T]
and C°[0,T] we adopt the usual norms, i.e. supypr|f(T)| + SUP[O,T]'f(T)l
and supp,1)|f(7)| respectively) which gives C(7) in terms of Cp(7) as follows

L(f()) = To (#(r) + J; B(r,m)f(n)dn), where f € C*([0,T]) and R(r,7) is
the resolvent kernel o | k.(7,m); it is easily seen that L is bounded for any
T < 4oo. In fact (see Tricomi, 1957), |R(7,n)| < hA(T)B(n), where h is a
constant,

B(n) = (/:O KZ(T,n)dT>1/2 = (54%)1/2.

- T o5 NL2
It follows | L|| < Tp (1 + f Bl n)dn) <To|\l+ 3z (1 — __Q'_(T0+T)5) . Hence

and

C(7) depends continuously by Cp(7) in any finite time interval [0, T, in the sense
specified above.

4. A numerical scheme for the problem with radial diffu-
sion
4.1. Time discretization

We divide the time interval (0,7] into n intervals (%;,ti+1], ¢ = 0,1,...,n —
1, of width A,t = % In each interval (¢;,%;+1] we assume that for ¢ = ¢,
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the concentration is known from the previous time step and with this initial
condition (v(&,p,t5) = w(, p,t;)) we solve the purely convective problem,
determining a function v(&, p, 7); then we use the value v(€, p, t;41) as the initial
data for a purely radially diffusive problem in the same time interval (¢;,%;,1]
whose solution will be denoted by w(¢, p, 7).

Thus we construct the following scheme:

b

v+ (1=poe =0, £€>0,p€0,1), T € (tiytiva),
'U(O,T) = Co(T), pe [0, 1), e (ti,ti-i-l],
v(E, p,tF) = w(é p,t7), £>0,pe0,1),
(12)

1 =105 =1 4
where p is a parameter and w(§, p,to) = w(&, p,0) = 0for £ > 0 and p € [0, 1];

apr = Wr, E>0,pE [07 1)7 T € (ti,tH—l]:
u’p(€1077—) = wp(f: 177—) = 07 é. > 07 T & (ti7ti+1]7 (13)
w(é, p,tF) = (€, p,t54), £>0,p€(0,1),

i=0,1,...,n—1,

where £ is considered a parameter and A, is the differential operator 66—; —
a%' Further we set U, (&, p,1:) = w(€,0,%;) ;5=1,2,3, .57,

We want to demonstrate that U, converges to a function U defined over
the whole domain and solving (4) in the classical sense. Concerning notation,

1
P

we remark that we write v instead of v(™, t; instead of tg"), etc. when there
is no ambiguity. Moreover we introduce the symbols v;(&, p) = v(¢, p,t;) and

H)z(é', P) = w(&ﬂ) tz_)

4.2. Solution of (4.1) and (4.2)

First of all, let us write down the solutions of (12) and of (13), namely

" = - Co (T_(l—_(sp_'z))’ & & (1—[)2)(7—151'), 14
(g,p’ ) { W; (f_(l_pZ)(T_ti)ap)7 §>(1"p2)(7._t77)> ( )

’ 1
w(gapy aT) = /0 TN(:O) 7,7, ti)vi-i-l(é-a’r)dr: (15)

where N (p, T,7,t) is the Neumann’s function for the heat equation in a circle (see

oo —aan(T— Jo(anp)Jo(anr
Crank, 1975, p. 81): N(p,7,7,t) = %{1"‘21@:16 aan(r—1) -%}.

o
Here R is the radius of the circle (in our casec R = 1), Jy is Bessel’s function of

rank 0, a, are the roots of J1(Ra,) = 0, with J; Bessel’s function of rank 1.
It is not difficult to demonstrate the continuity of v and of its first derivates in
the intervals [¢;,%i+1), ¢ =0,1,...,n — 1.
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4.3. Convergence of the method

The demonstration of the convergence of the above described method, follows
the pattern of a similar study by Fasano (1968), where the convergence of the so-
called Rothe’s method for a parabolic problem with non-compatible initial and
boundary data is proved. In Fasano (1968) the results of Pucci (1954) relative
to the compactness of sequences of functions defined on sequences of sets, are
exploited. The following sections will be devoted to proving the theorem stated
below.

THEOREM 4.1 If Co(1) € C3*(R) and Co(r) = 0 for 7 < 0, then the sequence
{Un(&,p,T)} biconverges in Ay = [0,1] x [0,1] x [0,T], Vo > 0 small enough, to
a continuous function U(E, p,T), satisfying the system:

al,U —(1- PV = Uy info,1] x [0,1) x (0,7
U(£7p70):01 56[071]7p6[071>
Up(§, O,T) = Up(€7 177_) =0, f € [07 1)) T € [OvT]
limy_,0 U(o, p, 7) = Co(7), p€l0,1), 7 €[0,T].

The definitions of biconvergence, pseudocontinuity, etc. are to be found in the
appendiz.

4.4. Proof scheme

First we prove the existence of the limit function U and its regularity. Then,
we will show that it really meets the requirements of theorem 4.1. To this end,
we will exploit the following formula which comes easily from the definitions of
Viy1, Wit and Up:

Un(&, pytis1) = Un(€0,ts) _ win1 (6 0) —w(™ (& p)

Aln = At AL -

w0 — o (E p) N v (€, p) —wiM (€, p) _
o " Ant Ant
w™(E ptia) — w™(E, p,t) 4
- Apt
-+ v(n)(£7p;ti+1) _'U(n)(g:/):ti) —

Ant

_ o m =

= alw™(Ep,T) - (1- pa)é?x (& p, ) (16)

with ﬂ-, ?1 € (ti, ti+1].
Namely we will find that U is continuously differentiable with respect to
time in the domain we arc interested in, and that {A;U,} converges to U,. We




780 P. SALANI

further demonstrate that A,w{™ and t—%vgn) biconverge, for n — oo, to A,U
and U, respectively, and that pr(") and a%v(”) are pseudoequicontinuous,
forn € N, in {(tz,fH_l]}i 0,1,.n—1 ; hence, the biconvergence of pr(") (&, p,ti)
and of v(")(f,p, i) to AU and Ug is proved.

4.5. Existence of the limit function

We define:

A, CR3 A, ={(&p,7):E€0,1], pe0,1], T €0, 11}

A? C R3, A = {(&,p,t:) : fe[al]pe[Ol]f_-z_()lQ T}

Theorem VII of Pucci (1954), ensures that it is possible to extract from 10}
a subsequence biconvergent in A to a continuos U function, provided we can
demonstrate the following properties:

1) the sequence of sets {AZ} converges to the set Ay;

2) the functions Uy, (&, p, ) are uniformly bounded;

3) the functions U, are pseudoequicontinuous.
We will now demonstrate the above properties:

1) Convergence of {AZ}:

the proof is trivial. If we consider any point belonging to A, and an e-neigh-
borhood of it, for n > Z A¢ certainly has points in that neighborhood, while
for any point outside A therc is a neighborhood having no intersection with
all A7; this proves that Liminf, ..o Aj = Ay, and that Limsup,_.c A7 C A,.
Since 1t is clear that Limin f,,— o0 A% C Limsup,— .o A%, our statement has been
shown (the definitions of Limsup and Limin f are to be found in the appendix).

2) Uniform bounds for U,:

(n)

for vy’ we have ||v§n)|| < |Co(t1)| < 1. The maximum principle relative for
heat equation, implies: ||wz(2)1|| < ||1)fi)l||

From 14 it follows that “”1(1)1” < maz{|Co(tiy1)], [lwi™||} withi =0, 1, .., n—

1. Hence, by induction, wa_?l | <1, that is ||Un(§, p,t1)|| < 1 withi=0,1,..,n
and for any n € .

3) Equicontinuity of Up:

we want to show that Ve > 0 there exist two numbers 6. > 0 and 1, € N such
that |Un (&, p, 7) —Un(&,p',7')| < efor n > ne and | =& |+|p—p/|+|7—7'| < be.
This is the most delicate of the three properties, and it is a consequence of a
theorem we will demonstrate later:

THEOREM 4.2 a%w(”) and B%U(") are equibounded in A, a%w(") and %v(")
are equibounded in A,\{T =t;,i=0,1,...,n}, forn e N.

Due to the above theorem, and since:

Un (&, P tis1) — Un(€, 0y t5)| = [wSDr (€, p) — wi™ (€, )| <

< [l (&, p) — Wl (&, 0)] + [l (&, 1) — v (€, 0+
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ol (€, 0) = oS, 0 + [ (E p) — wi™ (€L )| =
= [, (&, p) — Wl (&, 0)] + W™ (E, 0 t51) — w™ (&, 0 1)+
ol (€, 0) =i P + WP, P 1) — 0™ (E L )]

the assetion follows. [ |
Let us point out that nothing is changed if we consider the functions
Val(& pyt;) = vi(€,p); we can thus find, in this case as well, a limit V of a
subsequence {Vy,} extracted from {V,}. It is easily demonstrated that U and
V coincide; indeed:

U=vIl = lim i - o] =
= lim [w™ (€0, t5,) —w™(E )] <
< i gy G s
< nler;o Ant”@rw =0
We then choose {U,, } so that {V,} converges as well.

4.6. U as a solution of the problem

First of all we have to show that U can be differentiated at least once with respect
to £ and 7 and at least twice with respect to p and that A,U is continous. To
do this we state the following theorem, which will be demonstrated later:

THEOREM 4.3 a%Un, a%vn and AU, are pseudoequicontinous and equibounded
form € N. ‘

Thanks to this theorem, following a technique parallel to the one already
used we demonstrate that there exists a subsequence {Uy,, } of {U,, } such that
{2 55 Ukn 1 {2 ¢ Vent and { A,Ug, } converge to three respective functions U* ,
U~ e U, Further the followmg is valid:

THEOREM 4.4 Functions U*, U** and U™** coincide with the derivatives U,,
Ue and AU of U, respectively.

Proof The technique to be employed is basically the one of Fasano (1968). We
give the proof of U** = Ug. The other two cases are completely analogous. Since
{V%, } biconverges to U, for theorem III of Pucci (1954), we have that Ve > 0
there exist two positive numbers é. and n. such that V(&, p,7), (&, p,7) € Ao,
(€o's ') (€0 T) E A E£E,

!U(£’ Ps T) — Vi (57 pI’T,)| < 6/3 ’ IU(gl,p, T) - Vi, (511 p,7TI)| < €/3

with n > ne and |7 — 7|+ |p — p'| < be.

Hence

IU(Evp’ T) - U(é./:p: T) - [an(§>9/:7/) - an(£I7PI77—I)” < 26/3
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with n > n. and |7 — 7|+ |[p — p'| < 6.
For the continuity of a%an it follows

UE,p,m)=UE,p7) = (€ 5')6%%" (£ =0~ L&) 7)< efs,

Thanks again to theorem III in Pucci (1954), applied to sequence {B%Vk,n},
biconvergent to U**, there exist n. and 6. such that:

i 0 Nt sk /
1€ —¢'l- a—ngn(f—g(f—f),P,T)—U (E—0(—€)pT)| <

B
£ O_EV'“” (E—0(E-8&),p0,7)-U"(E-0(-8),p,7)| <¢€/3

with n > ne and |7 — 7|+ |p— p'| <6, |€ — &' < 1.
From all this it follows
|U(£7pv T) - U(f’,p,’]’) - (f i §,) . U** (E - 0(5 - 5,)7/)$7_) | <€,
that is:

U(E,P,T) - U(§,7p: T)
(£—£)
which, by the continuity of U**, implies the existence of Ug and the equality
Ue =1, - -]
Finally, using theorem XVIII of Pucci (1954), we establish that from the
sequence .

{U{\n(é‘a/):'r) — U)\n(£7p77— — 6)}
6

=U"(€-0¢—-¢&)p7),

it is possible to extract a subsequence convergent to U, which exists and is
continuous by the same theorem. Because of (16) and of all the results obtained

"in this section we can say that U really meets the requirements of Theorem
4.1. The only thing still to be done, in order to complete the demonstration
of Theorem 4.1, is to identify the subsequence {Ux, } with the whole sequence
{Uy}; this is a straightforward consequence of the uniqueness of solution of our
initial problem, as observed in Pucci (1953); if {U,, } were not be convergent to U,
there would exist a subsequence {U,,} that, in a point ho = (o, po,70) € Ao,
biconverges to a value different from U(hg). For the pseudoequicontinuity of
{U,,}, there exists a subsequence {Us,} biconvergent to a function U which
turns out to be another solution of the considered problem, contradicting the
uniqueness.
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4.7. Proof of theorems 4.2 and 4.3
We start with a lemma which shows some properties useful in the sequel:

P
to the tird order and A,H with its first derivatives are equibounded in A, and

converge to zero as p converges to 1.

LEMMA 4.1 The function H(E,p,7) = Co (7’ — (1%7) and its derivatives up

Proof Let us start with the last assertion: it follows immediately observing
that Co(7) = 0 for 7 < 0, hence H = 0 for \/——_é < p < 1 and a fortiori for
V1—Z < p <1 Itis evident that || H|| < [|Co|l. Moreover:

H, = Co (T - (1Jp_2)>7 hence || H;|| < [|Coll;

He = —22:Co (7 — iy ) hence [|Hell < [Coll

H, = ~25:Co (7= ey )

P

hence ||H,| < &% ||co|| and || 1H,| < 2221 Coll;
_ 2¢p 4£(1+p%) / 13
APH = ((1 p2)2) CO( (1 p2)> + (1=p?) CO (T— (1—[72))’
hence [|A,H| < 22| Col| + (1 Col. ]

The proof of theorem 4.2 is entlrely based on lemmas 4.2, 4.4 and 4.6. The-
orem 4.3 follows, as already said, by the same kind of the proof of the pseudoe-
quicontinuity of U, and needs the equiboundedness of sufficiently many deriva-
tives of w(™ and v, We are going to derive the required estimates in the
following lemmas.

LEMMA 4.2 8%1;(”) and a%v("), n € N, are equibounded in A, and in A:\{T =
t;, 1 =0,1,...,n} respectively.

Proof From (14) and (15) it follows:

0 (n 1 . 13
a—é’l)( )(E,P,T) = H¢ = ‘—moo <’I’ = m) for T € (O,tl],

1

5
g () &, p,7) (1 —

W or — W =T
e Tt (T~ o) Pre< -,

~w2mo (v <T—§r>)
21](71)(57/), T) = for & > (1— )(7— —t)
* er%%Tm1%°W5(m4me%ww
for £ > (1 — p?)(7 — i),

for T € (t’i7ti+1] , 8> 1.
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By induction, and by the maximum principle, applied to wz("), it is now

easily seen that IIB%U(”)H < ||He|| in Ay. Again from 14 and 15 we have:

_?_'U(n)(gvpa 7—) = CO (T a '(T__ipg_)> for T € (Oatlla

or
Co (7' = _{(1_p2)>
5 for ¢ < (1—p?)(1 —t;),
6_7_'”(”)(5; P T) = —(1 = p2) fol ’f'N(P,ti,"'y ti—l)
20 (€ = (r = 1)(1 = p?),r)dr
for &£ > (1— p?) (7 — t;),

fOI‘ T E (t'i7t’i+1]) 2 Z 1.
Still by induction in 7 and by the maximum principle we obtain:
O < 1l ;
Hav | <|IColl in As\{T =1ti,i=0,1,...,n}.
|
Incidentally, we note that lim,_,1 %’ugn) =0,i=0,1,...,n.
Uniform bounds for vg), vég) and vézg can be obtained in the same way and

(n) , (n) (n)
£

it is also easy to deduce similar bounds for w; ', wg,’ and wgg, thus proving

the following

LEMMA 4.3 wén), wg), véz), Uégg and wégg , m € N, are equibounded in A,

and vﬁ(z), n € N, are equibounded in A;\{T =t;,1=0,1,...,n}.

LEMMA 4.4 w;(,"), n € N, are uniformly bounded in A,.

Proof Here we use Cartesian coordinates denoting the Laplacian operator by
the usual symbol A. w(™ fulfills (13), i.e. the heat equation aAw = w, in the

domain D X (t;,ti41], 4 =0,1,...,n, where D = {0 < /22 + 9% < 1,£ € (0,1]},
with the conditions:

g—: =0 on 0D T € (ti,tz‘+1],

W = V41 inD forT= ti.

The tangential derivative of w is zero at the boundary because of radial symme-
try. Therefore, if we set v = ‘9“’;:), it fullfils, for 7 € (¢, ti+1], 4 =0,1,...,n — 1,

2]
alAu = Ur, in D x (tiyti—i-l]’
U= 07 on aD’ TE (tiat’H—l]a

u = %’Uﬂ_l, in Dfor 7 = ti,

for k=1,2,n € N.
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We now want to find a uniform bound of a;;vgi)l, so that the maximum

principle yields the equiboundedness of u (hence the same of w;(fl)). First we

note that || —5%1)1") || < ||H,||, so that we can found a uniform bound for || %UYL) I,

hence for u for 7 € [0,%1]. Then, from (14) we deduce

0 ) Ho(&ptia), for 0< p<4/1-%,
a%wi (f—Ant(l—p2),p), for /1 — % <p<l

a_pvi—i-l =

Hence, noting that:

0
5/;11)71 (f - Ant(l - /)2)’/0) = Wip (£ - Ant(l - pz)’p) +
0
and that

Buile— (=)= )0) =

1
- / T.N(pvtiarati—l)%vi (5_(T_ti)(1_p2)7r) d’l’,
0

by induction in 7, we get ||3%Uz'+1” < ||H,,||+2T||3%vi|| < ||Hp||+2T'||He||. From

the above estimates we obtain the equiboundedness of 52:@1(1)1 , consequently

the same of %w@), k = 1,2 and, eventually, of 5"—’;111(”). |

Incidentally, we have also obtained the equiboundedness of v,(,").

bounds for vgj) and for wé’;)

Similar
are easily obtained in an analogous way:

LEMMA 4.5 o8, vg) and w™

ep s I E N, are uniformly bounded in A,.

LEMMA 4.6 wg-"), n € N, are equibounded in A \{T = t;,i = 0,1,...,n}, i.e

A,w™ are equibounded in A, .

Proof From (13), keeping in mind that Aw(™ = a%'w(”) and differentiating
with respect to time, we get, for 7 € (0, 1]:

al,® = &, ' in [0, 1]2[0, 1)2(0, 1],
(I)P(€70:T) = <I)P(£7 17T) = 07 g = [07 1]7 Te (07 tl]a
(I’(f»P, 0) = Ap'Ula for € € [U, 1]) pe [Oa 1)

where ® = A,w™, n € N. We can do it since lim,_,; %Apvl = 0; hence,

because of the maximum principle, we obtain |w7(-n)| < A H|| for T € (0,t1].
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Unfortunately, for 7 € (;,%i41] with 4 > 0, we have:

0 BA H
5/;Apvi+1

aA w

|(£ oty for € < (1= p?)Ant,

l(g Ant(1—p2),p,t0) + 80(Ant)2[p? Antweee + 2weell(e—Ant(1—p2) .t2)
for E > (1 — p?)Ant,

and we cannot be sure that lim,_; %Apviﬂ =0, but it is easy to see that:

| hrri OEA ”1(1)1| < J(Ant)?, where J is a constant. (17)
p—

Let us slightly alter the form of the problem solved by w(™ | modifying it in
the following way: we choose a value €, which must be O(A,t), for example
&= %—"—1; then we require that w(™ solves the problems:

al,w = wr in £,

U)(f,p, ti) = Vit+1 3= [07 1]7 pEe [0: 1)7

w,(€,0,7) =0 ¢ € o, 1], T € (i, tita],
w,(€,1,7) =0 for T € (t; + €n, tiy1], & € [0,1],
wy(§,1,7) = qﬁgn)(T) for 7 € (ti,t; + €nl, € € [0, 1],

where ¢Z(n) (1) is a C function chosen so that the boundary and initial data of
this problem are compatible, i.e. such that

Jim 41(7) = Jim 7 B i () =
It is not difficult to check that formula (17) remains still valid.
(17) shows that the boundary data for pr(”) are uniformly bounded, hence,
thanks to the maximum principle, the assertion has been proved. |
If we choose ¢; so that

; wrn i O B
Tlgig ¢ (1) = ;1_{111 o AW
Fl)i_)rnl ApAyviq and ———}}‘H—%-en ¢’ (1) =0,

then the argument can be repeated for A2p™ e 3 Aw(")

3 Aw(") can be treated in the same way as —'w(") while for 5z 2 Aw™
everythlng is casier, since it solves a problem obtamed by differentiating w.r.t.
& the problem satlsﬁed by Aw(™. Finally, we note that the uniform bounds for
a—p—w(”) and for A, w(™ provide a uniform bound for Ww(")

From these results we get Theorem 4.2 and, proceeding as in point 3 of the
proof of the existence of the limit function U, Theorem 4.3 has been proved.
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Appendiﬁc

For the sake of completeness, we recall some definitions from Pucci (1954).
Let B, be a set of R™ and f,,(z) a real-valued function defined for z € E,,.
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We say that a point = belongs to Limsupp— o En, if Limin fr—,eod(z, E,) = 0,

where d(z, F,,) is the usual distance of z from the set E,.
"In analogous way we define Limin fn— o0 En.

We say that { f(z)} biconverges in z, to l if z, € Limin f,_, oo Ey, and Ve > 0
it is possible to find two positive numbers n, and 6 such that: |l — f,(z)| < €
for z € Ey,, d(z,2,) < 8, n > Ne. '

We say that {f,(z)} biconverges in the set A to f(z) if it biconverges in z,
to f(zo) Yz, € A.

Finally, we say that the functions f,(z) are pseudoequicontinuous if Ve > 0
it is possible to find two positive numbers n. and 8¢ such that: |f, () — fu(z')| <
eforn >n., z, 2’ € B, and d(z,2’) < be.
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