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Abstract: We consider a boundary problem for equations de-
scribing an equilibrium of a plate being under the creep law. The
plate is assumed to have a vertical crack. The main peculiarity of
the problem is determined by a presence of an inequality imposed
on a solution which represents a mutual nonpenetration condition
of the crack faces

5]

where W = (w!, w?),w are horizontal and vertical displacements of
mid-surface points of the plate, v is the normal to the crack shape,
[-] is the jump of a function at crack faces. The presence of a crack
alone implies a domain wherein the solution is determined to have a
nonsmooth boundary, and boundary conditions given at crack faces
are of the inequality type.

An existence theorem for the equilibrium problem of the plate
is proved. A complete system of equations and inequalities fulfilled
at the crack faces is found. Solvability of the optimal control prob-
lem with a cost functional characterizing an opening of the crack is
established. The solution is shown to belong to the space C'°° near
crack points provided the crack opening is equal to zero.

Wiy >

1. Introduction

Let 2 C R? be a bounded domain with a smooth boundary 09, and y = ()
describe a crack shape on the (z,y)—plane, z € [0,1], (z,y) € Q. By I'y, we
denote the graph of the function y = 9(z),% € H3(0,1). A mid-surface of the
plate occupies the domain €, = 2\ T'y. The crack shape as a surface in R3 can
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be presented in the form y = ¢ (z), — < z < [, where z is the distance from the
mid-surface, 2! is a plate thickness.

Denote by W = (w!,w?),w horizontal and vertical displacements of the
mid-surface points, respectively, and write down the formulae for strain and
integrated stress tensor components e;;(W), 04, (W):

1[ow ouw
eij(W) = 5(@ + %), Tl =2z, =Y,
5 i
0'11(W) = 811(W) + KEQQ(W), 0’22(W) = EQQ(W) -+ KEll(W),

1
o12 = (1 — Kk)e(W), k = const, 0 < k < 3

Here and everywhere below 7,5 = 1,2.
Let x = (W, w) and

t
XT(t,.'E,y) zx(t,ac,y) +/X(T,$,y)d7' ) (1)
0
B(w,w) = / (WazWag + WyyWyy + KWeaWyy + KWyy Wy +
Qz/:

2(1 = n)wwywzy)de).

We shall consider an equilibrium problem with a constitutive law corresponding
to a creep, in particular, the strain and integrated stress tensor components
£i;(WT), 045(WT) will depend on x” = (W™, w"), where (W7, w") are connected
with (W, w) by (1). In this case, the equilibrium equations will be nonlocal with
respect to 2.

At the external boundary the following boundary conditions are assumed to
be satisfied

w:a—w:W:O on 082 x (0,T). (2)
on
These conditions correspond to the clamping of the plate at the boundary.

Let Sobolev space H(£),,) consist of functions having the first generalized
derivatives square integrable in £, and which are equal to zero on 052, the space
H?9%(Qy) is introduced analogously and consists of functions equal to zero on
A0 with the first derivatives, H () = Hb0(2,) x HM0(Qy) x H2O(Qy,).

In the domain Qy = Qy % (0,T) we want to find a function (W, w) satisfying
the equilibrium equations

T
oo .
8:12]'
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AQwT = Uusg, (4)

and boundary condition (2). At the boundary I'y, x (0, T') a system of equations
and inequalities is satisfied whose precise form is found in section 3. The function
u = (u1,ug,us) in (3) — (4) is given.

The horizontal displacements of the plate depend on the distance from the
mid-surface by the formula from Vol’mir (1972)

W(z) =W —2Vw, |z| <L

Hence, the nonpenetration condition of the crack faces can be written as
follows

W —2Vwly >0 on Iy x(0,T), |z|<L.

Here [U] = Ut — U~ is the jump of a function U on I'y, x (0,7), and U*
correspond to the positive and negative directions of the normal v to the graph
Ty, v = L\;—;/’_:—T)l}, v = (v1,v2). The above nonpenetration condition can be

rewritten in the equivalent form (Fichera, 1972; Goldshtein, Entov, 1989)
Wiy > l‘ [Z—:ﬂ ‘ on TI'y x(0,7T). (5)

For simplicity let [ = 1.

The structure of the paper is as follows. In Section 2 we prove solvability of
the equilibrium problem. This problem is formulated as a variational inequality
holding in Q. The equations (3), (4) are fulfilled in the sense of distributions.
On the other hand, if the solution is smooth and satisfies (3), (4) and all the
boundary conditions then the above variational inequality holds.

In Section 3 a complete system of equations and inequalities holding on
Iy x (0,T) is found (i.e. boundaty conditions on I'y, x (0,7") are found). Simul-
taneously, a relationship between two formulations of the problem is established,
that is — an equivalence of the variational inequality and the equations (3), (4)
with appropriate boundary conditions is proved.

Further, in section 4, an optimal control problem is analysed. The exter-
nal forces u serve as a control. The solution existence of the optimal control
problem with a cost functional describing the crack opening is proved. Finally,
in section 5, we prove C'°°-regularity of the solution near crack points having a
ZCro opening.

2. Equilibrium problem. Existence of a solution

In this section we prove an existence theorem of the equilibrium problem for the
plate. The problem is formulated as a variational inequality which together with
(2), (5) contains a full information about other boundary conditions holding on
I'y % (0,T). An exact form of these conditions is found in the next section.
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Let

K ={x=W,w) € HQy)| [W]v =

ow
[—a—y] ‘ a.e.on I'y}.
Introduce the set of admissible displacements of the plate,
K={xeL*0,T;Hy))| x(t) e K aeon (0,T)},

and assume that u = (uy,ug,u3) € H'(0,T;L?(Sy)). Let the brackets (-, -)
denote the scalar product in L?(§2y,).

The following statement provides the solution existence for the equilibrium
problem.

THEOREM 2.1 There exists a unique function x satisfying the variational in-
equality )

x €K, x¢ € L*(0, T; H(Qy)),

T 5
[ Bm @ wydt+ [ (oW, e — Wit > (6)
0 0

v

T
/(u,i—x)dt, YV xeKk.
0

Proof. Define the linear and continuous operator A : L?(0,T; H(Qy)) —
L?(0,T; H(Qy)") by the formula

T
AG)(R) = / (B(w™, @) + (o3 (W™), £33 (W),
0

X = (W, ) € L*(0,T; H(y)),

where (W™, w7™) and (W, w) are connected by the formula (1), and H(Q,)" is
the space dual to H ().
Note that the following inequalities hold in €,

(0(W),e5(W)) 2 c|WIE, VW = (w',w?) € H"*(Qy), (7
B(w,w) 2 cllwll}, VweH**(Qy), (8)

with the constants ¢ being uniform in W, w, respectively. Hence, owing to the
formula

A)(x) = / {B(w,w) + (0:;(W), €55 (W)) ydt+
0
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T 7 T z
+-;—B(O/wdr,0/wd7) + %(Oij(b/ WdT)’Sij(O/ Wdr))

we easily conclude that the operator A is coercive, i.e.

A)X)

m—))‘ — 00, “X”L‘Z(O,T;H(Qw)) — 00.
» 45 P

Moreover, the operator A turns out to be pseudomonotone (see definition in
Lions, 1969). This implies that the problem

T

AE—x) > /<u,>z—x>dt, viek; xek, (9)
0

has a solution. In what follows an additional smoothness of the solution x of (9)
with respect to ¢ is proved. To this end, finite differences are used. Let £ > 0
be a parameter and

_ B X, Ee(t—et+e),e>0,
Xe(€) = { x(€), otherwise

be a test function where ¥ € K is a fixed element. We substitute x. in (9) and
divide by 2¢ the relation obtained. Passing to the limit as € — 0 we derive for
almost all ¢ € (0,7")

B(w" (), w — w(t)) + (o5 (W™ (t)), 65 (W = W (1)) 2 (10)
> (u(t))X—X(t))) V)ZZ(W,’LB)EK
As seen, the variable ¢ plays a role of a parameter in (10). Let us take x = x(t+h)
as a test function in (10). Then we consider (10) at the point ¢ + h and choose

x = x(t) as a test function. Summing up the obtained inequalities and dividing
by h? we derive the following relation '

B(dnw(t) +djw(t), dpw(t)) +(oi; (dnW () +dz W (1)), €55 (dn W (2))) < (11)
< (dnu(t), drx(t))-

Herein the following notations are used

t+h
BlE -0 — i) hlz, —v(t) ,  dpu(t) = % / v(T)dT.

t

dh'l)(t) =

Let, for instance, h > 0. The case h < 0 can be considered similarly. In view of
(7) — (8) we have

B(w,w) + (05;(W), e5;(W)) 2 clixlFq,) Vx=W,w) € H(Qy).
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Together with (11) this entails for almost all ¢ € (0,7 — h)

ldnx@lF gy < cllldau®F + Idix Oy} (12)
with a constant ¢ uniform in ¢, h. We next notice that for any smooth function
v the following inequalities hold

T—h

/ I dho()lI5dt < / dn( / |v(7)|2dr)dt < /T llv(t)||2dt.
0

Hence, the integration of (12) with respect to ¢ from 0 to 7' — h gives the
inequality

T—h T—h 1
[ Nanx®lBayde <o [ ldu@lide+ [Ix@ldt. 03
0 0 0

The constant ¢ in (13) is uniform in h. Since u; € L?*(Q,) we obtain from (13)
as h — 0

IxellZe 0,000y < clllwelFaqq,) + 1172 0,751 (020)) }-

Consequently, the existence of the derivative of the solution to (9) with respect
to t is proved. Moreover, by taking ¥ = 0 in (9) we have

IxIZ2 0,00 < lullizqoy):

So, the solution of (9) is, in fact, the solution of (6).

The uniqueness of the solution to (6) can be proved by a usual way. As it
follows from (6) the difference x = x1—xz2 of the solutions satisfies the inequality
A(x)(x) < 0. Hence x = 0. Theorem 2.1 is proved.

Notice that a substitution in (6) of the test functions of the form y = x +
X%, x° € C§°(Qy), implies that the equations (3), (4) hold in @ in the sense
of distributions. By virtue of the proved inclusion x; € L%(0,T; H(y)) the
variational inequality (10) is fulfilled for all ¢ € (0, T).

3. Boundary conditions on I'y, x (0,7")

This section is concerned with the search, for boundary conditions holding on
I'y % (0,T), for the solution of (10) or, what is the same, of (9). Qur arguments
are formal in that the solution is assumed to be smooth enough.

Let D C R? be a bounded domain and let v be its smooth boundary with
the external normal n = (n1,ng). We introduce the operators on the boundary

s

8w 0 Pw
g Rw) = —Aw+ (1 — K)—— ERET

M(w) = kAw + (1 — k) ™

(14)

s = (—ng,nq).
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For any smooth functions w, v, W,V = (v, v3) the following Green formulae
hold ,

ov o

Bp(w,v) = (M(w), 7-)y = (R(w), v} + (A"w,v)p, (15)

: doi;(W)

(0ij(W),e4(V))p = (03;(W)nj,vi)y — ( oz, , Vi) D- (16)

The subscripts D,y denote the integration over the domain D and the boundary
7, respectively. Note that the boundary 9y, of €2, is a combination of the sets
092, 1"1;,1"1;. The formulae (15), (16) hold true for the domain 2, despite the
absence of regularity of 0€2y. To verify this we can extend the graph I'y, so that
the domain is divided into two parts. For each of these parts the formulae (15),
(16) are valid, hence the statement follows. We should note at this point that
the external normals on I‘j/f, I",, have opposite directions.

To simplify the formulae in this section we shall write w™, W™, w... instead
of w”(t), W (t),w(t)... This means that we fix ¢ and consider the boundary
conditions on I'y for this fixed value ¢. The same value ¢ is assumed to be
chosen in (10).

Introduce the notation U = (u1, u2) and take the test functions of the form
(W,w) in (10). This implies the variational inequality

(033 (WT),e55(W — W) > (U, W — W) (17)

holding for all functions W such that

Wiy > H%EH on Ty, WeHYQ).

1%

On the other hand, we can substitute the test functions of the form (W, w) in
(10), which entails the variational inequality

Bw™,w —w) > (uz, W — w). (18)

The inequality (18) holds for all functions w satisfying the relation

[W]I/ZHZ—Z)H on Ty, @€ H*(Qy).

At the boundary ' we can decompose the vector {o;(W")v;} into the sum
of the normal and tangential components

{oi; (W} =0, (WTv +0,(WT)s, s=(—va,v1). (19)

A similar decomposition takes place on F;. Let us substitute in (17) the test
functions of the form W + W, where smooth functions W belong to H%(£,,),
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[W]v > 0 on I'y, and make use of (16). A simple reasoning results in the
relations

[0,(W)] =0, o,(WT)=0 on Ty (20)

To proceed, we choose functions of the form w+ 6 as test ones in (18), where
0 is a smooth function in {2, having a support in a neighbourhood of a fixed
point of 'y, and such that [% = 0. In all, note that [] # 0. Thanks to (15)
this leads to the relations

[Mw™)] =0, Rw")=0 on Ty. (21)

~ We next choose in (10) the test functions of the form (W,w) = (0,0),
(W,w) = 2(W,w). Using (3), (4) and (15) one easily gets

(), [ 52, + (oW, WP, =0 2)

On the other hand, a substitution of the test function (W, @) = (W, w) + (W, )
in (10) provides the inequality

B(w",w) + {03 (W7), €55(W)) = (u, X), (23)

where (W,zb) are smooth functions belonging to K. We can integrate here by
(3), (4), (15), which gives

(M(w™), {%] )r, + (o, (WT), [W]V)r‘,w <0. (24)

Let (W,lb) be smooth functions having supports in a neighbourhood of a
fixed point on I'y, and such that [g—lﬁ] = [W]v. We substitute (W, ) in (24) and
derive

Mw™) +o,(WT) <0.
Analogously, by choosing [g—‘f] = —[W]v one easily gets

~M@w")+0,(WT) <O0.
Thus, in fact, we have the inequality

M(w™)| < —a,(W") on Ty. | (25)
By virtue of (5), (22), (25) we arrive at the conclusion that

M(w™) [%ﬂy—] +o,(WH[Wlyr=0 on I\y. (26)
Hence, the form of the boundary condition on I'y, x (0,7") is completely

determined. Together with (5), for all £ € (0, T) the conditions (20) — (21), (25)
— (26) hold on T'y.
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Notice that the variational inequality (10) can be derived from (3), (4) and
the above boundary conditions. In fact, let us assume that the solution (W, w)
is smooth enough and satisfies (3), (4) and the boundary conditions obtained.
We choose a smooth function (W,w) € K and multiply (3), (4) taken for a
fixed t € (0,T) by w" — w'(t),w — w(t), respectively. We next integrate over 2y,
taking into account (5), (20) — (21), (25) — (26). For the value ¢ € (0,T") chosen
above this implies

B(w", @ — w) + (0 (W7),e55(W — W)) — (u, X — x)+

0w ow -
01", 52| = [ G s + W, 09— e, =0

According to the boundary conditions the sum of integrals over I'y is non-
positive here, whence (10) follows. _

Thus, the boundary problem describing the equilibrium of the plate having
a crack can be formulated both in the form (10) (or (6)) and in the form of
equations (3), (4) with (5) and conditions (20) — (21), (25) — (26) fulfilled for
all ¢ € (0,7). In this case the latter formulation of the problem is formal in
the sense that an additional regularity of the solution is assumed. The solution
regularity which follows from (6), in general, does not provide the moments
M(wT™) and transverse forces R(w”) to be clearly identified at the boundary
Fw X (O,T)

4. Optimal control problem

The goal of this section is to prove an existence theorem for the optimal control
problem.

Let W C H'(0,T;L?*(f)) be a convex, bounded and closed set. For any
fixed u € W we can find the unique solution x = x(u) of (6) and define the cost
functional characterizing the opening of the crack (see Goldshtein, Entov, 1989)

J(w) = /T [ Ildr .

0 Ty
Our aim is to minimize this functional:

i ) 27
i, 7 @)

The result given below provides the solvability of the optimal control problem
formulated.

THEOREM 4.1 There exists a solution of the optimal control problem (27), (6).
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Proof. Let ™ € VW be a minimizing sequence. By its boundedness in
H1(0,T; L*(2y)) one can assume that as n — oo

u™ —u weakly in  H(0,T;L*(Qy)), u € W. (28)

For every n there exists a unique solution of the variational inequality
T
AR 2 [ g - X YXERs X ek. (29)
0

As we are well aware, X7 € L2(0,T; H(y)) and, ‘moreover, it follows from
the proof of Theorem 1 that
||Xn“%{’(O,T;H(Ql,,)) = C”un”%{l(O,T;L?(Qw))

with a constant ¢ being uniform in n. Without any loss we assume that as
n — 00

t

t
X", X7, /x"dT — Xy Xt /XdT weakly in 'LQ(O,T; H(Qy)),
0 0

X" — x strongly in  L*(Qq),
[X"] = [x] weakly in L'(0,T;L*(T'y)).

The last line here is due to the imbedding continuity of L2(0,T; H(y)) in
L?(0,T; L%*(Ty)). The above convergence and (28) allow us to pass to the limit
in (29) and to get x; € LQ(O,T;H(Qu,)),

T
AR 2 [ux-xdt, VRek; xek (30)
0

The variational inequality (30) precisely means that x = x(u). On the other
hand .

inf J(#)=liminf J(u") > J(u) > in]gv J(@)

weEW . n—00 ue

so that the constructed function u is a solution of the optimal control problem
(27), (6) which completes the proof.
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5. Solution regularity near crack points

When J(u) = 0 the crack is said to have a zero opening. As it turned out the
solution is infinitely differentiable provided that the crack has a zero opening.
This assertion, in particular, means that if we have a zero crack opening the
presence of the crack has no influence on the displacement field. In this case
the plate behaviour precisely coincides with that of the plate without a crack.
This property reminds the removable singularity property. We shall prove that
C*°-regularity is a local property. If the crack opening is zero in a vicinity of
some fixed point at 'y, for all ¢ € (0,¢°), then the solution is infinitely smooth
near this point for all ¢ € (0,t°). Of course, the external force u is assumed to be
infinitely smooth in this case. We should also remark that the above regularity
property holds provided a zero opening takes place since ¢ = 0. In general, if
the crack opening is zero for t € (¢1,t9),#! > 0,t° > !, the solution does not
have C'*°-regularity.

Note that asymptotic properties of solutions to the biharmonic equation
and the linear elasticity equations near nonsmooth boundaries are analysed
in Oleinik, Kondratiev, Kopacek (1981;1982), Morozov (1984), Nicaise (1992).
The existence of the so-called extreme crack shapes in plates (i.e. shapes de-
fined through a minimization of cost functionals) has been studied in Khludnev
(1992;1994), see also Banichuk (1970).

The arguments given below are concerned with a justification of C°°-regularity
of the solution for the crack of zero opening. We shall prove the solution regu-
larity in a neighbourhood of the line z° x (0,t%), where z° = (0,0),t° > 0, i.e.
in a vicinity of the crack end. The solution regularity near the line Z x (0, t°),
where z € T'y, \ 0T'y, can be easily proved.

So, let O(z°) C R? be a neighbourhood of the point z°, and let O = O(z°) x
(0,19).

Extend the function t(z) beyond z = 0 assuming that the extension is
smooth enough. Denote by f¢ the graph of the extended function. -Also, let
Ot (2% = 0(z°) N {y > ¥(x)}, O~ (2°) be defined analogously, OF = OF (%) x
(0,t9).

As shown, equations (3), (4) hold in OF in the sense of distributions.

Thanks to the regularity of (W, w) which follows from Theorem 1 we conclude
that for all t € (0,7) in O*(z°) the following equations are fulfilled

_adijg/;/"f(t)) = (), (31)
A2wT(t) = us(t) (32)

in the sense of (two-dimensional) distributions. As in the above case, let D C R?
be a fixed bounded domain with smooth boundary . As it turned out1 the
values M (w) and R(w) can be correctly defined on -y, namely, M(w) € H™2(vy),
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R(w) € H™%(y) provided that w € H?(D), A*>w € L?*(D) and, moreover, the
following formula holds (see John, Naumann, 1976; Lions, Magenes, 1968)

ov
) %)%,’y - <R(’LU),U>

Here (-, )5,y stands for the duality pairing between H~*(y) and H*(7).
If 0;;(W) € L*(D), 903 W) ¢ 12(D), the values 07 (W)n; can be correctly

Bp(w,v) = (M(w) o+ (A%w,v)p, VveH*D). (33)

)

e

O
defined on v as elements of H~%(v) and (see Temam, 1979)
8(7'1" w
(033 (W)r e (Vo = (o1 (Whns, vy — (P i, (34)
j

VYV = (vi,v) € HY(D).

Henceforth the boundaries of O*(20) are denoted by y*, respectively.

Let a function ¢ = (1, p2) belong to the space C§°(O(z?)) and be qual to
zero beyond O(x°). Then (W (t) + ¢, w(t)) € K. We substitute (W (&) + ¢, w(t))
in (10) as a test function. This implies for all ¢ € (0,7)

(0ig(WT), €i5(0))+ + (03 (W), €5(0)) — = (s, i)

To simplify the formulae here and below we do not show the dependence of
the functions on ¢. Subscripts 4, — denote the integration over O%(2°), respec-
tively. Owing to the formula (34) the last inequality gives for all ¢ € (0,T) :

(o33 (Wil pid g — <%X”,w>i > (ui, ). (35)

The existence of two angular points on ~* presents no problems since ¢ has
a compact support. Hence, the inequality (35) with the equations (31) yield the
identity

(o (Wil @) 10— =0, Vg€ C(0(?)
and consequently
[(J‘ij(WT)I/j] =0 on f‘¢ n O(:ITO) (36)

Let 6 € C§°(O(2°)). Beyond O(z°) the function 6 is assumed to be equal to
zero. We substitute (W (¢), 0 + w(t)) as a test function in (10). As a result the
following inequality being valid for all ¢ € (0,7T") follows

By (w™,0)+ B_(w",0) > (us,0). (37)
Since the equation (32) holds in O*(z°) we easily deduce from (37) for all
t € (0,T) that

00

(M) 504, =0, (R0, =0, V6 € C5(0(a")).
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Here v can coincide with 4+ or 4~. Thanks to the arbitrariness of @ the
above identities imply for all ¢ € (0,7")

[M(w™)] =0, [Rw")]=0 on Ty,nO(z"). (38)

Now we are in a position to prove the result on the regularity of the solution
near crack faces.

THEOREM 5.1 Let u € C*°(0) and
t()

| [ idarsa=o.

0 T,NO(x0)
Then
x € C*(0). (39)

Proof. The hypotheses of the theorem provide the condition [x] = 0 on (T'y N
O(2°)) x (0,t°), whence
[x"]=0 on (I'yNO®=Y) x (0,t°).
Moreover, using (5) we obtain
ow™
v
Note that (W7,w") € H'(0,t% H*(O*(2°)) x H?(O*(2°)). The above ob-

dw”

servations concerning the jumps [x7], [ o ] imply (see Mikhailov, 1976)

]:0 on (Fy NO() x (0,9,

(WT,w") € H(0,t% H(O(z%)) x H*(O(z?)).

Following this inclusion and the conditions (36), (38) we shall prove that the
equations (3), (4) hold in O in the sense of distributions.

Denote by (-, ¢) the value of a distribution at the point ¢. For any ¢ €
C§°(0) we have

t()

(20 suip) = [t v, g2 s

0x; 2
0
(i, p) = — / (s (W5, ) g -t — (40)
0

lU

8O’ij(WT)
_ (2 ) L o) dt
/< D o (p>i

0
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Owing to (36), (31) we readily conclude that the right-hand side of (40) is
equal to zero, which implies the equations
00i; (W™ .
_90i;(WT) _ w; in O (41)
ij

holding in the sense of distributions.

Analogously, for any ¢ € C§°(O) we derive
t()

(Asz —ug,p) = [ B(w",p)dt — (u3,p) =
/

t()

Ba(w” )it — (v 0) = — [((M()], 52y -t + (42)
0

+0/([R(wT) _dt+0/ *w” — ug, ) xdt.

It is evident from (32), (38) that the right-hand side of (42) is equal to zero.
Hence, the equation

A*w™ =wuz in O : (43)

O\‘_‘_o

holds in the sense of distributions.

The statement (39) of the theorem clearly follows from (41), (43). In fact,
one can locally solve the elliptic equations (41), (43) for each fixed ¢ € (0,t°)
and get the infinite differentiability with respect to x,y of the functions x7(¢) =

¢
x(t) + [ x(7)dr in any fixed subdomain of O(z°) (see Fichera, 1972; Lions,
0

Magenes, 1968). The function x7(¢) is infinitely differentiable with respect to
t € (0,t%) and hence x™ € C*(0), x € C°>(O). The proof is complete. I
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