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Abstract: The paper concerns a new approach to construction
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1. Introduction

Optimal control of dynamic systems in real time is currently a very important
problem for engineering. There arc a lot of approaches to this problem in the
modern optimal control theory (see Bellman, 1963, Feldbaum, 1963, Krasovskii,
1977, Leondes, 1976, Moroz, 1987). However, until now, satisfactory results
have not been obtained for multidimensional problems with direct restrictions
on control.

The approach presented in this paper is based on adaptation of the dual
methods of linear programming to optimization of dynamic systems (see Gabasov,
Kirillova, 1977,1980). The main idea of this approach consists in embedding the
optimal control problem in a one-parameter family of problems along a realizing
trajectory. Real time is the parameter of the family.




228 R. GABASOV, F.M. KIRILLOVA, S.V. PRISCHEPOVA

At each particular moment our controller constructs an optimal control for
the current state where the system transfers from the previous one under the
influence of the control and the perturbation realized at this moment. This
allows us to save enormous volume of memory at the expense of relatively little
computational work during the control process. The advantage in the amount of
current calculations is achieved because the optimal control is not constructed
anew for each current state, but results from correction of the old optimal control
in response to continuous perturbations affecting the system trajectory.

It is known from linear programming that the dual method is an extremely
cffective one for correction of optimal feasible solutions for slight changes of
problem parameters. That is why the proposed approach is based on special
implementation of the dual method for solving optimal control problems.

Under optimal system synthesis the controller algorithm depends on the
accessible information about perturbations acting on the system. In Gabasov,
Kirillova, Prischepova (1991) the controller counteracting perturbations which
arc measured during the control process has been described. Now we consider
another formulation of the synthesis problem. We shall assume that during
control design the perturbation is indeterminate and only the domain of its
possible values is known. Since the quantization period is assumed to be small
and is defined by the controller speed the variation of the system states over this
period will be not large. In this context it is interesting to establish a relation
between the results obtained in the present paper and in Gabasov, Kirillova,
Prischepova (1991).

2. Statement of the problem

Consider the terminal problem of optimal control

f(u) = h'z(t") — max, (1)
ot + h) = Az(t) + bu(t), z(0) = o, (2)
hiz(t*) > gi,i = 1,m; (3)
uy (1) < u(t) < u*(h), (4)

t € T(0) = {0,h,...,t* —h}.

About the m x n-matrix A and the n-vector b we shall assume that they
have been obtained either by a result of discretization of the continuous system
& = Az+bu or after application of impulse controls. In the first case the simplest
Euler method leads to A = E + hA, b= hb. The second one gives A = exp Ah,
b= U: eAh=m)p|dr. From the preceding, the assumption detA # 0 is not an
essential restriction.

Without loss of generality the system (2) is supposed to be controllable over
restrictions (3).
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As usual a control u(t), t € T'(0), (4), will be called admissible for the
position {0,z(0)} if the corresponding trajectory z(t), t > 0, of system (2) at
t* satisfies (3). The admissible control u(t), ¢ € T(0), is said to be an optimal
(program) one (u°(t),t € T(0)), if the quality criterion (1) attains the maximal
value.

Here we shall distinguish between two types of solution to problem (1)-(4):
program and feedback.

A finite effective algorithm for constructing the optimal (program) control
u®(t|0,70), t € T(0), for a fixed initial position {0,270} is presented in the
monograph of Gabasov, Kirillova et al. (1984-1991).

If perturbations do not affect the system (2) then the constructed program
control solves the synthesis problem completely since for an arbitrary moment
7 € T(0) system (2) is in the state zo(7) and the optimal control value for the
position {7, zo(7)} is equal to u°(7]0,z0}.

We understand an optimal control of the classical feedback type to be a
piecewise constant function v°(z,t), = € R™, t € T'(0), which for every moment
7 € T(0) and every initial state zo from the set of controllability generates the
trajectory of the system

z(t + h) = Az(t) + 0°(x(t), 1), z(1) = 2o

coinciding with the optimal trajectory zo(t), t € T/(0), of problem (1)-(4).

The main recason why engineers prefer control of the feedback type to pro-
gram control is that rcal movements of dynamic systems are described not by
the equation (2) but by

z(t + h) = Ax(t) + bu(t) + y(t), (0) = xo, (5)

where y(t), t € T(0), is an unknown n-vector function. Under the conditions
(5), program control cannot provide even admissibility of trajectories. Feedback
control can cope successfully with a great number of perturbations.

We define our way of control design of feedback type.

We shall assume that the controller begins to operate at the moment £ = 0
from the state z(0) = xo and its work is based on a special program solution
of problem (1)-(4) (sce Gabasov, Kirillova ct al., 1984-1991). Let the controller
have operated during

and the system (2) having transferred from the state (7 — h) not to the state
2(1) = Ax(r — h) + bu(T — h)
but to

() = &(7) + y(7)
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under the action of controls u(0),...,u(r — h), and the perturbations y(0), ...,
y(T —h). We suppose that at the moment 7 the value of perturbation y(7) that
will act on the state z(7) is not known. It is only known that

yr)eY={zeR":Gz=q,d, <z<d"}.

Using the principle of obtaining the guaranteed result (see Gabasov, Kir-
illova, 1991) we shall call controller synthesis (or, in other words, the design of
the control feedback type) the calculation of the control

WO (t|T, (7)), t € T(1) = {r,7 + h,...,t* — h},
for which all the trajectories of the system (2) with initial conditions
z(1) +y(7),y(1) €Y,

will satisfy the terminal restrictions (3) and the guaranteed (the worst) value of
the quality criterion

f(u(:)) = min h'z(t*)

y(T)EY

will be maximal (f(u°(+)) = max,, f(u(-))).

3. Optimal control under uncertainty conditions

From lincarity of the problem (1)-(4) one can show that the result u°(¢|7, z(7)),
t € T(7), of the synthesis at the moment 7 can be calculated as a solution of
the following extremal problem:

fu) = hoz(t") + 25 — max,

x(t + h) = Az(t) + bu(t), z(1) = z,,

R (t*) > g7, 4 =T,m; (6)
ue(t) < u(t) <u*(t), t € T(r),

. ia 1T . . i T
where z, is the measured state z(7) at the moment 7; and g7 = ¢; — 97,
7,4 = 0,m, arc the estimates of the following lincar programming problems

7 = minhiAC —)/hs
s *
Gz = qd, <z<d,
which can be computed in a parallel way.

According to the investigations of Gabasov, Kirillova ct al. (1984-1991)
solution of the terminal control problem (6) is the set

{u’(|r,2(r)), Ssup(T)},
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where
Ssup(T) = {Isup(T), Tsup(’l')}, Isup(T) g I = {1, 2, o % e ,'m},
Tsup(T) =A{m,..., 1}, 7 <T(7) < (1) < ... < (7)t* — h.

The set Ssup(7) is called a support.
The rclations

Usup(7)| = |Tsup(7)| =1, 0 < I < m,detP(7) #0,

B h;A(t*—f')/h_lb, te Tsup(T)
i € Isup(T)

P(r)

arc fulfilled.
The vector of potentials

/

v =r) = cgupQ(T),
csup = (c(t), t € Tsup(T)), c(t) = hf A —D/h=1}, 4 ¢ T(r),

Q(r) = P7(r)

corresponds to the support Ssup(7).
With the help of the above the accompanying co-trajectory

Y(t) =p(t|r), t € T(r),
is constructed as a solution to the conjugate system
’l/)l(t — h) = ’l/)l(t)A, ’l/}l(t* - h,) = h,6 = I/l([sup)l‘](lsup, .]),

hL(.T)

2

H(I,J) = [ R

}, J=A{1,2,...,n}.

The co-trajectory gencrates the co-control
A(t) = A(tlT), t e T(1) : A(t) = —y'(t)b. (7

The optimal control w?(t|7,z(1)), t € Tn(r) = T(r) € Tsup(7), at the
non-support moments of time is calculated by

= 1, (1) when A(1) > 0;
wO(tr,2(7)) { = u.(t) when A(t) < 0; (8)
€ [ux(t),u*(t)] when A(t) =0, t € T (7).

Without loss of generality we may supposc that

h;’l(/*) = (]:, i€ ]hup(’r)(lj(” < 0,7 S I,c,up(T))
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The set of values ugup = (u®(t), t € Tsup(7)) of optimal control at the
support moments is found by

ugup = Q(7)g(7),

where

_ (1) () = a7 —

g(r) = [ iE ISup(T) } , 9i(T) =g

o Z h;A(t*_t)/h_ll)u(t) o h,,IL-A(t*_T)/h.’I:.,—.
tETN(T)

According to (8) the form of optimal control is defined by the time moments
in which the co-control A(t), t € T(1), (7), changes its sign. Because of this,
the algorithm proposed below is essentially based on observing the movement of
these moments at the interval T'(7). We shall consider for simplicity that except
the support moments Tsup(7) the sign of co-control may be changed only at
one non-support moment 7y € Ty (7).

We construct the auxiliary sets T+ (7), Ty- (7) connected with alternation
of the co-control signs according to relations

Ta+(r) = {teTn(r): A®E) >0,A(t —h) < 0}U

U {teTn(r):A(t) > 0,t —h € Tsup()},
Ty-(1) = {teTn(r): A@) <0,A{t—h)>0}U
U {teTn(r): A(t) <0,t—h € Tsup(7)},

T +(7)] +

Tn-(1)] = m+1,(tn € Tn+ (1) UTN-(7), ™5 — h & Tsup(7)).
Let the information array be known

Vo(t) = A=D1t € Taup(T) Ut U (% — h).

4. Optimal controller synthesis

Let us pass to the description of the algorithm for the optimal controller for an
arbitrary position {7,z(7)}. In this context we shall assume that the system
state does not leave the domain of controllability while the controller acts.
The set
CH(r) = (u® (1), £ € T(r); W*; §% Ths Th—;
AgFVE(L),t € Tp UTn U (8* — h); ARt — k), A*(t+ h),t € Tgp,
A(t)>t =TN,TN — h‘,t* - h‘,Qk) l/k}

will be called the current state of the algorithm at the moment 7. As an initial
state C°(1) we shall choose the set with the following components:

wO@r) = W2t —h), te T(r);W° = Ha(t*) — ¢";
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Stup = Ssup(r); Ty+ = T+ (1 — B); Ty- =Ty~ (7 — h); 9)
Ag® = 47—yt H(Azr_p 4+ 0°(7 = h|T — hy2(T — b)) — 2,);
Vo) = Vi(t—h),t€Tgy Utn U (& —h);
At —h) = A(t—h|r—h), A’E+h) = A+ hjr — h),t € Tgyp;
A’(ty) = A(rn|T—h), A°(rn — h) = A(rw — h|T — h),
APt —B) = AQ*—hlr—h); @°=Q(r —h); ' =v(r —h).

A starting state CO(r = h) is constructed by (9) with help of the optimal
program solution u°(¢|0, zo), t € T'(h) (sec Gabasov, Kirillova et al., 1984-1991).
The algorithm’s iteration C*(r) — C*+1(7)(C*(1) — C°(7 + h)) is the im-
plementation of the dual method of linear programming (see Gabasov, Kirillova,
1977-1980) for the situation arising in the discrete control problem and consists
of the following steps.
Step 1. If I = 0, then pass to Step 2. Let | > 1. Compare 7 — h with 7. If
7 — h < 71 then pass to the following Step. At 7 — h = 71 pass to Step 8.
Step 2. Calculate the change directions for the control and the vector of in-
equality restrictions

Au® (Ts,‘cup) = (A'“ (t),t € Tskup) QkA.qk(Igup)§
A“k(Tk) = 0>TN =T(r )\Tsup§
AWR(IR) = ) H{IF, )VF@)Au(1),
t€Tgup
AWk(Isl.'cup) = 0 IN =TI} Iégup-

Step 3. Calculate the maximal feasible steps of, ¥, ©F along the directions
from Step 2

o* = a(rs) = mina(t), t € Tsupa

1‘%)777:%2, when Au*(t) <0,

a(t) = wO=uDO  Gpen Ay (t) >0,

Auk(t)y
oo, when AuF(t) =0, t € Tsup»

B* = B(io) = min B(3), i € I,

W k k
IH(’I,) _ AT/Vk—AgF’ when AW Aq,l < 0,
oo, when AW‘" AR >0.

Let ©F = min{1, o, %}, If ©F = 1, then pass to Step 4. At OF < 1 we
pass to Step b
Step 4. Compute vo(7|7, (7)) = v (7) + AuF(r). If 7 = t* — [h then the
algorithm completes the work:
w0 (T + ih|T + i, z(T + ih)) = v (T +ih) + AuF(T +ih),i =T,1 - L.
If 7 < #* —Ih we construct the initial state C°(7+h) for the moment 7+ h
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with the following components:

uO@) = u®(t) + Auk(t),t € T(1T+ h); W = W* + AW*;
80 = SgllI):TN"' = TN+7T1(3/~ = TN—:
Ag® = AT —4" 4 H(Az, 4+ 0l (7|7, 2(T)) — Trpn);
A’(t—h) = ARt —h),A%t+h) = AF(t +h),t € Tgup;

Ary) = AF(rw),A%rn — h) = AF(ry — h), A°(t* — h) =
AF@* — h);
Vo) = Vk@),te Té)up Uty U (t* — h); Q% = QF; 10 = vk,
Pass to Step 1.

Step 5. If ©F = % = B(ip) calculate the dual directions for the vector of po-
tentials and the co-control

I (Igup) = [h,::OVk(t), te Té“up]Q’“,
§5t+h) = [hi, - /"kl(Igup)H(IZ;cupy NATVE@), e Tsups
sEt—h) = (W — i (Fup)H(Hup, DIAVH(1),1 € Ty, U
68(t) = [y — 1 (Hup) H (Lup, DIVE(8), 1 € {7, t" = h}.
If ©F = o* = a(7;) calculate these directions by formula
/’k(Ifup) = /’Qk('rs’Igup)a
st +hn) = /’Qk(Ts,I:up)H(Ifup: NIATIVE®), ¢ € Tsup,
5k(f h) = /’Qk(Tstup)H(I:ﬁupw )]Avk( )t € Tbup'“TN:
§5(t) = pQF(rs, sup)H(Is’.‘cum NIVE(),t € {1, t* — h};
p = signAu(ry) if u® (7)) >0,
p = -—signAu(r,) if u®(,) < 0.

Pass to Step 6.
Step 6. Calculate the maximal feasible dual steps along directions from Step 5
o = min{o(t—h),o(t+h),te€ Ts"fup§
o(t),t =7n,Tn — h,t* — h;
w(7), 76[&111)} s(t), fET]k\}+UT]k\}—:

Ak
when t — h € T}f’,+,5’“(t —h) <0
ort—heTh_ 68 t)0;
AR+ h
0(t+h) — —67((#75(1;) = _h;,

when t 4+ h € Thy,6%(t — h)
ort+heTy 6%t —h)>0,t€Thp;
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A (1)

)
when AF(£)8%(t) < 0,t = 7,75 — hyt* — h, 5(t) = 0;
o(t —h) =o0(t+h) = 0(t) = oo in other cases.

%0

1 (i)’
when v#(i)* (1) < 0

or v*(i) = 0, 4% (i) > 0,w(4) = oo in other cases,

o(t) =

i € Igyp-
Pass to Step 7.
Step 7. Transform the support set Sgup = {Ié“up, Tskup} and the support matrix
le
1. Let ©F = B(i0) < 1, 0¥ = w(ix). Then

I:ﬁ% = (Igup . )UiOaTsl‘?iT[% = Tsl‘ﬁllp’
QM (rp1) = QF(my,4) + Q% (ry, i) (1) /r* (i), i = s
Qk+1(ri,i*) = (T77 )/T ( )]_-]-_a—],j:ﬁa
where r* = (r* (i), ie]q'up) (W, VE@),t € Tsup]Qk(TsupaIsup)

2. Let ©F = B(ig) < 1, 0% = oty — s(t)). Then

k k k
Isf{_r% = Isup Ui, Tmfp = Tsup (tq — s(tq))

QM (1j,8) = QM(7,8) +ri(mi)r5(8)/pb(tg — 5(tg)),
) = —r5(0)/pé(ty — s(ty)),
) = —ri(73)/p8(tg — s(tq)),
Q’”l(f;q —s(tq)yio) = —1/pb(ty —s(ty)),d=1,1,i=T1,1,
I = (im)i=T0)=
QH (Iqupa' )Vk(fq = s(tq))),
rs = (r3(),i=11)=
(M VE(t),t e Tsup]Q .

3. Let OF =a*f = a(n) <1, o* —w( ). Then

k k41 k
15141_1% = 'up \ s, Tbl—li_p Tsup \ Tss
Qk+1(T€l‘1;LI%aIé1TS) = Qk( sup \ 7, supl*) -

- QF (Tsup\'rsa )Q (7s, supl*)//’/’( x)-
4. Let ©F = of = a(1) < 1, o = o(t, — 5(t,)). Then
Iffﬁ% = Ig:llI)’Tfl—l‘-I% = (Tsup \7e) U (g — s(tq)),
Qk+1(7—j’7’) = g (15,4) — Qk(Tm )T k(ﬂ)/r (Ts)yi = iu;
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Q 1 (75,9) Qk(Tm 0)/7*(75), =1,1,
r* = ( ) i=1, )
Qk (Isupa T)VE(tq — s(tg))-

The vector V*(t, — s(tq)) is calculated easily with respect to the vector

~—

VE(tq).
Let
uFD@) = uB(t) + OF AR (L), t € T(7);
AgHtt = (1-6F)AgR; AF (1) = AR (1) + 06" (1),
te TN+ UTE. U(t* = h)
R = Uk ok R W = R L oF AWk,

Let in Cases 1), 3) Tllf,tl U T}f,tl = (Tk, UTE_), in Case 2) (Tﬁil U
TEHY) = (Th, UTE_) U (tg — s(tq) + h), in Casc 4) ety T]’\c,tl) =
(T’“JrUT’c Y\ (Ts +h) U (g — s(t )+h)

Pass to Step 2.

Step 8. Let s = 1, ©° = o® = a(r1) = 0, Auo(ﬁ)Qk(Tl,Ié“up)Ag(Iécup), and

pass to Step 5

Remarks:

1. The situation o

5.

k = oo testifies that the arising perturbations do not allow

us to satisfy the constraints (3) at the expense of choice of control on the
segment 7'(7). In this case the algorithm stops abnormally.

. The method for constructing the optimal controller described above pre-

supposes certain properties of co-control. Cases where the sets T+ (7) U
T'n—(7) contain essentially more clements than the set Tsup(7), and where
in the process of operation of the controller there appear new clements
in Tsup(7) which differ from those described above, can be investigated
according to the scheme outlined, but now the controller becomes more
complicated.

. It is not difficult to verify that the synthesis algorithm can be extended

to include the case of nonstationary domain of perturbations when the set
Y =Y (z,,7) depends both on time and values of the current state.

. The algorithm can be obviously generalized for the case when it is known

that the perturbation will act not only at the moment 7 but also at the
moments 7+ h, ..., 7 +rh <1t —h.

Example

Let us illustrate the results obtained by the simple example of optimization of
the mechanical motion.

The material point, starting the motion in the rectilinear way from some

neighbourhood of the given point and being acted upon by indeterminate per-
turbations, is required to be moved into the given domain at the given moment
and to acquire velocity the guaranteed value of which is maximal.
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Figure 1.

The mathematical model of the problem is
z9(3) — max, z1(t + h) = x1(t) + hza(t),
zo(t + h) = zo(t) + hu(t), z1(3) <2, 21(0) = 22(0) =0,
0<u(t) <1, -1<y(t) <1,
y2(t) =0, t=0, h,...,3, h=0.5.

Let us present the results of the optimal controller’s operation for the case
when the perturbations

y1(0) = 1/2, 11(0.5) = 1/4, ;1 (1) = -1/2,
y1(L5) = —1/4, 11(2) = 1/4, 3 (2.5) =0,

have been actually realized but the values of this noise are unknown for the
controller at the corresponding moments.

During the operation described above the controller has designed the control
presented in Fig. 1.

The efficiency of this control is equal to f(u(-)) = 3/2.

If the information about the perturbations were entered during the process
the controller would design the control presented in Fig. 2, with the value of
the criterion for the designed control equal f(u3(-)) = 5/3.

Let the perturbation be known before the beginning of the process. Then
the optimal control has the configuration presented in Fig. 3. The effectiveness
of the control is now equal f(u3(+)) = 9/4.

The controller from Gabasov, Kirillova, Prischepova (1991) produces the
control for the nearest period after the perturbation measurement which is made
at alrcady after the control has been adopted. Assume that the perturbation




238 R. GABASOV, F.M. KIRILLOVA, S.V. PRISCHEPOVA

[

0.0 05 1.0 15 20 25 30 ¢

Figure 2.

1

Figure 3.

0 T
00 05 10 15 20 25 30 ¢t

Figure 4.




Optimal controller for discrete systems with indeterminate perturbations 239

measurement at each period is made before the control selection. In this case
the controller produces the control presented in Fig. 4 (f(ul(:)) = 2).

From the above example the dependence between the control efficiency and
information conditions is seen. In relation to full information the loss of effi-
ciency is equal to f(ud(-))—f(u§(+)) = 3/4, in relation to the partial information

it is equal to f(u3(-)) — f(ud(-)) = 1/6.
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