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1. Introduction 

Let f be a function defined on the cartesian product Yo x Y1 x ... x Y,, and 
taking values in a set Z. The function f will be extended to fuzzy sets by means 
of the Zadeh's extension principle. 

We will consider a single fuzzy equation with one fuzzy variable and the 
parameters, having the following form 

(1) 

where X is a fuzzy variable and A1 , ... , An, Care fuzzy parameters. 
Fuzzy sets X, A1 , ... , An, Care defined by their membership functions 

f..LX :Yo--+ [0, 1], f..LA, : Yi--+ [0, 1] (i = 1, 2, .. . , n), f..LC: Z--+ [0, 1]; 

C = f (X; A 1 , ... , An) is the fuzzy set calculated according to the extension 
principle 

(Vz E Z) f..Lc(z) = 
sup {min(f..Lx(Yo),f..LA 1 (YI), ... ,f..LA,.(Yn)) I z=f(yo;y)}, (2) 

YoEYo,yEU 

where y = (yl, ... ,yn), U = Y1 X .... X Yn. 
Note that, in (2), it is assumed, that given z E Z, there exists y 0 E Yo and 

y E U such that z = f (yo; y). But if that were not the case f..Lc ( z) would be 
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defined as equal to 0. 

We assume that the function f and the fuzzy sets A1 , ... , An, Care given. 
We want to find fuzzy set X . 

Solving fuzzy equations of the type (1) has a long story in fuzzy set t heory 
(see Buckley, 1992). As it is known (Buckley, Qu, 1990), many fuzzy equations 
do not have solutions. In consequence of it, other types of solutions to fuzzy 
equations are investigated, not based on the extension principle. In Buckley, Qu 
(1991), the authors introduce two new solution procedures; one of them is based 
on the unified extension and the other on t he possibility theory. In particular, 
the fuzzy quadratic equation, with real fuzzy number parameters, always has a 
(new) solut ion. Except for the need of such particular examinations one has to 
emphasize that the problem of solvability of fuzzy equations, when the solut ion 
concept is based on the extension principle, is far from complete. The very 
general sufficient conditions for the existence of solutions to such equations in 
t he form of a simple dependence relative to the given A1 , . .. , An, C and f, are 
still unknown. In the domain of fuzzy relation equations, the problem of their 
solvability is simpler and much better examined (Gottwald, 1994). 

T he present paper is based on the results from Sanchez (1984). T he proper
ties from Sanchez (1984) will be presented, through t he corresponding notation 
from equation (1) , as proper ties related to equat ion (1) with the arbitrary num
ber of fuzzy parameters and not only two parameters (A1 and C). We present 
the necessary and sufficient condition for the fuzzy equation (1) to admit a solu
tion. Vve consider the fuzzy equation f(X; A1 ) '= C, where A1 and Care fuzzy 
numbers. 

2. R esolution of the fuzzy equation f(X; A1 , . .. , An)= C 

Let us use the notation 

A = (Al, .. . , An), J.LA (y) = min(J.LA 1 (yl), ... , J.LAJYn)), 

and let F(V) be the class of the fuzzy sets defined on V . 

Equation (1) can be written down in the form 

A*X=C, 

where "*" denotes the mapping f. The above notation of A, J.LA (y) and equation 
(1) with the help of operator *, allows to present the results from Sanchez (1984) 
as the results related to arbitrary equation (1). The proofs of theorems and 
properties presented below are similar to the corresponding proofs of t heorems 
from Sanchez (1984) and are omitted. 

For X1, X2 E .F(Yo), we have 

X1 .;;;; X2 ==? j(X1; A1, ... , An) .;;;; j (X2; A1, ... , An), 



On solution of fuzzy equations 655 

f(Xl U X2; A1, . .. , An)= f(Xl; A1, . . . , An) U f(X2; A1, . .. , An), (3) 

f(Xl n X2; A1, ... , An)~ f(Xl; A1, ... , An) n f(X2; A1, . .. , An)· (4) 

A direct consequense of ( 3) and ( 4) is 

COROLLARY 2.1 For given fuzzy sets Ai E F(Yi) (i = 1, . . . , n) and C E F(Z), 
we have 
a) the set of solutions of f(X; A1, ... , An)X ~Cis a lattice, 
b) the set of solutions of f(X; A 1 , ... , An) = C, if non-void, is an upper semi-

lattice. 

For fuzzy sets DE F(Z), following Sanchez (1984) (and also Pedrycz (1987)), 
we define the fuzzy set D*A on Yo by 

('Vyo E Yo) f..LD-.:A(Yo) = inf {f..LA(y)af..LD(z) I f(yo;y) = z}, 
zEZ,yEU 

where 

{ 
1 if f..LA(Y) ~ f..LD(z) 

f..LA(y)af..LD(z) = f..LD(z) if f..LA(Y) > f..LD(z). 

For given C E F(Z) we will adopt notation X= C*A. 

THEOREM 2.1 For given fuzzy sets Ai E F(Yi) (i = 1, . . . ,n) and C E F(Z), 
we have 

f(X;A1, ... ,An)~ C. 

In other terms, X is a particular solution to f(X; A1 , . .. , An) ~ C. 

THEOREM 2.2 For given fuzzy sets Ai E F(Yi) (i = 1, ... , n) and for every set 
X E F(Yo), we have 

X~ f(X; A1, ... , An)*(Al, . . . , An)· 

Note that when f(X; A1 , ... , An) = C, we have X~ X. 

CoROLLARY 2.2 For given fuzzy sets Ai E F(Yi) (i = 1, ... , n) and C E F(Z), 

f(X;Al, ... ,An)~ C iff X~ X. 

The equation f(X; A1 , ... , An)~ C has always a greatest solution given by X. 

THEOREM 2 .3 For given fuzzy sets Ai E F(Yi) (i = 1, . . . , n) and C E F(Z), 
the equation ( 1) 

f(X;Al, ... ,An)= C 

has a solution if, and only if 

f(X; A1, ... , An)= C. 

Moreover, if the fuzzy set X is a solution, then it is the greatest one. 

(5) 
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Remark. When there is a unique solution to (1), this solution equals Cj;'A. 
In the case of multiple fuzzy sets Xi, satisfying (1), the set C'*A is a solution to 
(1) and 

C*A = uxi. 
3. The case of fuzzy numbers 

We assume that all given fuzzy sets are (real) fuzzy numbers. Let D be a 
fuzzy number with membership function f-LD· Then there are three real num
bers d1 < d2 < d3 , denoted (ddd2/d3), such that: (1) f.-LD(x) = 0 outside 
(d1 , d3 ) and it equals one at d2; (2) y = f.-LD(x) it: continuous and monotonically 
increasing from zero to one on [d1 , d2 ]; (3) y = 1-"D(x) is continuous and mono
tonically decreasing from one to zero on [d2, d3 ]. The number Dis a triangular 
fuzzy number, if the graph y = f.-LD(x) is a straight line on [d1 , d2] and on [d2, d3] . 

For given sets we denote 

(ai!/ai2/ai3 ) for Ai (i = 1, ... , n), 

When A1 , . . . , An , Care fuzzy numbers, a solution X to equation (1) must 
not be a fuzzy number, but it must be a normal fuzzy set, i.e. whose membership 
function /-LX satisfies the condition maxf.-Lx(::r) == 1. In fact 

x E R 

THEOREM 3.1 If the fuzzy equation f(X; A 1 , . .. , An ) = C has a solution, then 
a) the set Yo= {yo E R: f(yo;al2 , ... ,a,.2) == c2}-/=- 0; and 
b) every solution X to this equation is a normal fuzzy set such that 

f.-Lx(Yo) = 1 ==} Yo E Yo. 

Proof. Let X be a solution to the fuzzy equation. Substitute z = c2 in (2), 
to obtain 

(:lyoE:R) f.-Lx(Yo)=1 1\ (:JyiE R) /-LA, (Yi) = 1 (i =1 , . . . , n ). 

But Ai (i = 1, .. . , n) are fuzzy numbers. Hence, Yi = ai2 (i = 1, ... , n) . Finally 
we get Yo -/=- 0 and y o E Yo . 

Example. We consider quadratic equation A1X 2 + A2 = C , where A1 , A2 
and C are triangular fuzzy numbers. 

Additionally, we assume t hat a 11 > 0 and ci = Ci - a i 2 2: 0 for i = 1, 2, 3. 
Then, the quadratic equation considered (Theorem 9 in Buckley, Qu (1990)) 
has solutions X 1 2: 0 and X 2 = - X 1 iff 

The solutions X 1 and X 2 arc fuzzy numbers such that 

f.-Lx 1 (x2 ) = 1 and f.-Lx 2 (- x2 ) = 1, where x2 = jc;_ja12· 
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The solution X= C'*(A1, A2) is not a fuzzy number. We have 

f.-Lx(x) = 1 iff x = ±x2. 

4. The equation with two parameters 

657 

We consider equation with two fuzzy parameters f(X; Al) = C, where A1 and 
C are a fuzzy numbers. We assume: 
a) function f: R2 --+ R, f(R; R) = R, is continuous and monotonically increas

ing, i.e. (Vx1, x2, Yl, Y2 E R) 
X1 < X2 --+ f(xl;yl) < j(x2;yl) 1\ Y1 < Y2 --+ f(xl;yl) < f(xliY2), 

b) there exist xi E R (i = 1,2,3) solving the equations f(xi;a1i) = Cii these 
numbers are uniquely determined. 

1) First we consider the fuzzy set X = C*A1. We have 

(\fx E R) f.-Lx(x) = inf f.-LA 1 (y)af.-Lc(f(x; y)). 
yER 

Hence, f.-Lx(x) = 1 iff (\fy E R) f.-LA 1 (y):::; f.-Lc(f(x; y)). Clearly, we must have 
x = x2. The set X is a normal fuzzy set iff 

(\fy E R) /-LA1 (y) :::; f.J,c(f(x;; y)). (6) 

Hence, if X is a fuzzy number, we obtain 

x~ < x; < xj. (7) 

Now we describe the membership function f.-Lx· We assume that conditions 
(6),(7) hold. Let x E R. 

(\fx E ( -oo, xr) U (x3, +oo)) f.-Lx(x) = 0, 

f.-Lx(x2) = 1, 

(\fx E [xi, x2)) (:lu1 E [au, al2)) 
f.-Lx(x) = f.J,c(f(x; ul)) = /-LA 1 (ul); f(x; ul) E [c1 , c2), 

(\fx E (x2, x3]) (:lu2 E (a12, al3]) 
f.-Lx(x) = f.-Lc(f(x;u2)) = /-LA 1 (u2)i j(x;u2) E (c2,c3]. 

In general, X does not have be a fuzzy number. 
2) Now we show that if X is a fuzzy number, then f(X; Al) 

condition (5) is satisfied. 
Let C = f(X; Al). From the extension principle 

(\fz E R) f.-Lc(z) = sup {min(f.-Lx(x), f.-LA 1 (y)) I z = f(x; y)}. 
x,yER 

We are interested in the relationship between C and C. Let z E R. 
(\fz E (-oo,c1] U [c3, +oo)) f.-Lc(z) = f.-Lc(z) = 0, 

f.-Lc(c2) = f.-Lc(c2) = 1, 

(\fz E (c1,c2)) (:lx1 E (xi,x2)) (:ly1 E (au,a12)) 

C, i.e. 
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J..Lc(z) = J.tx(x l) = J..LA , (yl) 1\ z = j(x1; y!) . 
But we know that J..Lx(x l) = J..LA, (ul) = J..Lc(f(x1; ul)). Function y = J..LA, (x) 

is monotically increasing on [an ,al2]- Hence ?/1 o= Uland J..Lc (z) = J..Lc (z ). 
('Vz E (c2, c3)) (::Jx2 E (x2, xj)) (::Jy2 E (a12 , al3) ) 
J..L0 (z) = J..Lx(x2) = J..LA, (y2) 1\ z = J(x2; Y2) 

But we know that J..Lx(x2) = J..LA 1 (u2) = J..Lc(f(x2; u2)). Function y = J..LA, (x) 
is monotically decreasing on [a12, a13]. Hence Y2 = u2 and J..Lc(z) = J..Lc(z). 

This implies that C =C. 

5. Concluding remarks 

Contrary to pessimistic comment in Sanchez (1984), we have shown that condi
tion (5) is interesting in the considerations of solvability problems for equation 
(1) . We are planning in the future the complete investigation of the condition 
(5) . We would like to obtain a very general co 11dition , in t he form of a sim
ple dependence on A1 , .. . , An, C and f , for the existence of solut ion to (1). 
Such a form characterizes condition (6). We are also planning to consider fuzzy 
equations, when the extension principle is used i its general form with a given 
t-norm t . 
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