Control and Cybernetics
vol. 27 (1998) No. 3

A satisficing method of introducing the concepts of fuzzy
goal and fuzzy constraints into the DEA

by

Yoshiki Uemura

Faculty of Education, Mie University,
Tsu, Mie 514 Japan

Abstract: Evaluation of efficiency of the DMUs (Decision Mak-
ing Units) in a company can be carried out with the help of DEA
(Data Envelopement Analysis). The efficiency caleulated for a DM Uy
with the help of DEA is, however, higher than the maximum effi-
ciency among the single object-single output results, It can be pos-
tulated that total efficiency is constrained between the limits thus
obtained. Within this context we introduce the concepts of fuzzy
goal and fuzzy constraints into the DEA formulation, propose the
satisficing method following the precepts of the maximizing decision
introduced by Bellman and Zadeh, and the improvement procedure
for the satisficing solution using the dialogue with the DM over the
tradeoff rate for two inputs, developed by Sakawa.
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1. Introduction

Evaluation of efficiency of the DMUs (Decision Making Units) in a company can
be carried out with the help of DEA (Data Envelopement Analysis), Charnes,
Cooper, Rhodes (1978), Tone (1993). The efficiency calculated for a DM Uy
with the help of DEA is, however, higher than the maximum efficiency among
the single object-single output results. It can be postulated that total efficiency
is constrained between the limits thus obtained. Within this context we intro-
duce the concepts of fuzzy goal and fuzzy constraints into the DEA formulation,
propose the satisficing method following the precepts of the maximizing deci-
sion introduced by Bellman and Zadceh, and the improvement procedure for the
satisficing solution using the dialogue with the DM over the tradeoff rate for
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2. The DEA based on the possibility production set

The original formulation of DEA involved fractional mathematical programming
and the direct estimation of the efficiency of DMUs. Besides this, though,
DEA has been also formulated on the basis of the concept of constructing the
possibility production set, Tone (1993). We will introduce now the approach to
DEA modeling based on the possibility production set.

Let us have n input sets X; = (z;1,...,Tjm) in DMU; (j = 1,...,n)
and the common output set Y; = (y;1,...,¥;s). We denote the input vector
X = [X1,...,X5] and the output vector Y = [Y1,...,Ys]. We define the
possibility production set (x,%) as the set satisfying the following constraints:

z > XA

y < YA

A >0 (1)
I € &TA<y

where z € R™, y € R°, A€ R", and ¥ = (1,...,1).

By (1), we constrain the possibility production set in DEA. Therefore, vari-
ous DEA models were proposed by varying L and U. Specifically, when L =0,
U = o0, this is the CCR (Charnes-Cooper-Rhodes) model, and when L = U = 1,
this is the BCC (Banker-Charnes-Cooper) model. Let us denote efficiency by
©, and then the CCR and BCC models are formulated as follows:

CCR maodel 1

min ©
s.t. Oxg > XA
y<¥a (2)
A>0
Here, for ©* = 1 we may again have surplus or shortage of inputs or outputs.

Therefore, we generally formulate the CCR model using the slack variables as
follows:

CCR model 2

min © — e(eTsT +eTs7)



Introducing the concepts of fuzzy goal and fuzzy constraints into the DEA 467

BCC model 1

min ©

s.b. Oxg > XA

efd=1 (4)
A>0

When ©* =1 in formulation (4), we may have surplus or shortage of inputs
or outputs. Therefore, we generally formulate the BCC model using the slack
variables as follows:

BCC model 2

min© — e(eTs* +eTs7)

where ©* is the solution for (5), and is referred to as the DEA efficiency.

3. Fuzzy satisficing method introducing fuzzy goal and
fuzzy constraints into DEA

In this section, let us assume that we focus on the BCC model 2 of (5), because

the discussion for the CCR model is the same as for the BCC model. We obtain

one objective solution O} for an individual output yi; (k= 1,...,s) in some
DMU; as follows:

min Oy, — e(eTs* +eTs™)

s.b. Opzy; — T = X

yij + 57 = Vi (6)

efa=1

AsiysT >0

Let us denote max; © by ©,, and miny ©F by ©4, where O} is the solution

to (6).

THEOREM 3.1 On the nature of DEA efficiency:

O, < O
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According to the BCC model 2 of (6), we can obtain a fuzzy goal (ug: © —
[0,1]) as follows:

0, (G) < eg)
ne(@) =4 o=k (6:<0<8) (7)
1, (0, <0)

Making full use of the extension principle for binary operations, we can
obtain fuzzy constraint (pc(Ok) : ©x — [0,1]) for the first constraint in (6)
according to inputs as follows:

1, (Or < O3 - z45)
pc(Or) = { Bzt (02 < Ok < O -3y (8)
0, (O1 - ;7)) < (O)

Let us note that we do not introduce any other fuzzy constraints into (6).

Bellman and Zadeh (1970) defined the maximizing decision for LP with a
fuzzy goal and fuzzy constraints. We apply this maximizinig decision to DEA
as follows:

#a(©) = max{min(ug(0), pc(01), - -, ne(Os)}

On the basis of the maximizing decision, we can formulate the Fuzzy Satis-
ficing DEA model as follows (sce Bellman and Zadeh, 1970, Sakawa, 1993):

min o

y+s =YA (9)
efA=1
AsT >0

with (9) solved by LP, and the fuzzy satisficing solution denoted O. After
having evaluated DMUjs in terms of the fuzzy satisficing efficiency, we obtain
the improvement plan for inputs according to the following theorem:

THEOREM 3.2 Improvement plan for inputs:
O L5 (0r < (:))
l-z;  (©0<6k)
On the other hand Sakawa (1993) developed the interactive method for im-
provement of the fuzzy satisficing solutions from the fuzzy LP problems. We

apply this method to the interactive fuzzy DEA, where we change the following
tradeoff rate instead of the one described in Chapter 4 of Sakawa (1993):

ﬂC(en) _TMa

ne(©p)  m

T FE R T TP L[ AR S ST SRRy [ EIGRE | S ey e
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4, Conclusions

The DEA-defined efficiency is higher than the max efficiency among the single-
object solutions for individual outputs. As we consider to be natural that total
efficiency is located between min efficiency and max efficiency, we introduce
the concept of fuzzy goal and fuzzy constraints into the DEA, propose the
satisficing method conform to the maximizing decision defined by Bellman and
Zadeh, and then the improvement method for the satisficing solution helped by
dialogue with the DM over the tradeoff rate for two inputs.
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