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1. Introduction 

This paper is conccnwd with the relaxation by Yonug rucasmcs of Diriddd 
boundary control problems for semiliucar parabolic equations. For problems 
with pointwise state~ coustraiuts , it is now wdl knowu that prop( ~rJH'ss of the 
relaxation by Young measures is closely related to some stability property of the 
original problem, with respect to pcrtmhatious of the state coustraiuts (Arada, 
Raymond, 1998, Casas, 199G, Ronbit:ck , 1990, 1997, Doutdwv, lVfonlnklwvich , 
1980). More precisely, cousidcr the followiug abstract control prohlcru 

inf{.J(y, 7r) I (y, 7r) E Y X Dad , G(y, 7r) = 0, g(y) E C}, (P) (1) 

where Y is the space of state variabl(~s , Dad is the set of ad111issihl(' controls, 
G is a nonlinear operator and G (y, 7r) = 0 stands for the state ( '(j natiou , g 
is a mapping from Y into a Bauach space Z, aJHl C is a llOJJClllpty set in Z . 
Typically, for problems considered lwre Y === Cb(Q), where Q = Sl x] O,T[, S2 is a 
hounded domaiu in mN. The relaxed prohk111 corrcspowliug to (P) is ddiucd 
by Yonug measures, and it may be written iu the fonu 

inf{.J(y,r) I (y,T) E Y X Rad, G(y, r) = 0, _q(y) E C} , (RP)(2) 

where R ad is the set of relaxed coutrols. For t5 > 0, we also consider t.IJc prohlcu1 

inf{.J(y, 1r) I (y, 7r) E Y X Dad , G(y, 7r) = 0, 
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In Ara.da, R aymond (Hl98), Casa;.; (lOOG) , it is prov< ~ tt that the rdaxat.iou is 

proper (that is inf(P) = inf (RP)) if, a nd ou ly if, 

inf(P) = lim inf(P0) . 
6'\,0 

This result is based ott t he contitmity of t.lw m a ppill )!; T ___, (y,., .! (y,, T)) front 

(Rad, ll·llw) into Y x m, where ll·llw is the noru t associat<'d wit h tlw weak-sta r 
topology, Warga (1 972) (y,. is the relaxed trajcc:torv con cspo!Hliu).!; to T, tltat 
is the solution of G(y, T) = 0). For Dirichlet control prohktus considcn·~d he re , 

the m apping r ___, y.,. is not coutiutwus fro m (R ad, II · llw) into Y = CtJQ), 
but is continuous for topologies weaker t hau the ottc of Y. VV<' exploit this 

behavior in the following manner. Cottsidcr a falllily of sctll illo rttts ( II · II.,.) r >O 
defined on Y. For each T > 0 , we define tlw scmidistal!ce to C: de ,.,. : ¢ ___, 

de ,.,-(¢) = inf zEC liz- ¢1 1.,. . Suppose~ that tlw fam ily (II·IIT)T >O satisfi< ~s tlw 
following properties: 

-· The m apping T ___, 1/r is cout iunons from (Rad , II · llw ) iuto (Y, II · liT ), 

for all T > 0, 

- !~~de ,.,. ( ¢) = rlc(¢) for a ll ¢ E Y. 

We iutroduce a family of perturbed problcuts 

inf{.J (y, w) I (y , w) E Yxiiad, G(y , w) = 0, rlc,.,.(g(y)) ::;: ~}. 

In our ca..'>e, II·IIT = ll·l lqQT)' where QT is a sulxyliwlcr strictly couta.iw ~d iuto 
the full cylinder Q = Ox ]0, T [ (sec the pn)cisc defiuitiou iu Scctiou 2.1). We 

prove (in Theorem 7.2) that the relaxctt ion of (P) is proper if, mHl ouly if, oltc 
of the two followiHg equivalcut properties arc satisfied 

inf(P) = lim lim iHf (Po.,. ), inf(P) = lilll litll in f( P b.T ). 
6'\,0 r '\,0 ' r"-,.0 6"-,. 0 

The idea of the proof is tlw following . 'vV<) firs t prove t he cot JJ]Xt('tucss of the 
sets of relaxed trajectories attd admissible relaxed trajcc:torics , for tlw topology 
of C(Q.,.), for every T > 0 (Propositions S.2 awl S.3). With this contpaducss 
property, we prove t hat the relaxed cont rol problcttt (RP ) adtnits solutions 
(Theorem 5.5) and satisfies some iutcresting stability couclitious (Tlworel!t 5.G 

and Theorem 5.7) . 

Next, we prove tha t tlw set of cla..'is ical traj<·:ct.orics is dcusc in t ltc set of 
relaxed traje<:tories , for the topology of C( Q7

), for every T > 0 (Proposit.ioll G.l ). 
We establish that the set of admissible rel axed t rajectories for (RP ) is inclndcd 
in the closure in C(Qt) of the set of cla.'isica l adtttissi!Jle trajectories for (P0,.,.) , 

for every t > 0 (Proposition G.2) . Tlte COl!tlcdiou of t.ltcs<·: cotupacttJcss atHI 
denseness results gives the necessary alHl sufficicut cond it ions for tltc propcrucss 
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2. Setting of the control problem 

Consider tlw scrniliucar parabolic cqna.tiou: 

uy 
8

·t + Ay +<I>(- , y, 11.) = 0 in Q, y = v 011 I:, y(O) = y0 iu II , 

J7 

(0) 

where Q = nx ]0, T[, n is a botuHlcd dmuaiu iu mN. I: = rx ]0, T[, r is 
the boundary of D. The clistrilmted control n belongs to L= (Q), tile lwulHI
ary control v belongs to L=(I:) , the initial condition y0 is fix<'d awl hdougs 
to L=(D) , and A is a second order elliptic operator of tlw fonu Ay(:r) = 

- L~i=l D;(a.;i(:r)Dn;(x)) (where D; denotes the partial derivatiYc wit.h re
spect to .T;.). Set the following state awl control coustra.ints 

.r;(y) E C, ( (j) 

·u. E Uad = {v. E L=(Q) [11.(x,t:) E Ku(.?:,t) C U for ahnost. all (r:,t) E Q}, 

v E Vad = {v E L=(I:) [v(s, t) E Kv(s, t) C \f for ahttost. all (, , t) E I:}, 

where g is a mapping from Cb( Q u nr) into Cb( Q u lh·) , C c Cb( Q u ll:r) is a 
closed convex subset with a nmwJnpty interior in Ct, ( Q U 12r), J( u ( ·) awl Kv (-) 
arc measurable multimappings with JlOJH'lt!pty awl dosed values in P(ID.), U 
and \f arc compact snbscts in m. The paper is COliC(TllCd witll tlw following 
control problem 

inf{.J(y,v.,v) I (:r;,u,v) belongs to c,,(Q u Or) X Uad X Vr,rt, 
and satisfies (0) awl (G)}, (P) (7) 

where the cost functional is defined by 

.l(y, 11., v) ;· F(:r, t, y(.r, t), u(:r:, t:)) rh: dt + / G'(-', t, o(s , t)) ds dt 
·Q .IE 

+ ;· L(:r:, y(.T,T)) d:r . 
. rJ 

The set U~d of clistrilmtccl relaxed controls consists of weak-star Jtwasmahlc 
functions from Q into the space of Radou probability nwasmes ou U ( S( ~e the 
precise cldinition in Section J). The set V~d of boundary rdaxcd cout.rols cousist.s 
of weak-star mea..."iur<tblc fuuc:tions frolll I: into the space of Hadou probability 
measures on V. The relaxed state equation is given by 

[J 

0~ + Ay +<I>(-, y, rJ()) = 0 iu Q, 7J = Iv(w(·)) 011 I:, :r;(O) = Yo iu 12, (8) 

where <I>( :r, t, y, rJ("' ,t)) = .J~ <I> (:t:, t, y, ), )drJ(:r, t) (),), ami IF( w( 8 
·
1)) = f v ),rJw( s ,t) ( ),) . 

The relaxed control problmn is defined iu t.lw followi11g way 

(9) 
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where the rela.xed cost functional is 

J(y ,a,w) = 

!. F(x,t,y,a(x,t))d:erlt+ /' G(s , t ,w( s,t))dsrlt + /' L(.?:,y(T))rh:, 
.Q .IE .In 
= ;· /' F(:r, t , y(x, t ), .A )da (x ,t)( _A ) rh: rlt + (·, / G(s, t , .A )dw(s ' )(_A ) ds dt 

.Q.Ju .~fv 

+ /' L(x, y(.?:, T)) d.T . 
./n 

2.1. Assumptions 

Throughout the sequel, n is It bouudcd open ami CUllllCCtcd snhsct iu mN (N 2: 
2) of class C2+i, fur some 0 < ;y ~ 1. The cuefficicnt.s o ;.i of the operator A 
belong to Cl+i (0) a.nd satisfy the cunditiuu: 

N 

a.i.i(x) = aii (:r) fur every i , j E {1 , ... , N }, 'tttol~l 2 ~ L (J.; 1(:r )(;C:i , 
i ,,i = l 

for every ~ E mN and every X E n, with '11/.o > 0. The CUI!Urllml deriva tive of y 

with respect to A is denoted by 8~;,' 14 , that is 

where n = ( n 1 , · · · , nN ) is the unit nonual to r untwanl S l. We set TI0 = TI x {0} , 
Dr= n X {T} , QTT = n x ]T, T[, nT ={T E n I d(.?:, r ) > T} (rl is t lH' Ellclidcan 
distance), QT = nT x]T ,T[, for every T > 0 . Dcnot< ~ by Ynv (rcsp. Yuw) t.!w 
solution of (5) correspumling to (v., v) (rcsp. tlw solntiu11 of (8) corrcspundi11g 
to (a ,w)) , awl let 

y = {Ynv I (v., v) E Uad X Vad} and yr = buw I (a, w) E u;,d X v;,d} 

be the sets of classical allCI relaxed trajectories. Fur T E]O , T[ , fi > 0 awl 
¢ E Cb(Q U nr) , set 

rlc ( ¢) = inf II¢- z l lcb(Qunr) , rlc ,T ( ¢) = inf I i¢ - zl lc(QT), 
zEC zEC 

and denote by 

Yad(8) = {y,, v I dc(g(Ynv)) ~ fi , (u , v ) E Uad X Vad}, 

Y ad (o , T) = {y,v I dc.T(g(y,v)) ~ fi , (v ,v) E Uad X Vad }, 

the sets of admissible classical trajectories for (Po) and for (Po,T). I11 tlH' sawe 
Tml.TllH~ T' . v · .(fi) lresn. V" .lfi.T)) stands for the set of a<hnissihk rel axed trai ec-
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in place of Yad(O) (resp. Y~d(O)). As usur~.lly, we~ ddiuc the set of soltttious for 
(P) by 

Arginf(P) = {(JJ,11.,1!) E Yad X Uad X Vad I J(y,u, 1') = inf(P)}. 

The notation Arginf(RP) stands for the set of solutions for (RP). 

Al - ci> is a Carathcoclory function front Q X m.2 iuto m.. For ahuost every 
(x, t) E Q and every u. E lR, ci>(x, t, ·, 11.) is of class C' 1. The followiug cstiruatcs 
hold 

where q:.l E L 00 (Q), C\ > 0, 1) is a llotHkcrcasing full<:tioll frotll m+ into m+ 

A2 - F is a Carath{~odory function frolll Q X JR2 into m .. Tlte followiug cst.ittlal.cs 
hold 

IF(:r, t, JJ, v.)l :::; F1(x , tJri(lv.IJri(I?JI), 

IF(:r, t, y, v.)- F(:r, 1:, z, u)l :::; F1 (:r, t)rJ(Iu.l}'7(1ul)rJ(Izi)((IY- zl) , 

where F1 E L 1 (Q), T) is ddincd as in Al, and ( is au ill<:rcasing cont.itmous 
fuuc:tiou from m+ into m+ such that ((0) = 0. 

A3 - G is a Carath{~odory function from I: x lR into m.. TlH' following cst.i111atc 
holds 

where 

A4 - L is a Carath{~odory function from 12 x m. into m.. Tlw following c·stinmtc 
lwlcb 

where L 1 E L 1 (rl), al!Cl1) is as in Al. 

A5 - The iufitnulll of (P) is finite ( t.!tat is, there exists at. b1st. OIJ<' Hdll!issihlc 
triplet (y, v., v)) . 

3. Relaxed controls 

Recall that U is a compact subset of m.. Let M(U) be tlw space of Radott ttwa
surcs on U and L':(Q; M(U)) he the space of weak-star l!teasttraLk functiorts 
Q from I: into M ( U), satisfying 

es::; sun J()(x,t) I (U) < oo . 
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where IIT (x, t) I deuotcs the tota l varia.t.ion of tlw nwa:-;nrc (J(x.t). Tlw :-;prtcc 

L': ( Q; M ( U)) is a Banach spaccfor tlw nonu II()' II q = css SllP(rt.) EQ ( 1(/(rt.) I([!)) 
and can be identified with the dual space of L 1 ( Q; C( U)) by associating with 
each (J E L':(Q;M(U)) the contiunons litH'a r fonu ou L1 (Q;C(U)) ddined hy: 

(J: ¢ -----'> ; · rjJ(.T,t.,a(r,t))dult = ;· ;,· rp(.T,t , A) rf(J (cr,t)p..) rh:rll . 
. q .q.u 

The set of admissible distrilmtcd relaxed coutrols is defined hy 

u~d = {(J E L':(Q;M+(u)) 1 ;,· rJ(Jl"· 1l ()..) = 1, 
.u 

(x,t.) C J" ( t ) . Q} supp IT \ u .T, . a .c. m , 

where supp (J(x,t) dcuotes the su pport of the ttwasmc (J( cr.t) . Observe tl1at U ad 

can be considered as a subset of u~·d· Iwlccd every ·n E Uwt un1 he identified 
with the distributed rel axed control h11 ( . ), where h" <k uo tes t.lw Dirac llW<t.:-;me 
conceutratcd at v.. Since Ku : Q -----'> U is a Ittl'asmablc llllllt.iwappiug witlt 
llOllCI!lpty aud CO!llpact values, U~.·d is COllVeX, COll tpac1; CL!H [ :-;cqneutiallv COI!lj)<l<:t 
for the weak-star topology of L':(Q; /vi(U)) . :tvloreovc~r, U~d i:-; tlw clo:-;mc of 
U ad for this topology (sec Warga, 1072, il.nd Da ll, 1080). In tlw :-;anw wa:v, we• 

define the set of admissible bo1mdary rel axed coutrols 

v~d = {wE L:::/(~; M+(v) ) I / rfw (s, t)p, ) = 1, 
.fv 

snpp w( s ,t) C Kv-(.s, 1.) a.e. iu ~ }. 

The set v~d is couvcx, SCCjllClltia ll y COlli pact fur t lw wc~ak-:-;Utr topology of 

L':(~; M(V)), and is the closmc of Vn<L for t hi:-; topology. vVc also sd 

llwi iE = ess snp (lw(s,t)I(V)). 
(.s,I.)EL: 

4. Relax ed state equat ion 

In this section, we reca ll son1c cxist.cncc, nn iqncncss nud regnlarit.y rc~mlts for 
the relaxed ::;tate. 

DEFINITION 4.1 A .funr.t.'ion y E L1 (Q) is a WPJI.i.: WJ !uhon o.f(8) if, unci only if, 
1.'>(-,y ,a) E L 1 (Q) and 

/ y( - ~2 +Az)rh:rlt+ /' <l> (.T, I, y,(J ( c,t ))zrh:rlt = ./q [}!, ./q 

!. . ) . ~· . ( ( s ,t. ) ) i) z . uo z(O rb - 1v w -. ~ d.'i rU , 
. 0 . >::: dn11 
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The proofs of Theorem 4.2 and Theorem 4.3 can be adapted from the ones given 
for Theorem 3.9 and Theorem 3.10 in Arada, Raymond ( 1997A, D). 

THEOREM 4.2 lfu E L~ (Q;M ( U) ) u:nd w E L~ (~;M(V)) . then r:rJuo.f'ion (8) 
admits a unique weak solv.tion in L 1 ( Q ). Th·is sol'll.tion belongs l.o C:1, ( Q U D.·,.) 
and satisfies 

IIYcrwl loo,Q ::::; C(l lui iQ + llwiiE + I), 

where C = C(T, D. , N). Mo-reover, the rnappiny (u, w) ----> ?/crv.: ·is conl:inv.ov.s 
f-rom L';'(Q ;M(U)) x L~ (~ ; M(V)) (endowed with 'its stror1.g toy)(Jloyy) into 
Cb(Q U D.:r ). 

THEOREM 4 .3 Let (u ,w) be in L~ (Q; M(U)) x L~ (~ ; M(V)) snch that llu iiQ+ 
llw II E ::::; M. For all T > 0, the weak sol-ut·ion Ym .. · of (8) cor"Tes pond·ing to (a, w) 
·is Holder continuo·us on cr and satisfi es 

IIYcrwl b'·"/2( Qr ) ::::; C(T), 

where C(T) ::= C(T, D.,N , M,v ,T) . 

REMARK 4.4 If (a,w) belongs to u:,:d x V:,rl , then lluiiCJ = llwii L: = I. From 
Theorem 4.2 and Theorem 4 .3 , d follows that the solution of (8). co·rrespond·ing 
to ( u, w) , satisfi:es 

IIYcrw lloo ,Q ::::; c] IIYcrwllc:""/2 (QT) ::::; C2(T), 

where c) = Ct (T, n, N ) and C2(T) = C2(T , n, N , v, T). 

5. Compactness results 

5.1. Compactness properties of the relaxed trajectories 

Jn the following theorem , we state a continui ty resul t which is funcl arnentnl for 
the sequel. 

THEOREM 5 .1 The nwpping (a , w) ---; Ycr v.: is contimwus from u:,d X v:,": en
dowed wdh its weak-staT topolo.r;y . hdo C((t ). fr.rr all T E] O, T [. 

Proof. Let (un,w,J 11 be a sequence of relaxed control s converging to (u,u..:) f'or 
t.hc weak-star topology of u~rl X v~rl' Let :tin and Y crw be the solul.i ons of (8), 
corresponding to (un,wn) and (u,w) . Due t.o Theorem 4.2 a ucl T heorem -1.3, t.h e 
sequence (Yn) n is bounded in L00 (Q) and in cv,vf 2 (QT ), for every T E]O, T [ ancl 
for some !I > 0. Since Lhe imbedding front c v,vf2 (QT) in Lo C((r ) is compact , 
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converge!' toy for the weak-l'tar topology of L=(Q) , alHl (y,J, couvng<~s toy 
uniformly 011 Ct, for every T > 0. Ou tlw other baud , observe that y, sntish<~s 

/
. az ; · . 

Yn( - at +Az)rh:dt+ <I>(.?:,t,yn,rTn);: rh:dl = 
. Q . Q 

~. uz ;· - Iv(wn) -, - dsdt + uo z(O)rh: , 
·E unA .n 

for every z E C2(Q) ::-;atisfyiug z(T) = 0 awl z
1

E = 0. Frou1 asslllltptiom: ou 
<I> and due to Theorem 4.2, there exil'ts C > 0 (indqwndcnt of n) sucl1 t hat 
II<I>(-, Yn1 rTn) zl loo ,Q :::; C, for every n . Let z he in C2 (Q) sat isfying .:(T) = ()awl 
ziE = 0, and let f > 0. It follows that 

!. Dz ; · ~· uz 
I 

(Yn(--;;;-+Az)rh:dt+ <I>(.?:,t,y11 ,rTn)z rh:dt+ l v(w11 )-. • -r/.<;dt 
. Q vt . Q ' . E iJnA 

- / voz(O)d.xl ./n 
:::; I / <I>(;r,t,yn,O'n)z(:r,t)rl.ull l :::; C£N+l(Q \ Q') :::; G'f . 

.JQ\Q' 

With the couvergence of (rTn,wn)n to (rT ,w) for the weak-star topology of u;,:d X 

v~d and the uniform convcrgew:c of (JJn)n toy Oil (t, it follows that 

/
. Dz ; · 

I 
(y(--;-+Az)dxrlt+ <I>(T,t,y,rT)zrl:r:rlt+ 

. Q iJt . Q' 

~. Dz ;· 
Iv(w) Dn rl.wlt - :IJoz(O)rb:l :::; Cr . 

. E A . n 

By passing to the limit when E tmtds to ,;cro, we finally obtain 

!. Uz ; · y(- [)t +Az)rl:rrlt+ <I>(.T,t,y,rT)rh:dt= 
. Q . Q 

~. az ;· - Iv (w) -.. - rl.wlt + yoz(O)rb: , 
. E DnA . n 

for every z E C2(Q) satisfying z (T) = 0 <tll<l ziE = 0. T lwrdorc y is tlw solution 
of (8) corresponding to (rT,w) . • 

The result ::-;tated below describes the dcpcwlelH:c of tlw relaxed trajcc:Lories 
with respect to the corrcspondiug coutrols, and gives va luable iufomw.tiou about 
the topological stmctme of the set of rel axed trajectories. 

PROPOSITION S.2 Y,. is sequentially rou1par:t fm !;hr. us1wl /;opoloqy of C((t), 
fo,. all T E]O, T[. 

Prnnf. Let ( 71 .. L \ V" he a bounded scqllC!J<:( ~ . It corrcspmHis to a scq u< 'IICC 
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t here exists a subscquem:e, still indexed by n , a ll<l (a ,u:) E U,',·rl X v:;d , snclt 
that (a,, w,), weak-sta r couverges to (a,w) . Due to T lJCorciJI 0.1 , t.l!c scqlH'!Icc 
(y,), converges to Yuw unifonnly i11 Ct, for every T E]O, T[ . I 

Now, we are iutercsted in trajectories which arc adwissihlc for t,l](' r<' laxcd 
control problem (RP). As shown l>dow, the couipactucss prop<'rLv for Y;;d is 
iulwri ted from Y". 

PROPOSIT ION 5.3 Let {j be ·in 1n+ . The set. y;,·d(ti) is serrne·,i.l.ially r:o'lllpar. t f0'1 · 
t.he ns1w.l topology of C (Cr ), fo·r all Tin ]O,T[. 

Proof. Suppose t hat ti = 0 (the proof is t he sall!c for ti > 0). Lm (!J, )n lH' a 
sequence iu Y~d · Sill(:C yr is scqucut ia lly c·olttpact for the l.opologv of ('(Ct) (for 
a ll T E]O,T[), there exists Yuw E Y'' (associ a.t ('d with SOli!(' (a ,w) E u::rl X v;,·d) 
such that (Yn)n converges to Yuw llltiforutly iu ct , for all T > 0. lVlorcovcr , 
siw:e rlc(.q(?Jn)) = 0, it follows tha t ric ,r (.IJ(Yn)) = 0, for all T > 0. By passiug 
to the limit when n tends to infinity, alHl tlwu wlwn T t< ~lHls to Z<'m, we~ obtain 

dc(Yu w) = 0. Therefore Yu w belongs to Y;;d . The proof is <:Ol!I]lki.<'. I 

5.2. Existence and stability 

This section is devoted to t he mmlysis of the relaxed coutrol prohlc!II. 

PROPOSITION .'j .4 Th e ·mopJI'i'll.g (a , w) --+ ./ U!u w, a, w) .;,,, seq'11.entially r.ontin11-
011.s from. U~d X V~d' en.dowed with !.he 1lii'.Uk:-s/.a:r f.opoloqy, in f.o .fl? (.lf<Tw 'is the 
solution of (8) wr"!'espor1.ding to (a, w)). 

P roof. Let (a,,w,), he a SCCJllel!<:C ill u,;·" X v~·d COl!Vcrgiug to (a,w) for t!Je 
weak-star topology of u~d X v~d · Let Yn awl Yaw !Jc the solu t ious of (8), corrc
spondillg to (u,,w,.) a ud (!T ,w). Notice t liat 

J (y,. ,u,,w,...) - .l(1Juw, a ,w) 

!, (F (:r:, f,1Juw(:r:,t),a},"' '1))- F(:r:,l , yaw (:r:,t) ,a (:r.. t)) ) rl:l:rlt 
. Q 

+ / (G( s,t,w~s , t))-G(s,t , w (s, t )) )r!srll + j. (L (:~:, y, (T)) - L(,,y(T)) )ri:r: 
JE .n 

+ ; · (F(.T,t,y11 (.T , t) , a,\"'· 1
))- F(.?: , t , Yaw( .T,t),a~" .f )) ) rh: r/1 .. 

. Q 

Frolll assumptions Oll F a wl G, awl s i11<:<' (!T11 ,w,), col! vcrgcs Lo (a,w) for 
the weak-star topology of u;:d X v:,:d, ·we deduce tl1a.t 

lim ; · F( :r: , I. , 1Ju w(:r:,!),a~,:.,,' ) ) rh: d/. = ; · F (:r, l , ifuw(:r: , t), a('"·'l ) rl:t:dl. (11) 
11--->00' Q . Q 

] ; ,, / {'I , , 1 , ,( S .I ) \ , / ,. r lf _ / f"' I ,. -1 , • ( S · I )\ r f , . , II 1 1') \ 
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On the other hand , due to Remark 4 .4 i'\.ud Tlwon ~ll t 5.1 , the scqttcll<"<' (y, )11 

is hounded in Q, a nd couverges to Yaw ttui for utl y ou (r , fo r a ll T > 0. Front 
assumptions ou L, with Lebesgue's t lworc1u of d01uinatcd cuuvcrgeuu· appli<~d 

Oil nT l We Obtain 

lim / (L(x , y, (T) ) - L(.T , y(T )) ) rh: = 0. 
n --oo ./ n 

Finally, observe that, with assumption A2, we haVl' 

I /

. (F(x t · ( · t ) (J( .r .t ) ) r;'( · t· (· · t ) (.o: .t ))) 1 · J·t. i . Q . , , .,,lj,.?., . , n -r J., ., :tfaw ·1·, · ,rJn r .. ?.r .. i 

= I / / (F(.x , t , y, (.r , t ), >.)- F (.?:J , .I/aw (?: , t ), >. )) rlrT!,"·' l( >. ) rh:dt l ./Q .fu 

::; ;· max IF(.?: , t, y,(.T, t) , >.) - F (:r, t , !faw(:r, l ), >. )
1

1 rh: rlt 
. Q >-E U 

S C / F1(.1:,t) 7J( Iy,(:r , t )1 ) 7J( IYaw (J:,t)l) (( lYn - ifaw i(J:J )) rh:rlt ./Q 
S C / F1(:D, t) (( lYn - Yawl(.?:, t)) rl.T rlt , 

./Q 

( ] ::l ) 

where C = C( IIYnl loo ,Q, IIYaw lloo,Q1 U ) is a positive c:oust aut iudqwud<'ut of n . 
Therefore, with Lebesgue's theorem of d01niuated couvcrg<'!I(:C ( appli < ~d ou Qr) , 
it follows that 

lirn ; · (F(x,t , y,( :I :, t) , rJ~x,t)) - F(:r: , i ,y11w( J : .t ), rT ~,"' · 1 )) ) rh:dt = 0. (14) 
n~oo . Q 

The condusiou follows front (11) , (12), (10), a11<l (14) . I 

T HEOREM 5.5 Let 15 be in m+ The Telm:r.d Jl'I'Oiil P. '/11. (R.Po) adutil.s a/; l r.o.sf. On f'. 
8olu.tion. 

Proof. The proof is sta ted for 15 = 0. Silllilar argt u uc11ts !ltay he nscd for 15 > 0. 
We can ca.'lily prow~ that inf (RP) Em .. Let (y,,rJ,,w, ), he a lllillilllit:;iug S(~

<]UCllC:e for (RP). From Proposition G.::l a ll<l from tl w scqll(:utia.! co!upad.ucss 
(for the weak-star topology) of U~d X v:;d , we ded!l<:e t.lte cxist.cu<:< ~ of a. snhsc
quence , sti ll indexed by n , and (y, rJ , W) E Y~d X u::d X v;;d Sl !<:It t ]taJ, ( //11 , rJ11 , u...·, ), 
converges to (y, rJ, w) iu the C ( (t) x weak*- U~d x wea k*-v;;d topology, for a ll 
T > 0. Due to t he seqnential coutinnity of .1 (sec P roposit.iou 0.4), it fo llows 
that 

limJ(y11 ,rJ11 , W 11 ) = .T(y , rJ ,w) = iuf(RP). 
n 

In other words, ( 1/, CJ, w) is a11 op timal solnt.iou for (RP). Tlw proof is <:olllpld.c. 
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THEOREM 5.6 The n '- lm:ed pmblern (RP) is weakly stable on the f"'iqht , that 'is: 

lilll inf(RP0) = inf(RP). 
6'\,0 

(10) 

Proof. Let li > 0, and let. (y0 ,a0 ,w0 ) lH~ a :-;olut.iou of (RP0 ). It is cle;.;r tlwt 

inf(RPo) :::; inf(RP). 

\ilfithont lo:os of generality, we uu1 :onpposc that the c:cqnciH:e ( a 0 , w6 ) 6 converges 

to some (IT, w) for the weak-star topolo.e;v of u::d X v;;d . H foil owe: that (.l)t; )o 
converges to Yuw in C((f) for every T E] O, T[. Sill(:(~ rlc.T(.q(.tJ0)) :::; li for all 
T > 0, by passiug to the li111it for li aud tlte!l for T, we ohtaill 

Therefore (Yuw,a,w) is admissible for (RP), aucl 

min(RP):::; J(JJuw,IT,w) =lin! tuiu(flP0) :::; tuin(RP) . 
6'\,0 

I 

The following result shows that (RP) ic: dosclv rdatc~d to tlH· relaxed control 

problem (RPo,T ). 

THEOREM 5. 7 If Al-A5 are julfillr.d, then 

(Hi) 

lim lim inf(RPh) =lim lim inf(RPo.T) = inf(RP). 
T'\,0 0'\_0 ' 6'\_0 T'\,0 

(17) 

Proof. Let li be positive and The in ]O, T[. By a.rgnnicuts siJIIilar to tlwc:e nscd 

for Theorem G.G, we can prove that tlw prohlcJJI (RPo,T) adl!lits at least one 
solution W6,T, 1t0,T, w6 ,T ). 1\!Iorcovcr, it is ohvions tl1a1 

min(RP6,T) :::; min(RP0). 

• The sequence (1t0,T, w0.T )T>O is sCCJlH:lltially co111pad. for t:lw wc<tk-c:tar topology 
of u~d X v~cf· Then there exi::;t a subseqltctJ<:e, still iudcxcd by T fo r siJJiplicity, 
itml (IT6,Wo) ill u~·d X v~·d, SUCh that (1J,s ,T,W6.T)T >0 converges to (ao,Wo) for the 
weak-star topology of u~·d X v~cf· It follows tlwt tll(' scqnen<:c Wo.T loo <:ouvc•rgcs 
to !Jo = 7/as,ws for tltc nsnal topology of C( (~ ' ) , for all f E] O, T[. Let. w.; observe 
th<tt for f > T , we have rlc,Jq(J/o,T)) S rlc ,T (.q(Da,T)):::; 6. 13v pa.sc;iug to tll<' lilllit 
on T, aud ucxt ou E, we ohta.in 

dc,Jg(yo)) S 6 awl litu dc ,Jq(ys)) = rlc(.q(y0 )) :::; 8. 
c'\,0 

Therefore (y0 , u0 ) is admissible for (RP6) ntJ<l 

~ : ., (DO. \ / T ( ., _ \ _ 1: •.. T ( ;-; 1 ! ~ --· ~ .. : ~. r nn 1 ......- •.. : •. 1 nn \ 
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• It remains to prove (17). Dy passing to the li1uit in (Hi), wlwu li tcll(ls to 
""ero, and taking (10) into account, we obtain 

lim lim inf(RP0 r) = lim inf(RP8 ) = iuf (RP). 
6"-,.0 T"-,.0 ' 8"-,.0 

Let us prove the equality limr'-,.0 lims'-,.O inf(RPo.r) = inf (RP). Using tlw S<-UJH' 

arguments as for (16), we have 

Siuce (i70,r,w8,r)o >O converges (up to a sul>scqltellt:c) to sol!H' (!Tr,wr) for tlw 
weak-star topology of U~·d X V~d' we deduce t hat the SC(jllen<:<' (Do.r )o converges 
to Jh = 7/0'TWT uniformly Oil cr' fur a.ll ( E] ll, 1'[. It follows tlmt 

J~b dc ,c (.9(JJ8,r )) = dc,c(.9(Yr )) :::; 0. 

Since (ur,Wr)r converges (up to a snbscqucJH:e) to some (!T,W) E u:,·d X v:;d, for 
the weak-star topology of U~·d X V~d' and since (:lfr )r converges to :t/0';.; unifonnly 
on Q', we obtain 

and thus 

lim dc, , (g(yO'w)) :::; 0. 
c"-,.0 

Therefore the pair (Yaw,!T,w) is adll!issih](' for (RP) awl fimdly 

min(RP):::; .!(Yaw, u,w) = lilll lim.l(J/&.r,iTb.r,Wo.r ) = Iilli li111 wiu(RPo.r) 
r"-,.0 8"-,.0 · · · r "-,. 0 b"-,.0 

:::; min(RP). 

The proof is complete. I 

6. Denseness results 

In the sequel we state the rcsnlts 011 coutJt'ctiou hctwccu tl1c set of classical 
trajectories Y al!Cl the set of relaxed trajec tories Y". 

PROPOSITION 6.1 Y is dense in Y" with ·respP.r:l. to lh P. 11.snal t.opolo.rm ofC(Qr) , 
joT all T E]O, 1'[. 

Proof. Let (u, w) be in u;;d X v:,·d and Yaw bet]](' corresponding solntiou of (8). 
Since u~d X v~d is tlJC closme of Uad X Vad (for the weak-star topology) ) it follows 
that there exists a scqucucc ( 11., , v,) ,, C Uu.d x Vad couvcrging to ( !T, w) for the 
weak-star topology. From Tlworem 0.1, the scqucw:c (JJn)n (corrcspoudiug to 
(11.n, vn)) converges to 7/aw nuiforwly in Qr , for evcry T E]O, 1'[. The proof is 
complete. 1 

The next result. links t.ogct.!Jcr the ad!llissihlc relaxed trajectories al!<l the 
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PROPOSITIO N 6.2 Let f be in JR+ and T be in ]0, T[. Then. 

wh e·,.e clC(Qt) derwt.es the rlosJJ:t·e fo ·,. th. P. ·u.mol topoloqy of G'( Q'). 

Proof. Observe t!ta.t Yad(f, T) C Y;;d (r, T) C Y'- L<' t y E Y;;d (f. T) . Dne to 
Propositiou G.l , t here exists (u, , v,) E Uui X V ad snch t hat (y., )11 ( LIH ~ c;olnt.iou 
of (5) corn~sponding t.o (u.,, vn)) COilV<Tgcs toy lllliforut!y ill C)', for <il l I E] O, T [. 
On t he other hand , s ince litn , dc.T(g (y,)) = rlc,T(q(y)):; r, it. follows t lmt , for 

every 8 > 0, then~ exists n6 > 0 snch t l1 <1t if ·n > n 11 , !".hell we lmV<' 

dc ,T(g( yn)) S li +f. 

Iu other words , for n big!-';er thau n 0, we have 

Yn E Yad(8 + f, T). 

Dy the IIlli form couvergC'uce of (y)l )n to y ill cjt ' we dcd li Ce tl ti! t. 

li1~ll :tfn = y E clC(Qt )Yad (li + f, T) , 

a nd t h11s Y~d (r , T) C clC(Qt) Yad (li + r, T). TIH~ proof is cot ltpld.<·. I 

7. Properness of the relaxation 

Usi11g stability resul ts stated in Casas (lDDG), W<' lt <We proved ill Arada, H.a.,v
moml ( 1908), that the rclax a.tioll of co11t rol prohbns (P N) wit h llohill honud <try 

condi t ion gives sonw illfonua tio!l ou tlw lin tit l>< ~ havio r of tlH ~ JH ' r t ttrh< ~d prol>lcut 

(Pf): 

i11 f(RPN) = lin t i11 f(P['). 
b"-.0 

A m:ccssary co!lclition to get stH:h a. resniL is tlmt Y l>c dens<: in Y'' f'or tltc mmal 
topology of L 00 

( Q). A lWccssary and snfficicnt COli< li tion tu geL pmpcnwss of 
t he rel axa tion (i. e. to ewm re t hat inf (P N) = illf (RPN)) is tlta t tlw origiua l 

problem be weakly st a ble 011 t he right , t ha.t is , inf (P N) = lit ll fi "-.O iuf ( Pt). 

For problems wit h Dirichlet bo tnHla rv coudi t ious , t his r< 's lll t is uot. t nw . 
However , other properties cua blc l iS to gi V( ~ l l( ~ccssary aud sui n('i( ~ ll l ('011<1i tious 

for propem css of tlw rclaxatiou. 

L EMMA 7.1 Fo·r eve'I'J/ T E] O, T[ and 1'.'1!1'. 1'!/ 8 > 0, we ha·tw 
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Proof. We have to prove that inf (P.s,T) :::; inf (RP). If (Jj,a,w) i~ ; 1 solution of 
(RP), then for every T E]O, T[, JJ hclougs to Yad(O , T). Due to Propo~iLiou G.2, !7 
bclougs to clC(Q')Yad(fi, T), for all fi > 0 awl all t E]O, T [. Iu other words , Llwrc 
exists a sequence (JJn)n C Yad (fi , T) (Yn is the solntiou of (G) concspolHliug to 
some ('11.11 , 1!71 ) E Uad x Vad ), co11wrging to T; for the usua l topology of C ( Q'), for 
a ll t E]O, T [. Hence, 

inf (P 6,T ) :S .l(y11 , 7!. 11 ,Vn) for n big euougl1 , 

and thus 

inf(P6 ,T) :::; lim.J (y11 , 11, , v,) = min (RP). 
n 

The proof is complete. 

THEOREM 7.2 Conside·r the following sl.al.eut r.nt s: 

(1) inf(RP) = i11f (P), 

(2) inf(P) = lim lim iuf ( P6 .T ), 
6"-,0 T"-,0 . 

(3) inf (P ) = lim lim inf(P6,T), 
T"-,0 6"-,0 

(4)(ktginf(RP)) n (Yad X Uad X v(L(,) = Arqinf (P). 

I 

The state·m ents (1) , (2) a.nd (3) a:re eqv.ivalenl .. If p-mblem (P ) adm.il.s a ,,ofntion, 

then (1) , (2), (3) a.nd (4) a:re eqv.ivalr.nt. 

Proof. By taking (17) into au:onnt , a!Hl hv passing to tlw li1uit in (18) , w!Jcn 
T tends to zero and theu when fi tends to zero, we obtain 

inf (RP) = lim lim inf (RP6,T) :S Iilli Iilli inf (P o. T) :::; iuf (RP) . 
6"-,0 T"-, 0 6"-,0 T"-,0 

In the same way, by passing to the lillli t in (18), wlwn fi tcuds to zero a wl thcu 
when T tends to zero , we obtain 

inf (RP) =lim lim iHf(RPo,T) :S li1u Iilli illf (P o.T):::; iuf (RP). 
T"-,06 "-,0 T"-,06".0 

Therefore, 

inf(RP) = lim liru inf (P6T) = li111 Ii lli iuf (P .s,T ), 
6"-,0 T"-,0 ' 6"-,0 T"-..0 

and t he equivalence bctwccu (1), (2) , aJI(l (:1) i~ dirc('t.. Let ns pro\'(' t.lw eq uiv
alence between ( 1) awl ( 4). Suppose tha t ( 1) is sa l.istied. First , observe t.l!i·1.L 
Arg inf (P) C (Arg i11f (RP)) n (Yad x Ua.d x Vad) (in other words , a solntiou for 
(P) is a lso a solutioll for ( RP))' Let (J/, ii., Ti) E (A rg iuf( RP)) n (Ywt X u,d X Vad)' 
t!Jcn J (JJ, f1., v) = min (RP) = inf (P) n.ud (J7, i 1., ,.ii) is acliiiissil>lc fur (P ). Tlms 
(4) is established. 

Conversely, if (P) admits a solu t iou a ll<l if Arg iuf (P ) = (Arg iuf (RP)) n 
(Ya.d xUa<l x Vad), thcu it is clear that iuf (P) = lil iu (RP) . T l!C' proof' is c·oiii]lkt.e. 
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8. Strong stability conditions 

We say that (P) is strongly stable 011 the righ t, if 
• There exist 1J > 0 and f' > 0 snch that for < ~very li E [0, h] .. we lmv<~ 

inf(P) - inf (P.s) S fli . 

The condition of strong stability 011 the right lws bccu iutrodtt<"cd h\' 13ommus 
(19!)1) to obtain necessary optilllality couditions in qnalified fonu for sout<~ coll
trol problems (sec abo l3mke, 1001, a.ll<l l3oullalls, Casas, lD%). l11 An1da, 
Raymond (1008) , for control prohkllls witl t H.ohiu bonlHla rv <·oudil.iulls , we 
have proven that t lw strong stability couditiou 011 I.!H ~ riglJI·. for the l'!assicnl 
problcnt is cqnivalcnt to the strong sta.bilit.v coudition o11 til(' right for the re
laxed probleut paired with the propcrucss propcrt.~r. :tvlorc pn•ciscl\', for t ltc 
proulcJIIS considered in Anu la, Rayntoud (1908) , l3mwalls , Casas ( lDD0), CasR.s 
(199G) , the following assert ions arc cqnivakut : 

• (P) is strongly stable on the right. 
• (RP) is strongly stable 011 the right all< l i11f (RP) = iuf (P ). 

For tlw problmn we consider here , we lmve the followiug resnl t: 

PROPOSITION 8. 1 The following stal.e·ln.enl.s an; eq7i.ivalP:n.l. 
(Cl) (RP) is :;hongly stable on the ·riqht and iuf (RP) = iuf (P ) . 
( C2) Th e·re e1:i:;;t h > () and f > 0 .mr;h that 

inf(P) - lim inf(Po,T) S rli fa.,· em;·,·y liE [0, h]. 
T~O 

Proof. (Cl) implies (C2). From (Cl) we obtain the existcll<:<~ of h > () all<l 
f > 0 such that: 

min(RP) - min(RP.s) S rfi for <~vmy liE [O,h]. 

Due to Theorem G.7 , with the previous illcqttality we obtain 

miu(RP)- lint min(RPo,T ) S fli for every liE [0, h] . 
T~O 

On the other hall(! , dnc to Lcnnua 7.1 aud due to (C l ), we lmve 

lim inf(RP.s,T) S liut iuf(Po,T) S inf(RP) = i11f(P) for cver.Y li > 0. 
'7'~0 T ~O 

Therefore, we·~ cau write 

inf (P ) - lim iuf(P8 T) 
T~O ' 

= (iuf(P)- limlltiu (RP6.T)) + ( li111 lltill (RPo T)- lilll iuf (Ph 7 )) 

T~O ' T~O T~O 

f nn 



50 N. AR.ADA a nrl J.P. R.AY:\10ND 

(C2) implies (Cl). Conver:,;ely, if (C2) is sati:,;fied, tlwu 

0 :S inf(P)- lim inf(Po,r) :S Ni for every 8 E [0 )]. 
r ",O 

Therefore, 

0 :S iuf(P) - lim lim inf(P6 r) :S 0. 
6",0 r ",O ' 

Since lirno",olimr",oinf(Po,r) = min(RP) , we have iuf(P) = mill(RP) . For 

8 E [0, 8[, consider the sequence (8,), dcfillcd by f,, = 8 + 6 ~ 6 E [0 , 8]. Sillce 
8, > 8, the same arguments a..-; ill Lemma. 7.1 give: 

lim inf(Po r) :S lim inf(RPo .. r)· 
r",O "'' r ",O 

Since (C2) is satisfied , we have 

inf(P) - lim inf(Po r) < f8,. 
r",O " ' - · 

Then, 

inf(P) - lim inf(RPo,r) :S f8,. 
r ",O 

By passing to the limit when n tends to iufiuity, we obtain: 

inf(RP)- illf(RP6) 

= inf(RP)- lim inf(RP6,r) = inf(P)- Iilli inf (RP6.r) :S fti. 
r ",O r",O 

The proof is complete. 
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