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Abstract: In this paper, we first slww that the transfer func­
tion from the front steering angle to yaw rate is strictly positive real, 
irrespectiv<~ of the uncertain mass and ll!Jcertain velocity. \iVc tlwn 
show how to determine the positivity marg;in for this tramJcr func­
tion. Some stabilization rc::mlts arc obtained . Finally, we show how 
to check the positivity of a. controller family. . 
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1. Introduction 

Robust VdJiclc Control has attracted mm:h attention in control coJIIlliUllity over 
the pa.'>t few years . Achieving safe am! comfortable travel by robust co11trol is 
one of the most challeug;ing problems in control and systcl!ls rcs<~an :h. Recently, 
great progress has been made in this field, e.g., practical driving tests have 
shown essential safety advantages for a robust stcm·ing control law which is 
based on feedback of yaw rate into active front wlwcl steering. Bv tlw control 
law, robust uuilateral decoupling; of the lateral and yaw motions of the ca.r is 
achieved. Interested readers can find more co111prehcusive devclopnicllt in the 
receut l3ode Lecture presented at IEEE Coufcrcnc:c on Decision and Control 
(Kobe, Japan , December, 1996). 

The aim of this paper is to establish soJuc positivity rc:mlts for driver Sllp­

port systems, allCI 1tse these res1tlts to solve souw stabilization prol>lciiJ S. The 
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motivation of this research st<:ms maiuly frm11 the HmucroHs si111Hi a.tiou results 
performed at Germau Aerospace Rcscarcb Estahlislnucnt (DLR) . Tlw difficHity 
in this theoretic st11dy is that very colllplicatl'd uonliucar lllJCcrtaiuty strHc­
tme is involved, i.e., the 11m:ertaiu paratudcrs enter iuto systmu <'qHatiou iu 
a nonliHcar fashion. Tlms, most nwtlwmatically appc:aliug rolm:-;t :-;tal>ility 
criteria, e.g., Kbaritonov 's Theorem, Edge T heorem , Couvcx Din:ct.ion Crit<:­
rion , Tsypkin-Polyak Crit <~rion , Gar! off-\Vaguer Theorem etc., sec Ackenuauu 
(1993) , Kharitonov (1978) , Bartlett , Hollot and Hmtng (1088), T sypkiu aud 
Polyak (1991) , Garloff aml Wagucr (1006) , simply do uot apply. Griddiug or 
overbounding is not desirable, and can lead to crrmiCoHs or v<:ry cou:-;crvatiw• 
cond usions , Ackermann (1 093). 

Iu this paper, we first show that the trausfcr f11uct iou frou1 the frout. :-;t.<:<·riug 
augle to yaw rate is strictly positive real, irrcspcct.iv<: of tile ll!Jn:rtaiu 1ua..~s aud 
uncertain velocity. We thcu show hovv to dctenniuc the po:-;itivity wargiu for 
this trausfer function. Some stabili:Mttiou n :s11lts an: obtained . Fiually, we :-;bow 
how to chc~ck the positivity of a coutrolkr fa.l!Jily. 

2. Strict positive realness 

Cousider the driver support system, Ackcmmnu (1003) : the trausfc:r fuuctiou 
from the front steering angle {) f to yaw rat<' r i,; 

Sf:, (l f S + ':_rl ) 
G(s) = ------ zJ ~ m v 

.2 + (c,.+cr + c,.l,.+c.rlr) . + ( crc r12 
, c:,.l,.- cr lr) 

.s rYtv ]v ."'! 1 ~·h. Jv 2 1 J 

where the physical parameters are 
c,.: cornering stiffness for rea r wheels 
er: cornering stiffness for front wheeb 
1,.: the distance from the center of gravity to the rear axle 
l f: the distance from the center of gravity to the frou t axle 
'ril.: virtual mass, unknown but fixed, ·/h E [·,;:,- ,,;,+] 
v: velocity, unknown hut fixed , v E [v- v+] 
l: = lr + lr, wheelbase 
}: = i 2rr1. , moment of inertia 
i: inertial radius 

(l) 

DEF INITION 2.1 A p't'Ope1· tmnsfe·r fun ction ~i:i ·is said to be st.,.idly positive 

Teal (SPR) , if 

1) q(s ) is Hv.rwit z stnble 

(2) 
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For the city bus 0 305, it was showu by Ackcrrwum (Hl!J3) that t h<' trausfer 
function from the frout steering angle fir to yaw rate r 

9.1_ (l . + .£.1) J · f ·~ m.v 
(3) 

is strictly positive real , irrespective of the tlltcertain virtua l 111<1:,;::; .,11 awl tlllC<T­
tain velocity v . Iu what follows, we will slww that t his property is slt<tr<'d hy a ll 
vehicles. 

LEMMA 2.1 The tmn8je'l· function. 

.s2+b1s+b2 
(4) 

with positive coefficients i.~ st·rir:tly positive nxd, if and only if 

(5) 

Proof: Obviously, s2 + h1s + /12 is Hmwitz stable. !VIoreovcr 

~ a.1 (jw) + n.o 

(jw) 2 + h(jw) + h2 
(G) 

Since 

(7) 

aud all codficicuts a.0 , a. 1 , 1! 1 , 1!2 arc positive, the result ohviom;lv follows. • 

THEOREM 2.1 The tm:n.sje'l · fu'!J.cf;ion fmm. the front. stee·rin.q anqle t5r to JJO.'II! 

mte r 

9.1_ (l . +Ex!_ ) j •f .~ 1'fw 

,s2 + Cr_ Cf + ' r _ . ( S + C!C~ .. o + C, .. ,.-_cr f ( + c.i2+crl2
) ( 12 l l) 

m.v J v m.Jv - J 

is robv.stly strictly positive ·real. 

Proof: By Lemma 2.1, it suffices to show that 

cr!J ( c,. ~ cr + c,.t;. ~ crl]) 2 c!~·,.l 
J rnv .Tv .1'111:11 

Since .J = i2Th = l,.l 1·th , we ouly ll(~cd to show that 

c,.l f cr l r c,.l,. crl] (',./ ,. (',l r 
- · + -·-· +-+--· > - + -
·iiw ·t'iw Tl/.11 ·rhvl,. - ·thv ·th·u 

(8) 

(0) 

( 10) 
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3. Robust exponential stabilization 

LE!v!MA 3.1 (Ackermann, 1998) Unde-r the unity neqa.l:hw ferdba.d:. !.he dosed­
loop system. with a st·rictly posif'ive '!WI contmller· and a sl:rir: t.ly posil;i·ue noa.l 
plant is Hv:nm:t.z stable. 

DEFINITION 3.1 Given o: :::0: 0, a polynom.ial p(s) is said to be 1!•-sl.abk ·if Jl (s ­
o) is Hv:rwil.z stable. A pmpe'l' tmn,.;fe ·r fu ·nr:t:ion C (s) is said f;o /}(~ rv -SPR, if 
G(::; - o:) is SPR (st·rict.ly positive ·real). 

THEOREM 3. 1 Unde·r t;he 11:nity negati1'1'. f eedbad:, t.h e clo.,r;d-looJJ system. un:t.h 
an a-SP R contmlle'f' and an o·-SP R plant is o-stahle. 

Proof: Siucc the coutrolkr C'( s) aud tlH: plaut P(") arc 11·-SPR, hy ddiuitio11 , 
C(s - o) and P(.s - c~) arc strictly positive real. Hence, hy Lc1111lla J.l , nuder 
the unity negative feedback , the closed-loop systczu with controller C'("- n) 
aud plaut P(s - u) is Hurwitz stable . Hcll< :dorcc, Lhe d osed-loop systclll with 
controller C'(.~ ) and plaut P(s) is cr-st ahk 

Next, we wi ll discnss t he foll owiug prohlcz11 : Givcu a SP L1 plant , how cau 
we determine the largest u such t lmt the plant. is IJ-SPIF 

Cousidcr the SPR transfer fnuction 

(11) 

For city bus 0 JOG , we have the following data 
• l .r = 3.67 
• lr = 1.93 
• Cf = 198000 
• Cr = 470000 
• i 2 = 10.8G 
• v = 20 
• -ih = 32000 

Now, consider the shifted trausfer function 

G(s-a)= c. / 2 c 12 ( 2 . . 

( .)') + ( c,·+Cf + ' r+ f f) ( .) + c,c,.l + c., ./. ,.-cr f 1) s - o - - - - - 8-n· ~ -
mv Jv rn.Jv- J 

(12) 

= (c! (lrs + ~~r l - olr) ) / (s2 + (r:,. ~ 1'f + r:,.l; ~ r:rlJ- 2n) s+ 
J . '/1/.V . '111. 11 .l v 

~ ~. 2 ( (;1' + CJ I r:.,. l; + r:r l] \ '" _L ( !p;,./,2 _L ::,1,. - r:rlr 'l \ IHI 
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For G(:;- o:) to be SPll, all coefficients of G(.'<- o) llillSt lJc positiv<'. T his l<'ads 
to t he follo wing iueqnalities 

c,. l 
-_- - o lr > 0 
'/T/.'1! . 

I·) l') 
c,. + c.r c,. .; + cr . r - - - + _ - 2n > 0 

·ihv .h' 

0: - - _-- + - o: + - -- - + - > 0 2 (c., .. + C.f r·, /; + lflJ ) (10f.1"_.,.(2 1:,. /.,. -. i:f/1) 
III II .fv '/Jt.f '/12 .J 

With the given data for the city hns 0 JOG, tlw above iuccpmlit.ics bu l t.o 

o < 1.120G 

0' < 0.8400 

u 2 
- l.G81l' + 1.17(;4 > 0 =::::} o· < -t-oo 

l\tlorcovcr , by Lcllliii <t 2.1 , we Il!Hst also lia.v<' 

(
c,- + cr c.,.l; + r:r l] _ ?IJ·.) r.,. l I r - _-- + - - 2: -_- - ll'l r 

· '1n:u .Tv 11/.'/t 

This leads to 

IY s O.GG94 

(] 4) 

(1 ii) 

(Hi) 

( 17) 

(18) 

( 10) 

(20) 

(21) 

Therefore, whcucvcr (]' s O.GG04, the trausfn flllJCtioll C(s - II ) is alwavs srn .. 
Namely, G(s) is o:-SPll. 
Note that t he la rgc::;t ll' was dctenuiJied lllHlcr tlw assnu lptiuu uf JJJctXiillal ve­
locity and rnaximal virt nal mass. In other c:1scs , siguihcaut iiJ!]XovcnJcut cau 
he achieved. For example, if 

• v = 10 
• r'i1 = 1 GOOO 

then the largest o is 2.2;)7;) ; if 
• 'II = 1 
•. ,, = 32000 

then the largest o is 11.18G8. 
Cousider tlJC lead-l ag coutrolkr 

(22) 

with J( > 0, kn > 0, kc1 > 0. It. is casv t.o verify thai. C'( s ) is si.r i<:t. lv po:-;it.ive rca.!. 
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COROLLARY 3.1 Fo'f' any lead-lag r:ontmllex, th. P. r:losP.d-loop sysl.nn. wit.h. t.h.e 
plant tmn8,{e'f' fu:nction G(s) ·is ·robustly stable. 

From the above discussion, we s<:e tlwt tlw transfc.r fn11< :t.ion C(s) frun1 the 
front steering angle lir to yR.w rate r is nut mdv SPn., hut a.lsu 11·-SPR fur sonH: 
a E [0, D'maxl· Suppose kn > n, kd > o . TIH:n, it is easy to sc<: t.ltat C'(.'<) is abo 
n-SPR Hence, by Theurc1u 3.1, we lmve 

COROLLARY 3. 2 Fm· any lead-lag conl:mllP.·t· 

C( ) 
8 + kn 

s =K-­
s + kd 

(23) 

with K > 0, kn > ex, kd > n , the dosed-loop sy;;tP.m. wdh. t.h.P. plant. l;m.n8Je·r 
function G(8) is mbustly a-stable. 

In what follows, we will discuss tlw followin p; prohkw, sec• Wang (HJ04 ): 
Given a family of controllers, how Ci\.11 w<: check wlwthcr every <'olltrolkr is 
a-SPR? 

Consider the controller of tlw following fon11 

a S.m.+n .m-1 + + r · + r C(s) = m.· ·m-JS .. .. .. '·I·" J.o 
bn;;n + IJ,_l ;;n-1 + ..... : + !Jls + !Jo 

with 0 < a; ::; ai ::; at , i = 0, 1, · · · · · ·, '"'' aud 0 < ''.i < h_i < 
0, 1, · · · · · ·, n. 

For notational siwplicity, deuote 

r = {C'(s) I ai E [a; ,at], hi E [hj ,hj ]} 

r• = { C(s) I ai E { ai , of }, hi E { hj , I1T}} 

(24) 

ft+ J. = 
.1) 

(20) 

(2li) 

THEOREM 3.2 Eve·ry r:onl:rolle·r in r is (J•-SPR if and only if P.1if'.'I'Jj r:ont.mllr:r in 
r• is a-SPR. 

Proof: Necessity: Obvious. 
Sufficiency: Since fur every controller C ( ., ) iu r• , we lw.v<: 

RC(jw- u) > 0, 't/w E R (27) 

For any ai E [a;,nf],hi E {IJ.j,hJ}, C(jw - n) ca11 he <:xpn:ss<•d as tltn cuuv<:x 
combinatiou of {C(jw - n) I C'(s) E f * }. Titus , we have 

RC(jw- n) > 0, 't/w E R (28) 

Moreover, for any ai E [a.i , of], hi E [llj , I)J], siucc 
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similar arguments lead to the same couclnsiou. Hcuce, for <'WI'\' cuut rolln C (.~ ) 

in r , we have 

'iRC(jw -- o) > 0, Vw E R ( ;)()) 

This also shows that the S<~ t of dellOIIJillaLors of r cvalnat.cd a long :iw --- I I always 
<-~xclndcs zero. 13y zero cxclnsioll prilll'iplc , we kuow tlmt <~V<TV d<'IJUIIIiuatur of 
f is o -stable. Hence, every controller C(.~ ) iu r is n·-SPH.. Tl1is <'UII!fllctcs the 
proof. 

Froru the above rcsnl ts , we have the followin g couclnsiou: c i \'C ll it.] I 11-SP n. 
plant awl a fam i)y f of controllers , suppose all tlte COliHT ('OlitroJlcrs iu f a rc 

cv-SPR Then, every controller in r fl•-stahilizcs tlw p lant. ~H ill('h· , L]l(' I'CSlllt­
iug closed-loop system is It-stable. Ill oUwr words, t lw <·loscd- loup svsi . < ~ IIJ uot 

only is stable, hut also lllects some pcrfonllaJicc specifications , sc<• Waug awl 
Ackermann ( 1007). 

4. Conclusions 

We have showu that the trausfcr fnuctiou frolJI t he frout st.ccriug ;\llg l< · to yaw 
rate is strictly positive real , inesp<~<:tiV(' of tlw IUJC('Jtain 1n ass aud lliJC< ~ rt.aill 

velocity. We have also showll how to dct< ~nuinc t he posit ivity 111 Ci.rgin for t his 
trausfer functiou . Some stabilizn.t. iou r!'sults have been ohtaillcd. F ill a lh·, we 

have shown how to check tlw positivity of a coutrollcr falllil y. 

References 

ACKERMANN , J. (1993) Robust Conl:ml: Sy.•d P.'/11.-' w-it.h U11r:rrta·i.n Physical Pa­
m:rn. ete'f'.s. Springer-Verlag , London. 

BARTLETT , A. C. , HOLLOT, C.V. awl HUA NG, L. (1988 ) Jloot. lo('at. iou of c\.11 

entire polytope of polynomia ls: it sntficcs to cbcck tbc !'dg< ~s. Mathrm.atics 
of Cont·ml, Signals a.nd Syst.em.s, 1, 1, (i 1-71. 

GARLOFF , J . and WAG NER, D .G . ( 1996) Hada tJJ anl prodnd.s of stahlc poly­
nomials a re stable. J ou:nw.l of Jv[alheuJ.aticu.l A-u.a.ly.,·i.s u:nd A J!]Jlicahml .. , , 

202, 8, 797-800 . 
KHARITONOV, V.L . (1978) Asymptotic stability of all <'<jltilihrinltl po:-;itio11 

of a. family of :-;yt;tcms of )ill(~a r difkrr~11ti al cqnatim1s. D·i.fj'r:rential 'nye 
Uravne-m:ya. , 14, 11 , 208G-2088. 

TSYPKIN , Y . a11d POLYAK, B. (1991) Frcq ncw:_v dmuain critc ri a fo r /7, rohnst 
stability of contiHnons linear syst<'IHS. I EBB Tm:ns. on A utom.al.ir: Contml, 
36, 12, 14G4-14G0. 

WANG , L. (1994) R.olmst strict pos it ivc n •alucss of t ra nsf<·r fnnction fa.H1ilics. 
System .. ~ Science a.nd .Ma.l.hem.a.t.ir:a.l Sciences, 7, 4, :371-:378. 

WANG, L. and ACKERMANN , J. (1997) lnhen~ nt. Rolms/, StabiW;y of Dl"i.·ue·,· 
SuppO'I-t S yst e·rn.s. DLTI. Jlcport , W!'ssliug. 




