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Abstract: In this paper we stndy some properties of iuhuit.c 
models of tlw coutrollecl evolntiou of dmg resistaun•. 'vVe CO!tthiuc 
asymptotic tcdmiqncs used in prcvions stndics of situilar lttodds 
with tnctlwcb of control theory and of scmigronp theory. H <'11<1 hks 
us to find coucli tions for stability of tlw ll!odel hoth w!Jeu t.lw ,;cu­
sitivc populatiou is aunihilatcd ~ud wlwn there: c:xists a pcnttaHctd; 
influx from the seusitive compartuwut iuto tlw dm)!; rC',;is taut. o11c. 
The con eli tious arc expressed i11 tcr!lls of rda.t ioushi p,; bctwcc·H att J­
plification aud clcamplification ratios as well Rs awragC' life tiJ 1 ws of 
cells am! intensity of auticanccr cl mg a.ctioli. 

Keywords: stability, infi11i te di11 J<'llsiona.l systems, hiott J< ~ dical 
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1. Introduction 

1.1. Biological background 

The amount of DNA per cell rcmaius coustaut frotu one gctwration to a11otlwr 
because during each cell c~rck the cutin: coutcnt. of DNA is clnplica1.c:d awl then 
at each mitotic cdl division the DNA is evenly appottioncd to two da nghter 
cells. However , recent cxpcrittwntal <'vidence shows t. lw.t fur a fractiot1 of DNA , 
its amotmt per cel l and its stm<:tnrc: unclc~r)!;O contilliiOtts clmHg< ~ . One wav in 
which the gcuornc of cmH:cr cells JIJay rapidlv evolve is by ill< :rcasillg tlw copv 
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can be euhauccd by conditious that iu terfcre with DNA syutlwsis a.ucl is iu­
erea...o.;ed iu some mutant ami t umor cells. lncrcas<~d JIHi ll l>cr of ).!;CIIe copi< ~s may 
produce an ill(:reased amount uf geuc prod ncts aud , iu tiiiJ IOr cells, coufn resis­
tance to dwmothcrap<~ ntic dmgs. Aiuplif-ica tiou of OJH:ogeues lms lH ·<~JJ observed 
iu many hmnau tumor cells and also llla.y c:ouf(T a growtl1 advantage ou cdls 
which overproduce t lw oll<:ogcue prod ucts (for au overv iew sec snrvevs bv Stark , 
1093, and Windle and Wahl , 1002). In t.Lc classical c ~xperiuwuts of Sdtilllke 
awl his coworkers , Drown, l3cvcrly, Sclti1ukc (.L !.l81) , l(a llfuiau, f3wwn , Schilllk<~ 
(1081), the autiuwccr dmgs served to select cells wi tl1 a1nplified geucs. Iu son1c 
of cell lines, when the selective agent was rcllJOvcd, the cells with amplified g<mcs 
gradually disappeared from the popnla tio11. The stocha.-;tic Ju<·dtauisru leading 
to this reversal is discnssed in more detail fmthcr in this se<:tiou. It was ob­
served that iu sud1 cases tlw amplified geues were locat<:d ou extradJrou1osonml 
fragments of DNA called Double Minui P. Ch:muwsou1e:; (DM \). Iu other cases, 
the amplifka.tiou was stable, i.e. persi:·J.ed after the sclcc:tive ageut held been 
removed . In such case~ , t lw alllplificd p;< ~nes nsua ll y arc located ou donp;at<'d 
chromosome anns. The rnost regula r of tlicsc clonp;ated anns exhibi t a n:gnlar 
band struct.me (the so called H onwq r.:w :ou .. ~ly Staining Req·ions or HSR \), bu t 
other less regular strm:tures arc also observed. Tbcy arc either caused by rciu­
tcgratiou of t~xtradl[(m!Osowal gcucs as proposed by \Vi!J(llc a!J(I Wald ( 1002), 
or they arise by a separate llll ~dw.nism a.o.; proposed by Stark (1003). IVIatlwlllat­
ical models show that depeJH!iug ou cin : ltJJJ sta.uc< ~s each of tlw two va.ria.uts of 
stable amplificatiou is plausihk , Axelrod, l3ap;gerlv, I<illnud (1 003), (sec also a 
critique by Hamcvo, Agm, 1002 ). 

1.2. Probabilistic modeling of unsta ble a nd stab le gene amplification 

1.2.1. Unstable gene amplificat ion 

Sumrnary of observations. In soJ JW populat.ious of cells with do1 1hk JJJiuntc 
chromosomes, both t he ill<:rcased dmp; n :sis tance a!J( I t he iucr<'asc in JJilltJh('r of 
geue copies a re TeVe'!'s·ible. The classical cxpcriJII CJJt , l3rowu , Bcvnlv, Schirukc 
(1081), Kaufman , Browu, Schim ke (1 081), couhnniJJg t. !Jis, i!J( :lllcks t.ra usfering 
the resistant ccllliHc into drug- free IJJcdi uu 1, w lwrc c:ells grad nall ~' los<' rcsis titJJce 
to the drug by losing extra gene copies. Iu t!Jesc cxpcriweuts , tl1e clilJydrofo l at<~ 

rcducta..o;c (DHFR) geJJc was amplified after cxposiJJg nuJriJJe 3TU cel ls or IJIOuse 
sarcoma S-180 cells to 111etlwtrexatc (lVITX) . The pop11lat iou dis t rilmtim1 of 
numbers of gene copies per cell can be cstinmt<:d by flovv c.yh.Jtudry a.ft . <~r staiJJiJJg 
gene products. In the cxperimeJJts IIJ<:Ht.ioued , two f< ~atmc:; of t hesC' distrilmtious 
a rc notable. ( 1) As l-~xpectcd, t he proportioJJs of rcsist aJJt cells ( wi tl1 a.JJJ plihcd 
genes) decrease wit h time. (2) L<·:~s obvious, t lH' shape of tlw distribution of 
the number of gene copies limited to t lw resistant c:cll snhpopnlat iou seems to 
remain stable during the loss of resistauce. 
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tance t->hould take into account (1) stochastic dmllgcs ill llll!tdH~r of gcw~ copies 
from one generation to another and (2) tlw stochastic variabilitv ill cclllif<'Li!llcs. 
One stochastic proccst-> which accomoclates both (1) awl (2) is a raudu!!I walk 
superimposed on the time-continuous l>ra.nchillg process of cell prolifcratiou, ie. 
a bmnching mndom. walk. We consider a popnlation of abstract particles of 
types j = 0, 1, 2, ... : 

1. At the momcllt of death, a particle of type j 2 l prod ll(TS t.wu progeny 
particles each belongillg to type j + 1 wirh probabilitv /1, to tvp<~ j - 1 
with probability rl, aml to type j witl1 probability 1 - h- rl. A partick of 
type j = 0 produces two progclly of type 0. 

2. The process is initiated at time t = () by a sing!<~ partick of givcll type i. 

The simplest modelt-> of gcllc amplificatioll in KiumH~I, Ax<'! rod ( J 00U) assll!li<~ 

the above process. Cells with 2·1-l gcllc copies arc said to hclollg to type .i 
(with 0 gclle copies, to type 0). The paramt~t<·~rs /1 awl d arc tlw prolmbilit.ies 
of gene amplification awl dea'lll.plification, n~spcctivdy. The lliOJIICllt of death 
mentioned in point 1. represents ill this cas<' the momcllt of cell divisim1. Ollc 
of the properties of l\!Iarkov process<~s with ahsorhillg sta.t<~s is tlw possibility 
of cxistcllCC of the quasi-statiolla.ry distrilmtiolls. In intnitiw tcniis , tlw 1\l!et.b­
sorbed part of the probability mass of tlw process, wltilc cmisLa.lltlv shrillking, 
approaches a limit if it is properly llonncd. The Yaglom tlwornu fur snlH'rit.­
ical branching processes, Athreya, Ncy (1972), can he qnot<~d a.s at1 <'XHlupk. 
It is this property that explaius the appa.rellt stability of distri lm tiolls of ).!;e!w 
copy number per cell ill the resistant snbpopnlation, placed ill tlw nou-scl<'d. iv<~ 

medium. 

Model versus data. The munerical values of the probabilities of gew· alllpli­
fic:ation and dearnplification can be estimated ba.sed on data ill Drowll, Beverly, 
Schimke (1981), Kaufrnall, Brown, Sdtimkc (1981). The probabilities of demti­
plification (d) arc of the order of ().1() ill both cases, wl1ilc t.lw probabilities 
of amplification (h) arc about 0 times lower. Tlw process is stwug;ly sniH'riti­
cal. This means, in particular, that ill tlw ahscw:(~ of sdccl.iou , tlw <t.Ill]llificd 
phenotype disapp<~ars from the populatiou. It call lw revived hy rare Ji'f"im.a.ry 

events, such as amplification of cxtrachronwsoma.l gcllcs followiug a dektioll of 
the target gene from the chromosome ann (sec fmtlwr ou). 

The classical explanation for the loss of resistance ill cells with aniplificd 
DNA in extrachromosomal clements is that ill the ahscllcc of selective prcssnrc 
cells with extra geue copies grow slow<T awl arc ontgrowll by tlw scusitiw cells. 
Our rnoclcl assmnes a pmdy stochastic Iuedmllism. 

1.2.2. Stable amplification 

Summary of observations. In the cxperiliiClltal systeu1 of Wiudk, V/ahl 
(1993), the amplification of the DHF!l geue wa.<: observed ill a Cltitws<' Ha.!IISt<~r 
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challenged by MTX. Amplified gem:s n :sidin)'.; 011 c:xtra.chrollJOSOlJJ <'d deuwnts 
were observed in cell cultmcs 8-0 ge1wra.tions later , while prnlOJJJiwtutly chro­
mosomally amplified genes were seen after about 30 gcncratiow:1 (oul .r these two 
time points were investigated). This uw I H' iutc:rpn:tc~d as au indication tlmt 
some extrac:hromosonml elements con taiuiuJ.>.; amplified gene copy lllllJJ hers arc 
eventually reintegrated into chromosomes. 

Mathematical model and its predictions. In tlw Ill()( l <-~ 1 d< ~vised to n ~pro­

dnce these observations, Kim mel , Axel rod , Wahl (1002), tlw basic iHdivisihle 
unit which serves as the template for the production of additiona l ).';ene copies 
is the amplir:on, which conta ins at leR:;t one copy of tile t.a r)!;d g<·ue . The si:tc 
of such structures could range from suhl!licroscopic to a11 entire antJ of a chro­
mosome and they may be circular or liuear. The ar:rnt:,-ir: (,-eplir:at:-in_q) el10·ment 
(ARE) is understood to be an extrachrolli OSOII Ja iillokcnlar st.nH:I:me coutaiuiug 
one or more amplic:ons but no ccntrOiucrc:. A cc:utrolllc:rc: is required for regular 
segregation to daughter cells. The '!'einf:egm.ted elcuJ enl. (RE) is the AHB after it 
has reintegrated i11to a chrolllosouw. T lw followiug pro<:< :sses <-en : cousidc ~red iu 
the model: (a) change in the nHinber of AREs per cell , (b) dmnge iu tl1c Illlltl­

ber of amplicons per ARE, and (c) reintegrat im1 of AREs int.o dJruJHOSOJJJCs. 
Types of elemeuts: AREs CO!ltaining i = 1, 2, ... alllp licous , etll<l n .Es C'Ulltaiu iug 
i = 1, 2, .. . a111plicons. In each cell generation , with prolmbilitv ii., t lw ARE con­
taining i amplicons rcplica.t<:::; to yield a prod11ct witl1 2?. HI11plicou copies. The 
catenated replication procl11ct then dissocia tes prod Heilig two ac:cutric: lllolccui<:s. 
Thi:-; process results in a pair of lllolecnlcs c:onta iuiug, respectively, j all(! 2i- j 
arnplicons, where j = 1, ... , 2i - 1. It i::; a~:~snu1ed tli<~t tlw probability of each 
pair (j, 2i- j) is the same, equal to 1/(2i - 1). The lllol<:c:nks scgn:gat<~ so 
that they both go to the ~:~ame da11ghtcr cell with prob<~hili ty li , aud go to dif­
ferent daughte r cells with probability 1 - li. With probability h tlw AilE with i 
arnplicon copies replicates to y idd a product wit li 2i a.lllplicou copi< ~s , hnt. this 
replication product does not dissocia te. It then goes with eq nal probabili ty to 
one of the two daughters. With probability (: = 1 - (a.+ h), pn cell gc ~ncra.tion , 
the ARE containing i copies of the amplicon, integrates iuto a c:hrouJosollw with 
a centromere and then replicates awl scgn:gatc:s witb tlw c:IIrolllOSOI!l<~ - Thi::; re­
sults in each daughter cell containing an equal nmnber of TI.E copies. T hus (: is 

the probability of reintegration. 

Resistance to antineoplastic drugs lias been a major illlpcdiment to the snc­
cessful treatment of cancer. Recent studies suggest tha t sevcra.luJedmuisms arc 
responsible for the emcrgenu: of dmg resistauce all< I t hat high levels of resistauce 
and poor prognosis arc strongly associa ted with gcue or oucoge1w a lliplificatiou. 

In our previous papers , Swiemiak , KiiJ Jll Je , Pol<u!ski ( l!:l0G) , aud Kimn wl, 
Swiemiak , Polmbki (1008), we hav<: aua.l yzed the tilll('-<:oUtiuuons hmuc:hiug 
randmn walk models of gene amplificatiou. Tbe evolntion of tbe drug resisUmce 
of tnmor cells i::; Inoclelcd, as iu Kimmel, Stivers (1004) , nsiug infi11itc : svst.<:IIJ of 
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tau t subpopula tion of t umor cells in t lw case whell the sellsitiv<! p opulatioll is 

a nihila t cd a ud the process has b een ini t ia lized by t lw llonzew resistall t s tthpo p­

ul a tion of type 1. IVIon!ovcr, t he case of initial collditiolls wit !J ill fi ui tdy n1 a ny 

nonzero elem ents has been considered. It represents the sitlla tion iu wl!ich a 

significant Sllbpopll!atiou of resistan t cells lms reached a litrg<' lllll llher of gew ! 

copies aucl becom es a persisten t som cc· o f p roliferating m a lignan t cel ls. 

2. Model of drug resistance 

\Vc consider a popnlat iou of ucopl <tstic cell s st rat ili<!d iuto snl >p upt Il r1.tions of 
cells of di ffe ren t types, la beled by ntu ubcrs i. = 0, 1, 2, .. .. If t!H' hio lugical pro­

cess collsiderecl is gene a inplificatiou , t l!en cd ls o f difk reu t types arc idcut ifi<!d 

wit h differen t Jllllllbers o f copies of t he dmg resistance gene and diffc riug levels 
of r<!sis tancc! . Cells of type 0 , wit !J no copies of t he ).!;ene, a n · s<'nsitiv<! to t.he 

cy tostatic agent. Due to t l1c nmtat iou a l event t he S<'llsit ivc cell o f type () ca n 
acqni re a copy of gene t hat m a kes it res istallt to t he agent. Likewise, the divi­

sion of resistall t cells call resnlt ill t]l(' chauge of t lw Illllllher o f gell<' copies. T l!e 

resis ta llt subpopulatioll consists of cdls of ty pes i = 1, 2, . . . T lw p wha bility 

of mutational even t in a scllsi t ivc cell is of several orders sma ller thall t lw prob­

a bility of the c:haugc in !lll!nbcr of gclle copies in a resi::;tant cell. Sill< :!! we do 

no t limi t t he mu nber of gene copies per cel l, t h<' !llllrd H!r of dif-fcwllt cell typ e::> 

is dcwunerably infini te . T he hypothese:-: a r<' as fo llows: 

1. T he lifespans of a ll cells arc indc pcnd<!llt <!Xpoucn l. ia llv d istr ihn red rmul onr 

va ri a b les with 1ncans 1/ A; for cel ls of l.ype ·i. 
2. A cell of type i ~ 1 IIJ HY mntatc in a short t i111 e ill tc rval (t, I + d!. ) in to a 

typ e i + 1 cell with proba bility /, ;rfi. + n(r!.t ) a nd into tvp<' i- l (;(' 11 wit!J 

proba bili ty rl;.dt + n(dt:). A cell o f ty pe i = ()may 11111 tatc iu a s!JOrt Li111 e 
interval (t, t + rlt) into a type 1 ce ll wit h proba bili ty o r// + n(dt ). where r~ 

is several orders of m agnitude sn mllcr tl1a n HllY of h;s or d;s, i .e . 

C.l' << m in (rl; , hi), i ~ l. (1) 
3. T he chemotherapeutic agen t affects cells of dif-fmcnt types di H<Tcn t ly. It 

is a..'ismned t hat its action rcsnl t::; in fract iou u i of ind fc<:t iV<' divis ions iu 
cclb of type i . 

4. T he process is ini tiated a t Lime l = 0 by ~t p op tdatioll of cells of d ilfe reut 
typ es. 

If we deuot.e by N; (t ) t he expected IIIIIllhCT o f cell s of type i at t in w t , a nd 

we assume t he s im plest ca.'ic , in which t he resistant cells arc insm isil.ivc to dm ).!; 's 

act ion , and t here a rc llO differences b etween pant.u1 cters of cells of dif rc rcnt type 
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has the following form: 

N0 (t) == [1- 2u(t:)]>.N0 (t) - o No(t) + dN1(t) , 

- (h + r! )N1 (t) + r!N2(t ) + nN0 (t), 

(2) 

-\N;(t) - (h + d)N;(t) +rlN;+t (I ) + IJN;_l(t. ),i?: 2, 

It is worth noting that parameters h aJHl r1 iu this uiOdci deuot( ~ probability 
intensities and uot the probabilit ies as iu snbs(·~ction 1.2, bu t we ItS(' t ltc sautt~ 

uotat iou since that their rncauing is rekva.ut. 

3. Stability of simplified model 

Systems of the type ( 2) are uot as straightforward a.s fiuitc cliJtll ~11siou a.l systeuts 
of differential cquatious . However, a t k~as t in silllpler cases, th(~ir asylllptotic 
behavior ean be eharacterizccl quite prccisdy. As au cxalllpk, let ns cousidcr 
the following system: 

(3) 

This is a. model of a population in which the sensitive cells are i11stautly rtll­

nihila.tecl, and there is no infl ux of new resistant cells. Let us take N(t) = 
Li>l N;(t). Suppose that Ni(O ) = 15;1 awl d =1- h. Denote Laplace tra.usfonns 

of N;(t) and N(t) by N;(p ) and N(p), n :spcctively, N;(p) = f0
00 N;(t )e-~' 1 rlt, 

N(p) = ./~00 N(t)e-ptrlt. Th(m W(~ ltavc (fori= 1) : 

•n- A-l-h-1- rl - ,/(·n- ,\+ IJ + rf)2 - 4hd 
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and 

N(p) = 
p - A + h + d - v' (JI - /\ + h + r/)2 - 4/Hl + _1_ 

211(p - .A ) fJ- .A. 
(0) 

This result can be fonnd by cousickring t.!Jc gcucrating fnw:tion of tlw Laplace 
t ransforms of functions N; ( t ): 

N(p, ::;) = L N,(p):/ , ;; E [0, 1], 
i? l 

We also take 

No(::; ) = L N;( O).s; . 
i.? l 

By performing necessary manipnlat. ions in tlw system (2), we uhtaiu 

' ( r/) ' N(p, s) p- .A+ h + rl - lis -· ~ = No (.~)- r1N 1(p) , 

or 

N (p, s) = s[No(s)- rlN1 (p)] ·. 
- !J ;;2 + (p - .\+II + r/);; - d 

(G) 

(7) 

(8) 

(9) 

From the ana lyticity of N(p, s) , we concltu le t !Jat t. ]l(' mmwrator of (0) has to 
be equal t.o 0 if ;; = s 1 (p), where s 1 (TJ) is t he root of the dmtoutiua tor w!Jic!J 
satisfies s 1(p) E (0, 1] wlwu J! E [A, ex)): 

p- .A+ h + rl- j(p - .A + /1 + r/)2 
-- 41Jrl (l(l) 

-' l(P) = ---. 
21J 

T herefore, we have 

N· . (· ) _ NolsJ (p)] 
1 p - - . 

d 
(ll) 

Takiug N0 (s) =;;as <1SS1l!Iled and snhstitnting (11) in to (9) we obtain , if;; = 1, 

i!(p, 1) = 
jJ - A + !J + d -- V(JI - .\ + !J + rf )2 - 4/Jd 1 

+ --· 
2/I (J; - .A) !' - .\ . 

N(p , 1) is t he Laplace t.nmsfonn of N (t) = L ·i?I N;( t). Not<· tltat 

(p + !J + d)- )(p + b + d)2 - 4 /Jrl 

is the Laplace tramJon11 of 

(2vhd/t) J1 (2 .fMt) cxp[( --I!- d)t ], 

where h (t) is the modified I3( ~ssd fnw:t iou of order 1 

(1 2) 

vVc have the followiug rcsnl t ftolll KintliJCI : Swicl'll iak, Pola!lski ( 1098) ob­
tained using t.!Jc ll!et lwds of Kimmel, Stivers ( 1994), based ou Uw inverse 
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THEOREM 3.1 Unde·r p·reviously nw.de o.ssu.m:ptions: 

(1;j) 

MoTeover·, 

N(t) 

( 14) 

as t ---+ oo. 

Let us note that the term at e>-.t in the asymptotic cxp<msion disappears if 
d > b. This separates the behavior in the supercritical case from tl1at in the 
subcritical c:a..se. In the former , the resistant population grows exponentially. In 
the latter, it decays only if /d.- Vb > ..[)... If A is considered tlw only parauwter 
affected by control, this rneaus that unless sOindww accessed by c:ytostatics, the 
resistant subpopulation may maintain itself even in the subc:ritic:al case. The 
asymptotic behavior of the resistant snbpopnlation was anal y~<·d for t he cas(~ 

where the initia l condition contaiucd only Ol!C nomcro clcmcut N 1 ( 0) = 1, while 
N;(O) = 0, i > 1. It is possible to extewl tlw.t approach to the c<tsc of two or 
more non-:~;ero elements. The number of noHz<~ro i11i t ial <:oHditioHs umst he , 
however, finite. 

Now we will allow infinitely many eiel!Jcnts N; (0) not equal to 0. We will 
formulate the stability analysis problem i11 the tenus of spectral properties of 
an appropriate operator. 

Let us assume the following cowlitious which t>;namnLee, based on the previ­
ous results, that the solution sta rting fro JJ J N1 (0) = 1, N;(O) = 0, i > 1 decays 
expouentially to ~ero, a..-; t --> oo: 

d > b, 

yfd - .jb > ..[)... 

(1::i) 

(16) 

It seems most appropriate to choose the iuitial cowlition fr01n spRee 11 of 
the absolutely surnmablc infinite sequences wi th t he 11onn 

INI=LINJ ( 17) 
i~l 

However, t he 11-norm may grow to infini ty for sotnc solutions. 
This suggests formulating tlw problem iu a difi'crcnt space, iw:lll<bl in 11 , 

which imposes additional conditions on tlw rate of decay of N ;'s. Let 11s wri t<~ 

system (3) in the form 
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where N(t) belongs to a Banach space I3 all([ A is uow a liuca.r oJwra.tor ltta.ppiug 
I3 into itself. The form of A is implied by systc!ll of cqni'l.tions (0) and nmy be 
written as 

A = (A - !J - d) I + rlF + !JP, ( 10) 

where I, F, P arc identity, left aud right shifting operators rcspcctivcl~r . VV<' will 
consider B being the space l~ of infinite scqncnces sunutial>lc cxpoucntia.IIy with 
baseR > 1, i.e . 

N E if ¢:::::? IN IR = L INi iRi < 00 . 

i 2: 1 

(20) 

The l~ spaces arc I3auach spaces with uonns givcu by (20). TlH' dcuwuts of 
sequences that belong to l~ are, generally, c:mupkx ll l lllllH~rs . It cau he vcrifi<~d 
that A maps each of the if spaces into itself, awl t ltat it is a bonwlcd linear 
operator. 

It is well kuowu that the a~ymptotic bdtavior of the llOl'lll of solntio11 is 
related to the spectral properties of the (bonuded) operator A (sec <'.g. I3cn­
soussan, DaPrato, Delfour, lVIitter , 1002) , 

(21) 

where uR(A) denotes the spcctmm of A gctwrally diffcreut iu each of the If 
spaces and ~(p. ) is a real part of complex llllltther 11.. 

To ex<unille this spectnun, we write the following cqnatiou , 

L = (p.l- A)N, (22) 

where L, N E if. Calcnlating the gcucratiug fnuctions for both sides of Eqn. 
(22) we obtain, 

or 

d 
.C(s) = [-bs +(fl. - A+ b +d)- -]N(s) + rlN1 , 

s.C(s) - srlN1 

,<; 

[-hs2 +( fl.- A+ li + rl)s- d]N(s ) 

-li[s - sl( ft.)][s- s2(tt)]N(s), 

(20) 

(24) 

where N(s) and .C (s) arc geuerating fnuctions of seqncuccs N a.11<l L. The 
location of the roots s 1 (p.) and s2 (t t.) (coll!pare with (10)) d<'cides whether I'· 
belongs to the spectrum or to the resolvcut of operator A. VV< ~ luw< ~ : 

THEOREM 3.2 Let us set, without loss of ,ql':ne'{'(tlity, 1;; 1 (tt )l :::; ls2(ft.) l. 
Then: 

1. If 18J(/l)l <Rand ls2(p)l > R, then fl. bdonq" l.o the r·r_ solvenl :;PI of A. 
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.Y. In the 'l"etnainin.g cases, J1. belongs l.o the non-pain!. po:rt of /.he sw~r.t.,..u:m of 
A. 

Carrying out appropriate evaluatious, we oht.aiu: 

1. sup{~(p.): fJ E aR(A )} 2 0 iff R E [1,s1 (0)], 

2. sup{~(p.): JL E aR(A )} < 0 iff R E (.~1 (0 ) , s2 (0)) , 
3. sup{iR(JL) : JL E aR (A)} 2 0 iff R E h(O), oo) . 
The above three conditions classify the propcrti<:s of tlw syst.CilJ (:1) in Ba­

nach spaces lf witb different valncs of R. T he ,;ystcm is cxponclltially stahlc 
(sup{~( /'· ) : fJ. E aR(A)} < 0) for the values of the l la.sc parH.IJWtcr Rill the 
rangeR E (st(O), s2(0)). T hen, the Banach spaces lf wit h R E (sJ(0), -'2(0)) 
a rc st able state spaces for t lw system (3). Clwosillg init ia l cow \i tions from 
these spaces results ill solution;,; converging to ~ero. It might s<:<'llJ smprising 
that further increase of the value R (I? E [s2(0) , oo)) results ill t lH: loss of the 
exponential stability property. However , one should n :nJciillwr that <:xponcntia.l 
stability is expressed "rda t iw " to t lw IIO r!IJ iu if which changes wi t lt I?.. 

The same result may be fouud using t he th('ory of sewigroups. Ill t his utsc it 
is convenient to perform all cor1sidc:ratious in /1 space for the modif-i ed operator 
A = (>. - h - rl)I + dF / R + I1P R. Moreover from tlw tlwon:111 dnc to Sklyar­
Shirma.n-Lynbich-Piwllg-An:nclt-Batty (sec Arc11dt , Ba tty, 1088) it rcsnlt.s that 
in t he case when 

(25) 

the semigroup generated by A decays wlwn tinw im:wati<:S lmt uot ucccssa.ril y 
exponentia lly as it was i11 t he case whe11 (lG) lwlcl. J\llurcover , if (1 G) is satisf-ied 

then for R = s 1(0) the sernigronp is asy111ptotica lly stable a11< l for R = ·'2(0) it 
is uot asymptot ically stable. 

4. Stability of the model of evolution of drug resistance 

The a na lysis of the asymptotic behavior of t he rcsistaut subpopul ation was car­
ried out under the a..ssumpt io11 t hat there was 110 cxtcma.l cell iuflnx. llowC'vcr, 
the techniques of Laplace trausformatiou cuahle iuclnding sw:h possibility. A,;­
suming that the iuit.ial coudit ion for (1 ) is zero , N;(O) := 0, i = 1,2 ... .. nnd 11Hi11g 
the calculations simila r to t hose previously JWrfornwd in Swicmiak , Kiwmcl , 
Polariski (199G), we fiucl that the function N1 (t) is a convolution of two fuw :t ions: 
nN0 (t), and the free solution for the first state variable N 1(t) uf eqna.t iou (2) 
(being a lso the impulse trantifer functio11 of t lw systc11t) ill the c·asc analys<'cl iu 
theorem 1. Equi valently, using the Lapl ace t ra.nsfom1s N0 (p) = ./~00 N0 (t )e -J!1dt , 

1V1 (p) = J~= N 1 (t)P.- r1·dt , we have 

n - ), + h + rJ - , / (·u - A+ iJ + r/)2 - 4hd ,_ 
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Iu other wonb, 

p- A+ b + d - j(p- A+ /1 + rl )'2 - 4/id 
o~ ------------~~-----------------

2/id 

is the trausfcr fuuctimt of the syst<~ Ill with iupnt· N0 all< l otttpnt N 1. 

The equations of the asymptotic tllo<kl withou t cel l illflnx lw vc tiH ~ sante 
form as a part of th<~ drup; resistauc<' lllodcl (1). Conseq u<'ntly, W<' <:<Ht "<:itt" 
the model equations (1) into two parts. Tlw hrst. p:ut is t il<' siuglc clilfcn•utia l 
eqnation that describes the population of sc11sit ivc cells. Takiug iutu acconnt the 
cell flows between two parts of the !llodel we <:OIJ(:Ind<' that \VC umy cousidcr the 
drug resistance evolutiou !ltodd as a f< :cdback system. We <·oJthnc om analysis 
to the case of the constant dosage of a c:ytot.oxic ap;cnt. T!tcu '''<' IWW treat 
the value 11. that appears in the hrst crpmtiou of (1) as a coustaut: parauwtcr. 
Aualyzing the first equation of tlw tnodd wit:lt it1p11t fuw:tiott N 1 (I.) alHl output 
N0 (t) we can calculate that 

• d • 
No(p) = p + o - (1 - 2v.) A Nt (Ji ). (27) 

With the transfer function of the sensitive snl>population cot!lpa.rtlttctt1: alHl the 
transfer fmtction of the resistant cmttpartmcut ouc call n:pres< ~llt t it<' flow chart 
of the system &'i the feedback loop . 

The loop transfer function for the systetu is 

( ) 
o [p - A + h + r1 - j (p - A + /1 + d)2 - 4/1(/] 

Kp= . 
2/i[p + o- (1 - 2u.) A] 

(28) 

The frequency response of (28) is: 

K(jw) = I<(p) 11,=iw · (20) 

Note that the feedback loop is a positive ouc. Thcu the Nyqnist. typl' t!Jcorcnt 
for infinite dimensional systems states t lmt t. h< ~ feed back loop is stable if both 
systems defined by transfer functions arc stahk, aud 

sup I K(jw) I< 1. (00) 
w 

By the analysis of the relatiou (28), it cau h< ~ vcrific:d that tlw :mpn'lltlllll iu (00) 
is achieved for w = 0, with the couditiou t!Jat bot!J tra.usfcr fn11ctious d< ~ fine 

stable systems. As a resnlt we cau state t!Jc followiup; conditious of cxpotwut ia.l 
stability of the drug resistance model ( 1): 

(01) 

(Stability condition for resistaut population ). 

u 
?I "' () r; _L ---------------------
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(Stability condit ion for t he feedback loop) . The stability ccmdition of t he sensi­
tive compartment ( v. > 0.0 - ~ ) is iw:!Hded in the condit ion (:32) . Coudition 
(32) makes sense only if (::ll) is satisfied. Iucquality (:32) gives tlw SJIJH!kst valm: 
v. which eusures clirninatiou of cancer udl popnlation. Tl1is value iuncases if 
both d - b-.>. and /d- -1/J- ·!>-are Sill all , i. e. t l1c dc:uomiuator in (:32) is close: 
to zero. The coudition t hat both d- /J - .>. all(! /d- v'u - /), arc close to :0ero 
is satisfied if either b or ), is small. 

5. D iscussion 

In this paper we have studied the propc:rtie::; of cvoln t iou of a 1110dd of dmg 
resistance in the framework of gem: amplihcatiou, althongh IIIIH :h of what i::; 
written may apply to different mcchallisiiiS which arc: n :vcrsihl<: aw l occm at 
high frequencies. We have clefiucd a III atlwllla tical IIIodcl which can he ltsecl to 
pose and solve a chemotherapy probkiii nncler cvolviug n :sistance. Aua.lysis of 
t he variants of this model should give insight iuto possible ::;chcdnliug ::;t ra t.cgif:s 
of chemotherapy in t he sit ua tious wlwn dmg rcsistaucc is a signihca.ut factor. 
The model we aualy:0cd is defiuecl by infinit<: systems of linear differential eqHa­
tions. The solution to that system ckscribcs the expected umul.H:r::; of n:lb of 
different types. Assuming coustaut parameters , we obt aiued aualyt ica l dosed­
form results. T he study of the model of t hP. resi::;tant subpopnlat ion wit.hont t he 
external influx reveals t hat subcritica li ty of the amplification process (h < r1 ) 
is not sufficient for cxtinctiou of the n:sistant cdls. Tlw popnlatiou of n:sistaut 
cells becomes extinct only if stronger condition /d- 1/J > /), is satishcd. 

The fnrt her analysis leads to a conc:lnsiou that whik bciug stahl<- for auy h­
nite ini t ial condition , t he ::;olut ion can diverge if we a llow iuitial conditions witl1 
infini tely ma ny nonzero elelllcnts. The fa<:t.or that dctcnnill(:::; stabili ty of the so­
lution in this C&'ic is the rate of decay of sn<:< :essive cle!llents of t ile initia l vector. 
The rate of decrease rnnst be faster t!Jau [h + rl - ), - J ( {J + d - ), ) 2 - 4/ir/]- 1 . 

Moreover , the analysis of tlw ca::;e in w l1ic!J the resistant COIIIpartni<:nt is persis­
tently supplied by t he sensitive compartment has enabled to find t lw miuililal 
intensi ty of the cytotoxic drng action which cnsm cs stabi lity of systclll 1 wha.viom 
providing tl!at the drug resistan t popnlati011 sat.ish<:s prcvionsly discnsscd <:OIJ­

clitions. Using a model with infinite llllllllH:r of cell typ<:s is a nsdnl idealiza.tiou. 
T he number of gene copies which clctennincs tl te possible nmnhcr of cell types , 
can be very large in t umor cells. In view of this , om approach is jnst ifi cd iu 
the way similar to that of many prolJahilistic u10dds of cell popnlatimts when: 
infinite tails of distributions arc assm11 ed. For the iufinite diutcnsioual l!lodel 
studied in this paper it was possible: to obtain ;-u m.lytical n:snlts conceming sta­
bi lity of evolution of populations of cauccr cdb. The cnwrgcw:c of n :sista11t 
clones is a universal problcnt of chemot lwra.py. However, it sccuis t hat it.::; most 
acu te manifestat iou is the fa ilure to t reat metast asis . A part of t l1is problem 
is t he imnerfect effectiveness of adi uvaJd, dwlllothcrapy as tlw tool Lo eradicate 
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schcduliug is potcutially useful in impnJYing these trcatlllcuts . 
The rcscarclt lms been partly supported 1 >Y I\DN graut IL8TllE 0;);) 10. 
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