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Abstract: Iu this paper, we take up the probkln of axioumt­
ically characterizing what Wl' have rdr~ncd to in tlw paper as t lw 
additive choice function 011 the classical donmiu for choice pro! J]ews. 
Apart from an impossibility result for the additive elwin~ fml('tiou , 
there is an axiomatic characterizatiou , which as a hy-prodnd pro­
vides a counterexample to a c:onje<:tmc for tlw egalitarim1 dwin· 
function. In an appewlix, we provick a proof of au axiornatic c!Jar­
acterization of the egalitarian choin~ fu11<:tiou usiug a Sltpcradditivity 
axiom. 

In this paper, we also provide proofs of axiomatic dmrac:Leriza­
tions of the family of non-symmetric Nash dwic:c fnw:tions awl the 
family of weightecliJierarchics of choice functions. Om conclnsion is 
that earlier axiornatizatimlH arc essentially preserved 011 the classi­
cal domain for choice probierns. The proofs arc significant iu lwiug 
non-trivial and very dissimilar to cxistiug proofs for otlwr donmins . 

Keywords: choice problcu1, choice fnuctimt, cga.litarian choice 
func:tiou, Nash choice fnnctiou, additive choice fuw:tion . 

1. Introduction 

Choice theory, which dawned with the scmiual paper of Nash writt.<'n iu 1000, 
has by now developed iuto a well ddim:d body of matlwmatics , c:ouc:cTIJcd witl1 
choosing a point from a compact, co11vcx, <:oltlprehcusivc feasible slthsct of the 
nm1-negativc orthant of a finite dimensional Endidcan space, each snch feasible 
set admitting a strictly positive vector. Axiomatic choice~ theory is conc:cnwd 
with the axiomatic c!Jaractcrization of rnles w 11idl assig11 a11 a] l.emati ve to each 
snch choice problem in a given family of clwice problcJils. VV<' slJa!l here he 
conccmed with two-dimensional d10icc pwbku1s. 

Follovving the choice fn1H:tim1 sngg;cstcd by Nash, the other well kuovm dwicc 
fum:tious arc the relative ~ egalitarian dnc to Kalai aJHl Smorodi11sky ( 1 !)70), ega-
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(1!)88), equal loss cine to Clum (1!J88) , i <~x i c:ograp liic: eq u<1.l loss due to Clum 
and Peters (1991) , awl t ile equal area due to Anban:i alH I Big<~ l ow (1!J!J4). 
Some of the other choice fnm:tions have been st 1 Hi icc! 011 Ill ore rclcvaut do1 1 tains 
in Lahiri (1996b) . However , the silllpkst of a ll ::;olutious , i.e .. tiJ< ~ OIH~ which 
maximizes the sum of the coordinates from aw ongst r~.i l feasi hk wctors lms 
been a rather mute spectator of a spectacular pageantry iu which all tlws<~ ot her 
choice functions participate. Except for a significant <L\: ioJJJ at ic dmra(·l,<·~ rizat ion 

by Myerson (1981), very li ttle attcntiouhas heeu devoted to this dwin· fulH:tion: 
the utili tarian choice fu!l(:tion. The reason is tl1at t]Ji::; dwiu~ flllll'tiou (a..~ a single 
valued mapping) is not well defined fo r a ver:y large class of JIInmiugful atJ< luon 
pathological choice problems. T he pmpose of tl1is pap( ~ r is to suggest a wav ont 
of this difficulty, so that Jllltch of applied lTS<'arch whid1 uses l!IHXilllizn.tion of 
the sum of the coonlinates of vccton,; in a feasib le set of vectors will uow have 
a theoretical umlerpinning. Some remarks about related results d uc to Pct.<~rs 
(1986a) are given, to put earli er results in proper pcr::;pect ivc. In an appendix 
to this paper we prov<: a variant of a result in Peters ( l!J8Ga), whid1 is valid on 
om domain. 

The family of llOlH>ynniict ric Nasl1 elwin~ fun('tiolls, w!Jic:li was proposed 
for the first time in the smniual work of Harsauyi all< I S<~ i tcu ( 1072) , ltas hec11 
axiomatically characterized in a lmost t he s~uuc way that Nash ltiws<:lf cbar­
acterized its symmetric ancestor iu his hy now historic l!J~O papcr. A more 
receut aml thorougl1 investigation of t l1e faw il y of elwin ~ full< :tions dmra<:t.er­
ized by a weighted hierarchy (and coutaiuiug the fawil y of IJOll-S,VJIIliid.ri(' Nasi! 
choice functions) is tlw work of Peters ( 1 !J8Gl J). T lJCrc , au addi t ioun.l axiow 
called t he consistency axiom is used, wl1ich , l wwcV<~r, is uot. required for two­
dimensional choice prohlerns. All t he a bove lliCntioncd dmrad.erizations of t lw 
non-symmetric family nuder discnssiou , rd,v heavil y 0 11 au ass11l11ptiou whid1 
has often been qnestioncd from various quarters, nanwly: Nash 's IJHl< ~P('ll<kw:e 

of Irrelevant AI tcrnati vcs Assllln ptiou (NIIA). 
There have been several attempts to free the cha.ractcrizat.iou of t lw Nash 

choice fuuction frolll t he grip of NIT A. Of interest iu the present paper is a. 
characterizat ion for two di1uensional choice prohkllls prcsent<~d in T lJOlllSOll 
( 1 !)81), where instead of Nil A an a.sstlll l ption caJlcd Iudepell<iew:e of Irrdcva.ut 
Expansions (lEE) bas been used. Om T heorem ~.1 iu tlw prc::;et1t paper is 
an easy and valid extension of Thomson's original result to t.lw llOll-S,YJIIIJJCt.ric 
cases. 

In Peters (1!J8Gb) a characterization of a falllily of choice fnll< :tions can he 
fou nd determined by a weighted bieran:l1y for two-diJJH 'usiowd elwin~ proiJ­
Icms using a slightly weakened ver::;iou of T !JoJuc;ou 's I1HlcpcJl(lc]l(:e of Irwkvaut 
Expansions assl!lnptiou . However , t!Jc domain choseu for t.lw r<'snlt deviates 
considerably from t be convm1tiouaJ dou1 a.iu used by T hoJ! ISOJ J ( Hl81. ) , iu that 
it assumes that every choice probleJ11 admits infin ite fwe disposa.hility. Now , 
this is au assumption whose worth or weauiugfnlncss depends ou tlw cout.cxt. 
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planuinp; problem, for ins taw:e (i. e., dividin ).!; a doll ar hd.W<'Cll s<·vc ral sectors , 
the returns being nwasttred by concave, uott-dccreasiu).!;, 1l01t-constaut. awl cou­
t ilmous revenue fuw :t ious) , theu t.hc kiwl of don mi n assuntcd iu P et.<• rs (198Gb) 
for the prcscut pmposc is uot quite 1ttC'att iu).!;ful. That tltc set of iuv<'stntcut 
planuiup; problems is isomorphic to the dotttaiu of dwicc problems ass111ucd iu 
this paper, is lwwcv< ~ r a result established iu Lahiri ( 1 !)!)Ga). So. t lte ua.tm aJ 
qucstimt t hat crops up is wlwtlwr the result established by Peters is valid w!teu 
the domain (as in t he prescut paper) consists of uou-c111pty, contpa.ct , convex, 
cornprchcusive subsets of two dimmtsioual Eudidc~au spa.cc•s, each sudt sd ad­
mitt.iug a strictly positive v<~ctor . A cmsory look n.t t he proof of 1·lw resul t in 
Peters (198Gb), shows that it. is vr.ry dependent 011 his choice of domain. In fa('t , 
a. couple of lemmas silllply do uot lmvc auy 1tJCaniug iu o m fr a.1 1 H ~work. \tVlmt is 
however notewort hy, is om T heorent J. l : t he ori p;in a.l re:-mlt ('ontinucs to hold. 
T hr. choice fun(' t ions dctennincd by weighted lt iera.rdtics, arc Uw oulv dwicc 
fuuct ious which satisfy the assmttp tious suggested hy Pet<~r-s. 

2. The model 

VVc consider two-dimeusioual choice problems ouly. A (two-di1t1Cltsiomd ) choice 
problem is a non-cntpty subset S of R~ (: the 11011- m~p;ativc qua.draut of two 
dimeusional E uclidean space), satisfying tlw following prop<Tties: 

i) Sis compact (: closed awl houwlcd) , cuuvex 
ii) S is comprehensive i.e. 0 ~ y ~ :r E S -> y E S 
iii) there exists .1: E S :melt t hat T » 0 (i. <·. if 1: = (:1:1, :r2) tlte1t :1: 1 > 0, :r1 > 0). 

Let 2::2 be the class of a ll choice pruhk1us. 
A choice fuuction (or sulu tiou) is a. fuw:tion F : 2::2 _, R~ sud1 that F(S) E 

S 1::/S E 2::2 

GivenS E 2::2 , let. u(S) = {:r E S/ :~ : 1 + 1:2 2 :t/1 + :t/21::/y = (Y J, .1/2 ) E S} . n (S) 
is J!Un-ernpty for a ll S E 2:: 2 Fmther u (S ) is a compact CU1 J V< ~x snhsd. of 
!::.c = {.1: E R~/:r = (:r 1 , .1:2) ,:r 1 + :r2 = c} 1::/S E 2::2 for SOll H' r· > 0. Howcv< ~ r , 
v.(S) is iu general uot. a siuglctou. 

Let n.(S) = (a.1, a.2) where a.2 = max{:r2I(T1, .1:2) E u (S')}; kt /1 (8) = (/11 , /1 2) 
where h1 = llt ax{:r1I(.Tl,T2) E u (S)}; fm tlter n(S), IJ (S) E u(S). 

Clearly, a.(S) and iJ (S) a rc well defined for all S E 2:: 2 a11< l 

v.(S) = {ta(S) + (1 - t)iJ(S)/t E [0, 1]}. 

We define t he a.ddil,ive choice Ju:ndion A: 2::2 _, R~ as follows: 

V!e arc basically interested in t.lte axiomatic dtaractcriza.tiou of t his choi('c 
function , which is not.hiup; hu t. the expected va.lnc of the rando11 1 vector w!tidt 
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3. Some axioms 

Let F : ~2 __, R~ be a choice fuw:tiou. 
1. Weak Pareto Optimality (WPO): 

VS E ~2 ,F(S) E W(S), where W(S) ::::: {:r E S/y » :r __, !J ~ S} VS E ~2 . 
2. Pareto Optimality (PO): 

VS E ~2 ,F(S) E P(S), where P(S)::::: {xES/y 2: .T,y ES--> y=:r} 
VS E ~2 . 

3. Scale Translation Covariance (STC): 
VS E ~2 , Vc E R~+ if c = (c1, c2) then F(cS) = hF1(S), 1·2F2(S)), )!;ivcu 
that cS = { (c1.1:1, c2:r2) /(xi, :~:2) E S}. 

4. Homogeneity (HOJ\!1): 
VS E ~2 ,Vt > 0, F(tS) = tF(S), where t:r = (t.T 1 , 1:.T2) 't/1: = (:r 1 ,1:2) E 
R~ and tS = {b:j1: E S}. 

5. Additivity (Adcli): 
VS E ~2 ,T E ~2,F(S+T) = F(S) + F(T). 

G. Super Additivity (S Addi): 
VS, T E ~2 , F(S + T) 2: F (S) + F(T). 

7. Partial Super Additivity (P S Addi): 
VS, T E ~2 , F(S + T) 2: F (S). 

8. Nash 's lndependeucc of Irrelevant AltC'rua.tives (NIIA): 
VS,T E ~2 ,S c T,F(T) E S __, F(S) = F(T ). 

9. Translation Covariaw:c (TC): 
VS E ~2 , c E R~ if S(c) = {y E R 2 /u ~ :r + c,:r E S}, thcu F(S(1·)) = 
F(S) +c. 

10. Symmetry (SYM): 
VS E ~2 such tl1at (.1: 1 , 1:2 ) E S <--> (x 2 , .TI) E S, F1 (S') = F2(S'). 

11. Convex Linearity (C. Lin): 
VS, T E ~2 , F (aS+ (1- o)T) = oF(S) + (1- o)F(T) if o E [0, 1]. 

12. I3inary Additivity (B. Addi): 
VS, T E ~2 with v.(S) = {A(S)} all(! 11.(T) = {A(T)} if V = conlprehcn­
sive convex hull {S',T}, then F(V) = ~ [F(S') + F(T)] if F 1 (S') + F2(S') = 
F1(T)+F2(T). -

Let us first mcntiou that A does uot sati~fy STC and NIIA. 

EXAMPLE 3.1 LetT= { 1: E R~/ (.1:1 , :1:2) = 1:, 1:1 + J:2 ~ 1} , 

S = Conve~: hull { (0, 0), (0, 1), ( ~ ' ~) , ( ~ , o)}. 
- ( I 1) - (1 3) -Clea'f'ly S C T and A(T) = 2 , 2 E S. Howeve·r A(S) = 4 , 4 . Thus A does 

not satisfy NIIA. 

Observe that: 
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ii) STC _, HOM 
iii) Addi ---> S Addi ---> PS Addi 
iv) Addi + HOM ---> C. LIN 

4. A result on the additive choice function 

7() 

THEOREM 4.1 The only r:h.oir.e fnnr.tion on L:2 l.o satis/11 PO, SYM, C. LIN and 
B. Addi is A. 

Proof: The proof that if F ::;atisfics PO, SYM ami C.LIN , theu F(S) E 

argmaxxES [:r1 + x2] VS E ~2 it> the rdevaut portion of the proof of tlwon~m 
1 in 1\tiyer::;on (1981). If iu additiou F satisfies B.Addi the followill).!; a r).!;llUtent 
holds: 

Let V E ~2 and let h;(V) =max {.7:;fr E V}, i = 1, 2. S11pposr! {A(V)} is a 

strict subset of v.(V). (If n(V) = {A(V) } , there is uothiug more to lH' proved). 

Case 1: 

a.(V) E R~ \ R~+' h(V) E R~ \ R~+· 

In this case V = comprehensive convex hull of !::..c for ::;mne c > 0. By vVPO 
and SYM, F(V) = A(V) . 

Case 2: 

a(V) E R++> I1(V) E R~+ 

Let 

S = Convex comprehensive hull {(0 , h-2(V)) , {.T E V/.1:2 :S o.2(V)}}. 

T = Couvex cornprehen::;ive h111l {(h.r(V) ,O) , {.T E vrr1 :S h1 (V)}} . 

Clearly V = Convex comprehensive lmll { S, T} 
Further, v.(S) = {A(S)} = { a.(F)} , u(T) = {A(T)} 

F(S) = a(V), F(T) = h(V). By B.Addi, F(V) = A(V) . 

Case 3: 

a(V) E R~ \R~+,b(V) E R~+ 

{h(V)}. Tlms 

In this case let T be a...., iu Ca::;c 2 and let S = {.T E V j.T2 ::::; a2 (V)} 
Once again V = Comprehensive couvex hull { S, T} ami frolll lwrc 011 the 

argument is as in Ca..'ic 2. 

Case 4: 
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In this case letT bP as in Case 2 aJHllct S = {:r E V/:r2 ::; (V)} 
Again V = Comprehensive convex hull { S, T} <llld the resultinl!; arp;mu~~ut 

is a..-; in Case 2. 
Thus F(V) = A(V) iu all cases. • 

Remarks: 
1. The theorem due to Myerson (1081) which we n ~kr to in om proof is valid 

only 011 a subdmuain of I:2 for which 11(S) = {A(S)}. H.ow<'V<T . the sanw 
proof works for 11s. 

2. We know that A satisfies PO, SYM, I-IO!vi awl Addi. Tlms A satisfies 
PO, SYM, HOJ\II , and PS. Addi. Pctns (108(j ) coutaius a tlworem to 
the effect that the egalita rian solu tiou due to Kalai ( 1 077). is l]w ouly 
solution to satisfy WP O, SYM, H OM awl PS. Add i. How<~vn , l1is doumiu 
is a nonconveutiona l one aJl(l is different frotu <mrs. On om doJJmin tlw 
egalitarian solution sa tisfies WPO , SYl'vi , HOM alH l PS. Addi ;ts well. 

Thus a tmiqucncss result using WPO , SYM, HOivJ awl PS. Addi 011 I:2 

is clearly not availabk. It is intercstiug to uote tlmt om do11 1aiu I:2 is 
natmally implied by the iuten~s t ing discussiou ou Axionmtic Da.q.!Jtining 
contained in J\!Ioulin ( 1088) . Moulin ( 1 088) considers a donJ<t.iu which is a 
strict subset of I:2 . However, all choice prohlcl!ls iu I:2 <:<Ill he obta.iued 
as the limit in the Ha m;dodf topology of a scqm·n<:< ~ of iucn~asiHg choice 
problems considered by Mouliu ( 1 083). 

3. Since A docs uot sa tisfy NIIA , the intercstiug axiolllatic charnd< ~ri~ation 
on the subdomain of I:2 ddincd by {S E 2:: 2 /'u.(S) = {A(S)}} usiug PO , 
SYlVI , T C aud NIIA which is t lwre iu Exncise J 0 of l'l'louliu ( 1088) fails 
to gcuerali~c. 

PROPOSITION 4.1 On I:2 th. e·re exists no d l.O'iu: j 11.nr.l.ion whir.h sat-isfies W PO, 
SYM, TC and NIIA. 

Proof: Lc:t a = ( t, ~) , 1! = (! , ! ) aJH! S = colllprdwusivl' <:olJVcx !mil of {a , h}. 
Now S ~ .0. 1 

Suppose towards a coutraclictiou tha t there <)xists a choice fnuctiou P which 
satisfies the above assmnptious. Tlwll hy WPO , STC awl SYJVI, F( .0. 1 ) = (*, ~) 
and by NIIA , F(S) = ( ~ , ! ) =h. - -

Now let c = ( ~, t) aud T = CO!llprchcusivc <:OJJvex !mil of { o. + 1· , /1 + t-}. 
Then T = S(c) as defined iu the Trausla tion Covari<wcc axiolll. 
Now T c .0.2 and F(.0.2 ) = (1, 1) = n. + t: l>y WPO awl SY IVI Dy NIIA , 

F(T) = (1,1) = a. + c. 
D y TC, F ( T) = F ( S ) + c: = I! + r· = ( 1 t, ~ ) -::/ ( 1 , 1) . 
This considera tion cstablislws the desired l!Ollcxis t. cw : t ~ . • 
Vvc define the followiug choiu ~ fnHctiou A * : I:2 - · R! which sa tisf-ies both 

NTT A ami SYfVf: 
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Given S E I:2 , let A*(S) = r n u(S) if r n u.(S ) =I ¢. = I1(S) if :r 1 > 
.1 :2\1( :~: 1, x3) E 11.(S), = a.(S ) if :1:1 < :1:2\l(:r 1,:r2) E H(S) 

It i~ easy to ~ec that A* : I:2 
---> R~ satisfies P<'l rcto Optiniali1Y. 

5. The non-symmetric Nash choice functions 

The following a~slll npt iou will he u~ed iu this scctiou: 

1. Indepcwlcm:c of lrrclcva.ut Expansioll~ (l EE): 
\1 S E I:2 there exist~ a vector Jl E R~ wi t.h Jl l + 112 = 1 s ttch tha t 
(a) p. :t: = p.F(S) is tlw cquat.io!l of a supportill)-!; linl~ of S at F(S'), (h) 
\IT E I:2 with S c T and 7u: ::; p.F( S)\1:~: E T , we h av<~ F(T) = F( S). 

We are interested iu <'1 fallJily of clwiu· flliH :t ions ddi~ted t!Jtts: Givc!l IV = 
(VI! ] , 1¥2) E R~ with wl + w2' = 1, let pll" (S) = argllt<tX(:rl ,:t : ~)ES :r~ 1 - 1 :r~, -~ if 
W » 0, = (h1(S),g2(S)) if W1 = 1, W2 = 0, = (,r1J(S), h2 (S)) if li\11 = 0, 
W2 = 1 \IS E I;2

. Hen~ (h1 (S),g2(S)) and (q1(S), h2(S)) hdouJ-; to the Pa.rd.o 
optimal set of S wlwncvcr S E I;2 Tlw fautily { F 11

' /VII » 0} is l' id ll ~ d Llw 
family of nonsynnuctric Nash choin ~ fuw :tions. T lw falllilY { F 11') 1:1/ > ()} 1s 
c<dlcd the family of choice fuw:tions dctenlliHed by a Wl~ightcd hil·rarchy. 

EXAMPLE S.1 W = (1,0) 
Thv.s Fw(S) = (lt 1 (S) ,g2 (S))\IS E I;2 B7t.llh:is F~~' docs not "al:isfy fndc­

pendence of Irrelevant E:~:pa:n~io ns. TakeS= { :1: = (.1: 1 , .1:2) E R~j:rf + :~:~ :::; 1}. 
Clea'l'ly F"',. (S) = (1, 0). At (1, 0), th P. ·nniq71.r s71.JI]IO'f'tinrJ lrtnw·tplnnr. in lh f' 

definition of liE is qiven by p = (1 , 0) . No1n lake T = { (:1:1, :~· 2 ) E R~/T 1 ::; 1 , 
x2 ::; 1} . Now T and S satisfy the r:ondihons ·in I! E, w·il.h Jl = (1, 0). But 
Fw(T) = (1, 1) =I pt+'(S). 

This example excludes the wcightl ~d lJicran:l1y (1 , 0) as Wl~ll as tlw wcig!Jtcd 
hierarchy (0, 1) from tlw list of the possible candidates whil'b l'ollld ddinc a 
solution satisfying IIE. 

Hence the only possibi litic~ arc w<·ig!Jted l1ierarchies of t !J<' fontt IV » 0, i.e., 
a non-symmetric Nash choice fuw:tio11 . 

Our next objective i~ to invoke the assulllptiou of weak iudqwudl'llcc of 
irrelevant cxpan:,;ious ddiw•d in Pct.crs (108Gb ) awl establish a rcstdt: "ill tilar Lo 
hi~. 

1. Weak IudcpcndelJ(:C of Irn ~ lcvaut Expansions (WIEE): 
\IS E I:2 there exis ts a vector 71 E R~ with 711 + Jr2 = 1 st wh t hat: 

a) p .. T = JI.F(S) is t lw equation of a suppo1t iug line of S ctl. F (S): 

b) \IT E I;2 with S c T and Jl. :l' ::; JI.P(S )\I:t: E T, Wl~ kt\'l' F(S ) :::; F(T). 

Notice t hat liE implies \,YIIE. Hence U1c llOll-SVJJJJ!ldric ~ash choiu~ func­
tions satisfy WIIE a.s welL 

For the purpose of this section , t he followiuJ-; coHWHLiou is <Hioptcd: Ld. 
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{pER~\ {0} / p satisfies the cowlitious of WIIE for S'}. For LctiilliilS .'J.l, .'J.2 
and .'J.3 below we a..-;sll!liC! tha.t F sat isfies PO, STC allll WilE. Let <:OIIIV staud 
for comprehensive convex hull. 

LEMMA .'J.1 If (0, 1) E p(F, S') joT som.P. S' E ~2 with S =f. Corn.v{ h(S)} tfi.P.n 

F(T) = (g1 (T),h-2(T))VT E ~2 \ {at.J/a » 0}. 

Proof: Suppose there exists T E ~2 \ {at.dn » 0} snd1 tbat F(T) =f. 
(q1(T), h2(T)). 

Clearly 
(a) (0,1) ~p(F,T) 
(b) T =f. Comv{h(T)}. 

Now, (0, 1) E p(F, S'), implies by PO t hat F(S') = (g 1 (S') , h2 (S)) Let V = 
Cornv{v.,v}, where u2 = h2(S'), v1 = h1(S') , u1 > .Q1(S') , .,.2 < h2(S), 11 2 > ·u2, 
1/.j < 11] , 11. » 0, 71 » 0. 

Such a V exists siuce S =f. Comv{h (S)}. By PO mHl \"TilE, F(1!) = u = 
(g1 (V),h2(V)) . By STC, F(V) = n = (g1(V), h-2(V))VV E ~~ witb V = 

Comv{v.,71 }, u >> 0 , 71 » 0, 11.2 > v2 , 11.1 < v 1 . 

Now, T E ~2 \ { at. J/ a » 0} , (1 , 0) ~ Ji (F, T ) illlplics t hat tll<'l'C exists V 
as above (i.e. V = Comv{ 11. , v}) such that 1' C 11 ami F(T) :::; ,. if ( 1, 0) E 
p(F, T) nequ,v with F(T) P areto Optiillal iu V if (1,0) ~ p(F,T) 

By WIIE, F(V) 2: F (T). Thus F(V) =f. v. 
This contradiction esta blishes the lcmnia.. • 

LEMM A 5. 2 If (0 , 1) E p(F, S' ) jo·r sou1.e S E ~2 with S =j:. Co 111 V{h(S)) } l.h. P.n 

F(T) = (q1 (T), h2 (T) )VT E ~2 

Proof: Given Lemma 1 a bove a.ud by appc!a.liu)!; to STC, it is cuongh to slww 
that F( t.I) = (0, 1). 

LetT= {x E t.J/:~ : 1 :::; ~} T E ~2 \ {n.t. J/a » 0}. 
By Lemma 1, F(T) = (0, 1). 
By WIIE (since T C t. 1 , with the cowlitious of WilE l> ciug triviallv satisfied 

forT and t. 1 at (0, 1)) , F(t.1) = (0, 1). • 

LEMMA 5.3 If (1, 0) E J! (F, S) jo ·1· smn.e S E ~2 wil.h S =f. Cmnv{ h(S')} then 
F(T) = (h.1 (T), q2(T))VT E ~2 

Proof: Similar to above (i.e. Lemwas 1 all( ! 2) . 

LEMMA 5.4 S7i.ppose (1 ,0), (0, 1) ~ p(F, V) whenf'.'I! P.'rV E ~2 , V =f. Cmnv{h(v)}. 
IfF satisfies PO, STC and WifE, then F is a. non-sJrmm.c/:rir; Nash ba:rqa.i11:i.ng 
r;hoice fun ction. 

Proof: Let F(t,,) = w » ()since (1 , 0) , (0,1 ) ¢:. p(F, t. r). Thns F (o.t. 1) = 
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Now JetS E L,2S =/= Comv{h(S)}. Th<'n \fp E p(F, S) , p » 0. 

Let T = { (.r.1 , :r2) E R~/p1 :r:1 + Ji2·T 2 -:::; J!1F1 (S) + Ji2F2(S) }. 

8J 

Clearly F(T) = pw (T) ::tnd F(T) = F(S) the la tter by PO and WliE. Tlu1s 

F(S) = Fw(T). Since FlV(T) = F 1v(S) , we lwvc tlw dcsir<~d result.. • 

Note: By STC, if F(2q ) = pi·V(C.J) for soJJJC Till > 0, tlwn F (n.C. 1) = 

F"" (atq) 'Va. E R~+ awl for tlw sa111e \IV. Since F (6. 1) is r~l wnvs equal to 
some pw (6.1 ) witb W > 0, F (n.C.I) is always ('qual to F11' (nC.J) \ln. E R~+ 
for some fixed w > 0, wl + w2 = l. 

As a <:ons< ~quencc of the <t bove knnuas W<' lmvc tb<' following; i.lJcon•IJt. 

THEOREM [i .1 Let F be a choice fnncl.'ion on 2:, 2 which satisfies PO, STC and 
WIIE. Then F = F 111 joT som.e W = (W1 , W2 ) > 0 with W 1 + W2 = 1. 

Conversely, any choice function F 111 with \;\f > 0, vV1 + \IV2 = 1 satisfies PO, 
STC and WilE. 

In view of Theorem 0.1 and the relevant observation in Scctiou S we have 

the following corolla.ry. 

COROLLARY [i .1 Let F be a. choice j11.nr:l;ion wh:ich. so.f:isfies PO, S'J'(; and fiE. 
Th en F is a ·n.on-sy·m:ln.el.·,·ic Nash cho·icc j11.ncl.ion. Conve·,·sely, I'. I ' IT1J non­
szrm.rn.etn:c Nash choir.e funr.tion satisfies PO, STC and !IE. 
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Appendix A 

In thi::; appendix and in view of Re!llark (2) (after Tlwor<~lll 4.1 ) , W<' prove CUI 

axiomatic characteri~atiou of the egalitarian dwicc fu11<:tion nsillg t.hc Sitpmad­
ditivity axiom. VIe iuvoke the following two asslllllptions as well: 

Strong Individual Rationality (SIR) 

F(S) » 0 VS E I:2 

Continuity (CONT) 

If { sk} be a sequence ill I:2 couvergiug to s E I:2 iu t he Hi'l llHdorH topology, 

then limk~oo F(Sk) = F(S). 

We now prove the followiu g theorem: 

THEOREM 1 The only choice fundion on L: 2 to satisfy SIR , vVPO, SYM, NllA , 
S. Addi and CONT is the ega.lita.,.'ian r; h.oir;e .fnnr.lion E defined as .follows: 
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To prove this thcorclll we usc the followiug knJHm: 

LE l'viMA 1 Unde·r the hypoiJ1.esis of the theorem, F (T ) :::0: B (T )VT E 2::2 of th P. 
fm7n T = { :r: E R~/:1: S a} fo ·r sou1.e a » 0. 

Proof of Lemma: If o. = (n. 1 , o.2 ) with n1 = n.'2, tlt<'IJ F (T ) = E ('l') h\· WPO 
a.ud SYM. 

Hence suppose Vv.l.o.g. o. 1 > a 2 . 

Thus E(T) = (n2,n.2) 
Let h(f) = (1 - f) n.2 for 0 < f < 1. T(r) {.?: E R~/:r S (h(r) , I1 (F))} 

U(r:) = {.T - (h(f) , II ( F)) j.T::::: (h(F ), h(f) ) :r E T}. 
Then T = T( f ) + U(F)VO < f < 1. 
therefore F(T) :::0: F (T (F )) = (h(f) , h(r)) VO < f < 1. 

Taking limits as f---> 0, we get F(T) :::0: E(T). • 
P roof of Theorem: 

That E satisfies tiH; above prop<Ttics is dear. Tluts kt 11s ;t ssl!lll< ' F satisfies 
the above properties and towards a contradiction asstll JI C t!Ja t tlwn ~ exists S E 

2::2 such that F(S) # E(S) . 
To bcgiu with asstunc· E(S) E P(S). TlH~ proof is colllpid<'d h\· ;1.ppcaling 

to CONT. 
LetT= C01nprdwusive couvex ludl {F(S)} 
l3y NIIA, F(T) = F (S ). 
l3y Lemma above F(T) :::0: E(T) . 
Clearly F(T) # E(T) for then F(S ) = E(S ). 
Without loss of geucra li ty asstllllC F1(T ) > E1(T ). 
Siuce E(T) E W (T ), F2(T ) = E2(T ). 
Let T' = Cornprdwusivc convex llllll { E(T )} . F (T' ) = E (T ') = E(T ) 
Let U = {:r- E(T) E R~j.T E S} . U E 2::2 , silJ( :c E(S) E P(S). T' + U C S 

awl F(S) = F (T) E U + T' 
l3y NIIA, F (T' + U) = F(S) = F (T ) 
l3ut F (T' + U) :::0: F (T') + F(U) by S Addi , i.e. F(T ) :::0: E (T ) + F(U) 
l3y Sm, F( U) » 0 therefore F(T) » E (T) 
Contra.dic:tiug F2(T) = E2(T). • 
lu the abov<~ proof \ :VC iuvokc the Nasl1 's Iwlcpcudcncc of lrrci<·vmd; Alter-

natives Assumption, which sets t he C).!;alita riau choice fnH<:tiou apart l>oth from 
the choice fuuctiou of Pmks awl Maschkr (1981) aud t he choic<' fuud.iou that 
we defiuc iu this paper. 

Fmther siuce, Sill + HOM + NIIA ---> WPO , th< ~ follo wiug corollarv is 
immediate: 

CoROLLARY 1 The only r:hoice function on 2:: 2 l.o satisj?; SIR , HOM, NIIA , 
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Appendix B 

The purpose of this appendix is to cstR.hlisl! a replica tion invaria.nu: prop<:rty 
for the additive choice fum:t.im1. Replication iuvariaun: results for tlw rd <ttivc 
egalitarian and Nash cl!oicc fuuctious arc available: iu rdcrcu(:( :::; c:o11taiucd ill 
the same paper. In order to establisl1 tlw rcplica tio11 illvariall<:<' prop<'rty we 
need the following framework. 

Let n E N and R+. deuotc the 11011-ll<:gat ivc orL]mllt of n-dilllcllsiollal Eu­
clidean space. A choice problem iu R+. ( oftc11 calk< 1 au n -dilli<: nsiollal dwicc 
problem) is a non-empty sd S in R+. sRti.'ifyiug the followiug propnti<'s: 
i) 0 E S 
ii) S is compact, c:ouvex and comprdJcllsiw (i.e . 0 :::; :r :::; y E S ----> .1: E S') 
iii) 3.7: E S with X » () 

Let 'B" dcllote the class of all n-diJIIensiollal choice prohkllls. \Vc shall be 
interested ill a subcla::;s of :En iu what follows. 

Given S E "B", let 

n(S) = {·T E S'/ t .T; 2:: t y;\<ly E S', Y = ( y;);~ l} 
1. = 1 1.= 1 

We shall be intcrc::;tcd iu t he followi11g sulwlass of :E" dcuot<:d fl" : S E fl " if 
aud only if t he compact couvex set 11.(8) has a fi11i te uuu1hcr of <'XttTllt< ' poiuts. 
Let e(S') denote the set of extreme poiuts of u(S'), wlw11<:wr S E 13n alld let 
!e(S') I denote its c:anlinality. T he a.ddibv P- dw'ire .fu.nrt'ion A : fl" ___, R+ is 
defim:d as follows: 

A(S) = ! c(~)l L :r, wlwucvcr S' E B
11

• 

xEc(S' ) 

LetS' E "B 2 be giv<:n, a:; wdl as uaJ.nraJ wuuh<:rs 'Ill., I. Let 1,, = {L 2, . . . , 'Ill.} 
alHl .h = {m + 1, ... ,'Ill.+ 1} . For a pair (i , j) E Im X .!1, let 

The Thon1sou ('rn, l ) n:plicatio11 of S' is ddiiH:d as 

srn,l = Couv {Su/(i , j) E Im X .Jl}. 

Clearly sm. ,l E nrn+l. Iu<lc<:d , if :r: i.i d<:uoU'S au clcll!Cil t. of S; .j ) tit<: II t. lw ex­

treme poiuts of u( S') arc { aii ( S') , {li ( S' ), ( i , j ) E J, x .It} where o.';i ( S ) = o.1 ( S'), 

a.j1(S) = a. 2 (S'), a.~:1 (S ) = 0 if k # i.,j; t~ ;7 (S) = !J I(S) , 1//(S') = !12 (8) , !J ~:i(S') = o 
if k # i , j. Thus A (Sm·1) = 21~ 11 [L (i .i )E I.., x J, nii (S ) + Lu.i )E f, , x 1, /{i( S) ] . 

THEORE!Vl 2 Intheabov P- frmn. ewo·rk, III A 1 (Sm 1
) = A1 (S') ViE In, onr!Cif.i (S'"'J) = 
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Proof: 
Let (c, rl) = A(S). 
Thus ( c, d) = ~~ o.( S) + _l_+. 1/1(S). m.-r . 1n 

Now 

- (sm.·') 1 [L k.i(S) L hi o)l A~, · =- o .•. ·· + . h1. (.1 2'111.1 ''· .. 
. iEJ, .7 E J, 

= -
1
- [ "' !}.~~' (S) + .' ......... . h;t(S)l if 1.: E .!, 2n1.l L.,; L.,; 

iEJ.,,. 1.EI,., 

= -
1
- [m.a 2 (S) + '"'·h2(S)] if/;: E .1, 

2'111.1 

if I~ E I"' 

-- I 1 
therefore Ak (Sm., )=- [a1(S) + h1(S)] if/;: E Im 

2m 

Thus, 

1 . 
= - [o-2(S) + h2(S)] 1f k E .lJ 

2n1. 

TnAk ( sm,l) = Al (S)VI.: E Im 

lA"' (smJ) = il-2(5)\fk E .71. 
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• 
Let. us show that, LI.:EI.,,uJ, Ak (sm.l) 2: I::,:EI.,,uJ, .1 :1.: V:r = (:ri.) 1,.E J.,,u.J, E 

smJ. 

Let (c,rl) = ~[a(S) + h(S)] E u(S). 
Thus c+d 2: :r~ + :r~\f(T~,:1: ~) E S. Tluts if :rii rkuot:cs a vector iu Sii , thcu 

(' + 'i > oJi + .,.i.i ' '" -·'·;. '' '.i. 

Now, let JJ E sm.i Thcu , there < ~xists f/..i.i 2: O,(i , j) E I, X .!, ~Itch that 
y ::; L(i,.i)EI,., x J, fl·ii:7:ii for soillC .1: ;

1 , ( i., j) E J,, x .J,, aud L (ii) El, .. " J, JI ; .J = 1. 
k 

therefore y~, ::; LiEJ, Jlk.J·T,:
7 if k E ! ,,., 

J/k ::; LiE].., fJ·ik1:~~: if k E .71 
' . therefore LkEI, y,,+ LkEJ1 J/k S LkEJ,., LiEJ1 11·'(r:,/ + Li. E.J, L ;u,., fl.iJ,:Ti." 

= L(i,.i)EI.,,x J 1 11·ii'<.7 + L(i ,i)El.,, x J, 1 1· ii 1 :~.7 
'\' J · [Tij + Tij] < + j L.(i.i)E l.,, x J, h .J .. ,. "7 - r.: r. 

- '\' _f_ + '\' g_ 
- L.,.EJ.., m L..iEJ,. l 

- " A (Sm ,l) - L.kEI,UJ,. k · 

This establishes the bouafidcs of t he cxtcusiou of A fro111 2:2 t.o l]'' a~ iut.ro-




