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Abstract: A portfolio p l annin~ uwdd w Iii eli tak!'s iuto a< ·coJJJJ t. 
a cost of pnrchnse of 111arkct inforumtion is cousid<·n·d. h1 tlw prc­
s<~ntccl l!lOdel, the ol>j<·ctivc of t]l(' iuvcstor is to lllrtXi!IJi/\c probabi­
lity of attaining or exceeding t lw requi red r<'i:mn :::. It is sbo\\'11 i.lwl. 
the presented stochastic 111odcl rcdllc<'s t:o a H<mliu< ~ar progra!IJiuiug 
problem that can he solved dfici<'IJI.ly. 
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1. Introduction 

Optilllization nuder nnccrta iuty d<'a ls wit h tlw sii.J1at.ion when· t.bc infonuat.io11 
avai lable is lillli tcd at t he I!IOillent tlw decisiou is t.akcu. lf tlw llll<:crtaiutv 
is stochastic, the decisiou-makcr lll<lV oulv have a probabilistic distrilmtiou of 
some unkuown qmwtitir•s. In souw cases tlH' dcc i siuu-tua.k<~r can iuv< ~st iu g<'i.t.iug 
ltlorc precise illfonuatiou al>ont tlw probabilities of the nucertaiu val11es iu his 
problcltl. This lca.ds to ucw, iutcrcsting a11<l i111porl.aut qncstiot1s w!Jich tum Ultt 
to he difficult to solve. vVhat. docs t he IIIOr<' precise infon ua.liou n~ally 111eau·! 
Whcu does a trade-of-f hctw<'Cll the cost of hnying iufonuation and fnl.nrc rd.mns 
exist'! Since, "lmyiug infon11at.iou" is a ki11< l of irn~vcrsihl<~ invcstJucnL , wlH~ll is 
the decision-maker to stop ifl 

The importance of t.hesc [j1!Cst.ions all<! t. lw problem as a wl10k was uoLiccd 
by rcscan:lwrs. In t.Iw series of papers , Z. A rt.st.cin awl n .. J -B " icr.s (sc<~ Art­
stein, \i\/cts , HJO:.l, 1004, 1005) d<~vclopcd a new con<:< :pt , c:all<·d .,ensors iilld 
illnstratcd l1ow it works in sm11c si111pk <'Xa111pks. Portfolio sckc t io11 was also 
rccogui~ed as a w1tmal ::;o11n:c of t lH'S<' kind of qlJ(~sLious , and so, L!Jc pol.cll­
tia.l field of futmcs applicatious. Usiug a <:Olll])III.<T-hascd sN. uf <'XJ>Crillwllt.s 
TI.. Bricker all(] M. De Bminc (sec Bricker , D<·BmilH' , 100:3) ;l.llilh·~<·d l.]w rcla ­
tiouship between iufonnaJ.ion cost. an d rt\'iLi lahilitv. and the invl'sllll<'ll1. stral.<·!'·\· 
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However, it becomes obvious that the probl em needs h1rtlwr st.JJdies a nd a 
more general and systematic approach . Examples of sud1 an approach can be 
found in Banek (1999A, B). 

Tnvesting, and investing in stock assets in par ticular, is in evit11bly COI\I Iected 
with risk. Various models of optimal portfolio selectio11 , which li <IVt' appeared 
so far in the literature of the subject, can be briefiy describPcl as "how to obtain 
the highest return at the lowest r isk". No matter how the above sta.tenwnt is 
realized in particular models , one feature is common. Namely, these models do 
not take into account the cost of obtaining information about part.icular assets 
(their returns and risk) , which is necessary to select the portfolio optimally, (see 
Haugen, 1993) . Whatever is the reason of neglecting the cost of information, it 
results in a brutal simplification of the models when comparing with the real 
world. 

The current paper is based on Banek (1999A, B) prcse11ting probabl y the 
first attempt of the general approach to the problem. Assumptions from Banek 
(1999a., b) are used here in order to create a mathemati cal model of portfolio 
selection in which the objective of the investor is to maximize probabi li ty of 
attaining or exceeding the required return z. Tt. is proved that , under realistic 
assumptions, the model allows to select the optimal portfolio by reducing the 
primary, stochastic problem to a nonlinear programm ing problern t.hat can be 
solved efficiently. 

2. Mathematical model 

We consider selecting a. portfolio of n assets . Let us use the fol lowing notations: 
x- a vector of investment, j- then-element vector of I 's, lvl - the total capital, 
z > 0- a minimal level of return, required by the investor. Lett, 0 :::; t :::; M 
denote the amount of money spent on purch ase of inforrnation.-

Tbe random vector E represents future uu known returns on the assets whose 
parameters are estimated by analysts. 'vVe a.ssurne that the investor knows a pri­
ori that the vector E has a normal distribution with the parameters (estimated 
in any way): m- a vector of expected values (returns) and Q - a covariance ma­
trix. The job done by analysts consists in further estimations of the mean vector 
m and the covariance matrix Q. As a result of th eir studies they produce m.(t), 
Q(t) . In general, m(-), Q(-) are stochas tic processes and Q(-) = (rh.i(-))i ,j= l, . . ,n 

is a square, symmetric matrix with differenti able elements, such that. 

xT Q(t)x < 0 for any x -1 0. 

The latter requirement comes from the fact t hat as work of the analysts 
continues, the mean square error of estimation of m( ·) should decrease. For 
simplicity we make further assumptions. 
(A l) The m(-) is constant, i.e. 
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(A2) The matrix Q(-) is d<~tenninistic awl is of tlw fonn 

Q(t.) = Q(J + tHQ)-1. 

01 

(1) 
where His solllc square synnnd.ric llt<lt rix with t.racc of H . Sp H > 0. As 
it is ea..sy to sec, tlw inequality :rTQ(t ).T < ()for nny .T =f. () is" <"OIIS< 'CPH 'n<:c 
of (1). 

'vVc shall <~xplain below om Jnotivatiou for adopting ( A2). Let (;., ( ;: , Q) 
denote an n-dimcnsional Gaussian density witl1 t he JJt<!all z a11<l Llw covaria.ncc 
matrix Q. 

Tlw Fischer iufonnatiou on the vector(. coutaiw!d iu tlw dist rihu t iou fuuc­
tion with Gaussian dcusity G,. is the followiug 

!. II'V~n.( z - 111 , Q(t ))l l
2 

dz = 

. R" (1,(z- "1/I.,Q(t.)) 

Sp Q- 1 (1,) [.L .. [z - 111 ][.:: - 'tllfG,.( z- "Ill , Q(t)) ] q- 1 (t) = 

Sp ( q- 1 + tH ) :::: n + /1 · t 

w!tat shows that for Q(·) givcu l.Jy (1) , I 1 iucrcascs liuca rly witl1 /. Tlms , if the 
cost of purcha..'iing infonuation is proportiowtl to 11. , which we adopt ~J.'i om ucx: t. 
assumpt ion, i. e. 
(Aj) c(t) = c · (It - Io) , 
tlwn as a conseqnctJe<~ we obtain 
(AJ') c(t) = (.l'. t , (Y = (: . Sp JJ. 

In other words (Aj ') is iu a.grccntcnt witl1 (Aj) if Q(·) is of 1.1w fon11 (1). 
In order to simplify ca lcnlatious , we will carry ont fmtl1cr cousidcratious for 

t lw particular case of H = I. 
Let m; denote by (.1 a randmn varia l>l<' representing a vector of rd.mus ob­

tained by aualysts awl pmchased by the iuvestor, wlw pays r:(!;) for it. 
The amount t camwt be ncgat i vc becans<! short-sdlillg of iufon 1 mtio11 is 

i111 possi hie. It calli JOt exceed !\II ei t hcr , otherwise a ll tlw 1 JJOIWV iuvcst<'d iu 
assets aud a part spcut on iufonuatiou would ('OJJH! frout slwri.-sclliug. \'Vc 
asstmtc nnlimitcd slwrt-sdliug on a ll t]Jc assets. 

Since (.1 "' N ('111., Q(t)), tlwu 

(.1:, (.,) ""' N ( (.1: , '111.), .TT Q(t):r) . 

Under al.Jove a.ssmnptions we can fommlatc t ltc fo llowiug stocltast.ic Juodcl 
of the decisiou prol>kllt of tltc illvc::;tor: givctt z > 0, ]Vi , 'Ill , Q(t ), fill< I (!opt : .Tort) 
- a solntion of the followi!lg stoclmstic prograttllttiug; prohl<!llt 

(2) 

13y Lcnnn a. 1 (sec Appendix) prol>kllJ (2) r!'dnccs to tlt c followi11 g llOlllillcar 
programutiug prohk111 
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Before fonnulating tlw t.lworclll beiuv; tlw lliHin result of tl1<· paper , we l!av1 ~ 

to iutroduc:c some uecessary notatious. 
Let 

. ( )~ ·TQ-l( ) ( · Af + z ·) _ yTQ-
1

(1,) ((M -. t)n·'·- (M + z).J) Jl t -] t f//. - -- . 7 - . . 
M-t · /11 - 1 

Fuuction p(t) can !tavc at most two real roots l>l'cause its uuutnatur 

r(t)~yTQ- 1 (t) ((I'd - t )'lll. - (111 + z) .J) 

is a square fnnc:tiuu of ollC: variable . Let. us deuot.c routs of 1·(l) (if they exist) 
by t, t, respectively. Set , T = {t: T(t) > 0} = (L)). 

Let h.~M- t allCI 1/(h) dcuot!~ the following polyuuJllinl 

v(h) ll.,uf h.3 -

h ( (.1\1 + z) 2 ll.j ll:? + 2(A! + z).{T q- 1
'111. + 2M(J1I + .:) (w ,_j)) + 

+2M(M + z)2 ll.ill 2 + 2(M + z fjTQ- 1j. 

By hmax we denote tlw biggest rc<t! root of t!tis pulyuoutia.l. 
Because, by the a,-.;suntptiou, t E [0 , ,~J] , iu fmtlwr n :asouiuv; w1: will cuusiclcr 

P~ [0, fl;f] n T. 13y Lenl!W1. 2 we can sec til at 

p = { [0, f) 
(t, f) 

if t < 0 
if! ;::: 0. 

THEOREM 2.1 If a..o;snu1.ptions (Al), (A2) , (A.''i) o:1P. sahsfled and P ::/= 0, !he 
solution of thP. p'l'Obl P.·m (2) ·is a. pa.i·,. (:r: 07,1 , '·upt), whe·l'e 

a.nd 

.M- tort Q-l ) ( z + M ·) 
:l:opt. = ( , ) (fopt '1/ /,- / ·] 

J·TQ-l(t ) 'Ill-~.]. .Af- l opt 
•' OJ)l . J\1- tDJJf. ' 

tort = Jvf - h0 

I _ { hr.nax, 7.o- M 
' 

if f1 < h.max::; 111 an.d 'l•(hmaxl < v(M) 
elw:wheno 

Proof. Let ns consider problcut (3) (eq uivalent to (2), by Lnt1111a 1) now taking 
into account only the constra.iut (.r., j ) + t. = 111. The Lagranv;e fuuct iou is 

( 
(.7: ,'111.)- z - 111 ( . ) 

F :r, t,>-.)= , ->-. (1;+ .~ :, J)-M. 
j.TTQ(t ).T 

13y differentiating it by .1:1', t aud >-. , we obtain a syst.c1u of n + 2 <:qnations 

( A\ 
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1 (( ) !11) x TC/( t )x 
2 .?:,Tn. -z - ~ 
---- ----:=-----'v,_'·r.-".7._' ,c_ ..• J_,u .. _),,.-r" - ..\ = o 

:~ : TQ(t):~: 

t+(:r,j) - M=lJ. 

Let ns mnltiply both sides of (4) lrv :rT , fiud A awl p11 t it. iu (:)) . T lwrc arc 
the followinp; cas<~s 

1. If M =/= i , t.lwu 
M+ z =A 

(M- t) J.?:TQ(t):~: 
so 

. . 1 .TQ( ·) , (x .m)-z- M (.'l ) . 111.v ·1· i ·7· - ~ ·<U .? . J'f + ,·, yx· Q(l. ):r ' I • 

~-~::::;;;=~=· J , 
.TTQ(t;).T (iii - ! ) J:~TQ(!)i· 

(0) 

F . · l·f· . I j . , ( :~: .11'1 )- z - M n r J . or Sllll Jl 1 H:at1011 , ct. liS < cuot.c w ~ . vvc o ll. a.lll 
V , .. Q(l) :r 

111 _ 1 ( flf + z ·) --;=-::;;:.=::~= ;1: = Q (t) 'Ill --. - .. . 7 . 
j.1:TQ(t}r !If - I. . 

(7) 

Next , lllllltiply hot.lt sides of (G) h)' .iT V/c have 

w(M- t:) = /:~ : TQ(t) :rFQ- 1 (t) (·m- .M.· + z . .1). 
V M -I 

The followiug nt..-;cs can occur. 

(a) If _f'Q-1 (t) (111 - -~~= ;, · j) > () (i.<'. /; E T ), Llwu II ' is positiv<~ 
for those .1:, fo r wltich tltc grmlicut. of tlw Lagra.JJg<' flllwt .iou \l ,.. F 
vauishcs. 

(b) If jTQ- 1 (1) (-111 - ~~=~ ·.i) < () , t.!Wll/11 is uegativc for :1' ['or w!tidt 

the gra.dicut. of the Lagrange flllwtiou vanishes. Ncvnt. lwkss , for 
arbi t rary /: OJH' e<Ul a lways choose s11ch a vector :r , (:1:, j ) = 1\I - I. 

t hat the lllllttcrator of the object ive f11 nctiou is cq 11al Lu a lixcd o .. 
Tlw sign of w dcpcuds ouly 011 Uw sign of tlw llllllJ( ~ntLor, IH ~<:all S<' 

t he deuomiua.tor is positive (except for 1: = 0). TL is ohvio11s that t he 
maxilltlllll of 111 abo mnst he positive , indcpcud<'ntly of t . ]J( ~ clwicc of 
t . 

(c) If FQ-1 (t) (w.- ~t~ !: · .i) = 0, t hcu 'Ill= 0. AmliO).!;O ilsl\' ns iu 1.2 

(the cxisteuc:e of posit.iw w for arh i tmr~' t), mw c:au s<·<~ tltn1 t his f'<-IS<~ 

incsseutia l with respect, to looking for the ItJa.Xillllllll (2). 

2. If A1 = t , t lwu ( :~ :, j ) = 0 ami the p;radicJJt of t iH ~ La.graiJ ).!;C f111wt.iou is 
equa l to the gradi<'ut of the o!Jjcctiw fuud.iou (:~) . DY <:Oltlpmiug it to 
~<~ro , we have 

·m.Jr-:;:T"""Q-::-(,.-,-!1...,.,,!)-:r + (M + z - ( :~ :, '111 )) Q(M)o: 
J :r TQ(M)": / ( .... \ 
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For:~; = 0 the ohjectiv< ~ full ctiou is ullddilled and it tcllds to ntiuus infini ty, 
so that its gradient docs not exist. If:~ : # () tlwu, ntultiplvill )..!; both sides 
of (12) by :rT, we obta ill 

M+z 
T ( ) = 0. :~: Q M :r 

I3ccau:,;e !II/ + z is po:,;itivc, the equality al 1ove uut lw sa.tisfi<~d ouly asyJttp­
totica.lly for :~: ' s such that II.T II ___, oo all<! (.1: , j ) = 0. Obviously, also ill this 
case, one can choos<~ sudt :~: that (:r, .i) = 0 awl t lw value of til(' objective 
w corresponding to this :~: ic; poc;itive. Nevcrtlwlc:,;:,;, there alwnys exists a 
better solntion fort < NI, so we do not obtain the JnaxiJwll value of the 
objective 

Taking illto account 1.1 , 1.2 , 1.:3 a ll<! 2, we can lilllit om fur t lwr nmsid< ~ ra.­

tions only to the ca.-;c 1.1 ( w > 0) . For I. E T we lmvc 

( ) _ 1 V .T . _ 1 ( ) ( · z + M ·) X t -- .1. Q(t):~. Q t 1/1. --- . · J . 
w M - t 

Again multiply both sides by jT. We ohtaill 

'W 

xTQ(t).1: M- t 

(:~:,m) - z - M jTQ-l(t) (w. _ ~j~~. :i) · (9) 

Put (9) ill equation (8). Fimdly, we ltave 

.?:(t) = Q- 1 (t) Ill - -- . j . M-t ( z+flf ) 
jTQ - l(t) (m. _ ~1~~ . j) M-I. 

( 10) 

Ill particular, if t = 0, then :~ : (t) = rr _1 ( 
111 

=-±.M.. ) Q- 1 (111 - :!,f1 
· .i) . 

.1 .J m- M ·.J 

Now put M+z =A in (5). We ohtaill 
(M-th/xTQ(t.)x 

what, after rnultiplyillg both sides by 2 'vh:TQ(t ):r, yields 

((.~:,m. ) - z-M) :rTQ2 (t):t: _ llf+z .. TQ() · -
T 2 .I t :1 - 0 . 

. T Q(t):t: M - I. 
(11) 

Next , put (10) to (11) . 

M-t r M - t r 
~ --------~--------\~1 
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(
'II/.- }.if+ z . ·i) T ('In - M + z . ·i) -

M-t ·' M - t ·' 

2M+ z [ M-t r 
M - t jTQ-l(t ) ( 111. _ ~~!~ . .i) J 

( 
M + z )T ( M + .z ) '///,- --. 7' Q- 1(t ) 'Ill.- - .- -. i = () 
M-t · M - 1; · 

I3y dividiug both sides of the a bove erpmtiou h~r 

(FQ- l (t) (111. _ ~~~~ . .i)) 3 

we obtain 

(M- t) {n,r(M- t) - (M + z)/'} {n1.(M - t )- (M + z) j} ­

-2(M + z);TQ- 1(t) {n1.(M - t)- (M + z) j} = () 

where Q-1(t) = Q- 1 + tH. This is au erptat iou of the Jnl dq.;n~<· wit l! respect 
to tile variable t. As it wa.s stated previously, w<~ will look for rool s of (12) 
ouly a mong t E P. I3y substituting tlwsc roots awl 0 (the cud of tlw intcrva l 
P) ill the objective we find t lw optiwal t, i.e. llt axintiz:iug (J) . r<n rcasous of 
si!llplicity, denote Jvi- t = h. Tlwu, cqual.iou (1 2) looks as follows 

A 2 3 
11( h)= 11 ·/11. 11 h. -

h ( (M + z) IIJII 2 + 2(/IJ + z) /Q - 1
'111. +2M (!If + z) (111, .·i)) + (12) 

+ 2Af(M + z) 2 IIJ II 2 + 2(M + zfjTQ- 1.1 = 0. 

The derivative is 

I ~ •) ( ~ ·) . •) T 1 ) v (h.) = 3ll.,nll- h.-- (M + z)- IIJ II - + 2(i\J + z) -j Q- '1/1. + 21\I(M + ::) ('lll., j ) . 

Let us cmnpa.re it to z;cro. If 

tl!Cll 

j(M + z) 2 IUII 2 + 2(M + z) 2.VQ- 1'111 + 2M(M + z) (u1.,,i) 
h± = ±--'-------------;:::::----- -------

JJ 11'1/1 11 

arc roots of v( h.) . 
Letusdeuotc) l>yh.1,h2,h3 tlwrootsof.n (h). Ld. h.max;;; llt nx( h;, i = 1,2, 3 h; E 
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13y the defini t ion of h. etJl(l 1. 1, we will rc:-;tricl. om fmtlicr cuu:-;id<Tatiou:-; to 

t he aualysis of the polynm11 ia l v(h) iu Llw sd S~(fl , JII], when ~ fl = 1' I - i. Let 

For 

ho = { 
hmax, 
M , 

if fl < h111ax :::; J\f itiJ<l V( hm"x) < ·11 (j\f ) 
dscwlwrc 

M -t 1 ( z+ .M ) 
X (t) = Q- (t) 'Ill - - . - · j 

jTQ-1 (t) (//1 - ~;~~ . j) 111 - t 

the gradieut of the objective fnudiou va.uislw:-;. l3v snhstit.nt:iu ).!; :,. (t) iu t. lw 
objective we obtaill 

·'( ) _ (:r(t), '//1.)- z- M _ 
y!t - -

JxT(t)Q(t):r(t) 

A.f-t 'f//TQ- 1 (t ) (w !II += j) ]lj ., 
.iTQ-I(t)(m- ~~::; i) · · · - Al - l · · - - '· 

!vi -I. (u 1T- ~~=~· F) Q- l(t)Q(t)Q-l( t) (u 1 - ~j=~ ·j) 'TQ - l(t)( M+z ·) .7 . . m- M-r. ·.J 

mTQ- 1(t ) (m.-~ . j) - ~FQ-1 (t: ) (111-~ · .i) 

( 'fliT_ M+ z . 1·r) Q- l (t ) ('//I._ i\I-r z . ·i) 
M-t M -I . .J 

·mT - -- · jT Q- l (t) 111 - - . - · j . ( 
M+ z ) ( M +z ) 
M- t l'el - t 

Thus the objective~ ill tenus of the vari a hk h is cxpre,;,;cd hv 

'lj; ( h) = 
( 

T 111+ z r) 1 ( J\1 + z ) '///. - - - . j Q- (111 - h) 1/1.- --. - .i . 
h. h 

After diffcrcnt iatillg over h we ohtai11 

'lj/(h) 
2h2J(hn1T - (z + M ) .. JT) Q- 1 (M - h)(hu1. - (.: + M) · j) 

[llm·ll 2 h3
- h. ((111 + z/11.7 11 2 + 2(111 + zf.{~'Q- 1ul.+ 

2M(M + z)('lll,j)) + 
+2111 (111 + z) 2 IIJII 2 + 2(M + zJFQ·- 1.i] = 

1 
3 ) l! (h) 2h: 'lj!( h 

Thus 'lj/ (h) cltangc:-; the :-;ign ill t he followiu:..; wav. Th(' h r:-; r. fil<"tm is ucga.t.iv<: for 
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T hus the sign of 4/(h) dcpcuds oul .v 011 tlw sign of the Sl'<:o!Hl factor (tlmt. iu 
t he square brackets). I3y Leu IIIIH ;1 it is < ~nsy to sc< ~ LII<tt for h0 t,IJ(' u 1 '.ic<:t:i ve 
fuuction attaius its ntaxi ttlU!ll. 

2. If P = 0, tlwu for each l E [O, fl.f ] we lmve .{rQ- 1(t) (111 - ~~=~ · )) < 0. 

T hat is why t lw solu t iou of tlw prohl<:JIJ (;~ ) do< •s not. depend 011 r. ll(' v<J lll<' of L 
what was described in 1.2 • 

3. Conclusions 

TIH~ rcsnl ts ohtaiued in tl1c pape r show a possibilitY of au css<•JJiia.l iJJI)>I'OVCJJt l'llt 
iu portfolio sclcctiou which <:rU I he ai'!Ji< ~v<'d hv takiug iul.o <t<TOIIll t il l! uptiou 
of purchase of iuforllla.tion. Despite tlH' fn.ct that pnn:lmse of iufontJ aLiou is 
costly, t l1c probability of cxcccd iug t .l H ~ rcqnircd k vcl of rdmu n tll h\' IIiglwr 
wlwu using this optiou. Iu this case, om rc~illlts <:<Ill lw a good illnstratiou of t lw 
<:O lllll!Olll ~r knowu fad t hnt iufonnatiou is t.lw Inost prccions <:Oll lllJOdi l.'·· \·VIJ<ti", is 
intportant , cmupntatioual con1plcxity of 1]1(' portfolio sdc<tion Ilt(ld<'l prcs<"utcd 
iu til(' paper is slightly l1 iglwr thau tlw.t of tlH' cl assical H.ov JJJ od< ·l. lu par t.i ntlar , 
t he most tini C-<:OliSllllliJJ).!; coutpntat iou , mtntcly rcversiug 1)1(' covmian<:<' IJt at. rix 
rcnt aius lll!dmngcd. T lw only compntatiou , w!Jic!J do<~s uot ocu Jr iu t.]J(' classical 
ll!odcl , is caknlation of the roots of a polyuoJttia l of tlw :lnl d q.·;~ ·<'<'. Tlw ti JtJ<: 
of t his colllpn ta.tiou can obviously he ll<:).!;k ctcd , as it docs nol dqwiJd 011 t he 
lllllllhcr of portfolio coJttpOIH'nts. 

l<luthcr invcsti).!;at ions focnscd 011 testing t he mudd by 1111111\'l'int l silllld a.­
tious , iudndiug usage of real-world data. T ll(' rcsnl ts of tiH'S<' sittttdal.ious cou­
fimJc~d nsdnhH~ss of t lw uwdel and wi ll! )(' ptihlisiH'd soou . Ohv iot tsh ·, i.lw Jllodcl 
cousiclcrcd is uot a l!lat li cJu al.ical dcscri pi ion of m1v <~xistiug iufor1 r1al iou-scllc r 
1 >11 t .i nst a prop usa.] !tow snc!J <'1.11 illfOlllJH.t iou-scl k r 111ighl. \I'Ork. Ti t is is w l1y 
tlwse siumlat.io11s arc a kill<! of "wlml.-if" nwdYsis ral.lwr tlJ<lll )wrfortt lit.JJ<:<' of 
rea l portfolios. 
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Appendix 

L EMlv!A 3. 1 PmblP:rn. (1) n~duas t o thl'. fo/lo111in.fJ 'fiOn-lin ea:r ]JTOIJ'I 'O. 'tfi'IIJ.in .r; pmb­
lem. 

(:r, '111.) - z - Al 
max 

t+<:r.,i >= M 09.S, lvf J.rT(J(t) :r 

Proof. 

max P ( ( :r, ~ t) ~ z + A!) = 
t+ < o:, ,i > =lvl OS, tS,M 

1 ;·oo ( (s - (.1:,m ))
2

) 
= !IIax cxp r1~ 

t.+<.r. ,.i >= M OS, t S, ft.!f J 21f:I:TQ(t):r. ~+AI 2:~:TQ(t ) :r . 

L t I l t ' t · s - (:r. .m. ) 1'1 I t · e , us maw a HI! >S ,J .utlou v. = ~· . wu we o > .a 111 
V"'TQ ( t) :r 

1 ;·oo ( (s -- (7:,'111.)) 2) 
max < ~xp T d.~ = 

t+< x ,j >= M OS, t S, M j27r . .rTQ(t).T. z + M 2:r (J(t ):r 

max -
1-;·oo cxp ( - '11

2

) rlu = 
t+< x .. i >=M OS, t.S,M j27T, =+ M-< •" m> 2 

..j.,TQ (t. ) .1 · 

Hl<L'C 1 - J ' { G ( 
z + l l.f- (:r, '/11.)) } 

t+< x . .J >= M 09 S. M J.7:1'Q(I.):r 

where C(-) is a distrilllltiou fuw:tiou of N(O , 1). Now om stodmstic prohlclll 
reduces to t}w following u01diw:ar prohlcut 

z + M - (.1:,Tn) 
max ---;::=::::::==='=='==---'- <=> lll ax 

t.+<x,.i >= M OS, t.S,J'vf J..rTQ(t).T t + < r. ,i >= M OS,!S. M 

LEMMA 3.2 JfT -10, then t < M. 

Proof. 

r(t:) ;TQ- 1 (t) ((M - t)n1. - (AI + z) j) = 

;T [Q- 1 + ti] ((M- t)m - (!II + z).i) = 

(.T, 'Ill.} - z - M 

J :r:TQ(t):l: 

- ('lll., j) t 2 + ( -;TQ- 1
·1n + AI (111., j ) - (j,j ) (M + z) ) t + 

• 
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For all z 2': 0 

r(.M) = F [Q- 1 + M I ] ((M- !11)'111. - (M + z)j) = - (i\1 + z ).jT Q- i (M)j < 0. 

The mean of roots 

-FQ-1 '"'· + Jl.f ('111,j ) - (j, j ) ( i\f + z) 
t'W = . 

2 ('111., J) 

decreases a.-; z in<:nw.;es. vVe call sec tlmt t,L. < JH. It. il!lplic:-; t:!Jil.t r())' a.ll z , for 

vvhich t, t exist the inccpta!it.y i < 111. • 

LEMMA 3.3 1. Fo·r a:rbil.rary values of t.he polyno'lll.ial?'(h) t.h e1F cris is a '!Nil 
negative mot h1 . 

2. If h+ exists and v(h+) = 0, !.hen. l.hr.n: e1:isl,., also one double n~o.l '{'(;o /. 

h2 = h3 
.':1. If h+ e1:isL"- and v( h+) < 0, !;hen thr~·rr. r.1:isl. l.wo dilferent: rr.nl ]los·il:i.ve ·rool.s 

h2' h3 ' h2 < h3 . 

Proof. 
1. For arbitrary valncs of para111Ctcrs of the po!vJJOllJia l ·1:( h) W<' !J;wc 

v(O) = 2M(M + z) 2 ll.ill 2 + 2(M + z )yTQ- 1j > 0. 
Because v(h) is of tlw ::lrd dcp·cc wit.l1 a po:-;itive codficicut at tlw hig!Je:-;t 
power , its valnc tcwls to - oo wlwu h teuds to -oo awl it lJJlis t. have uue 

real, negative root h1 • If 
(M + z) 2 ll.i ll 2 + 2(111 + zf;TQ·-J,/1 + 2M(M + z) (1u,j ) S 0, 

then v( h) > 0 for a ll h, so t.lw ouly :-;uln t iull of tl1c cqnat.iou n(h) = {) is 

hl < 0. If 
(M + z)~ 11.711

2 + 2(M + zfFQ- 1'" + 21\I(M + z) (111 ,j ) > o 
am! v (h +) > 0 , then posit.iv< ~ root:-; do not < ~ xist. 

2. If v (h+ ) = 0, then h2 = h .:,. is tlw only positive root. 
::l . If v (h+) < 0, then t h<'re exist two difkrcnt positiV< ~ roots h2. 11:1 , h'2 < h:l· 

• 




