
Control and Cybernetics 

vol. 28 ( 1999) No. l 

Target assignment problem for air raid 

hv 

Marian Chudy 

Faculty of Cylwnwtics, lVf ili tarv Uuivm·sity of Ted!llulogv, 
vVarsaw , Poland 

Abstract: The article deals witlt two fonnnlatio11s of the target 
a~signmcnt prohkttl. The first otw cow:ems a lwnwg('lWOIIS col lec­
tion of air raid uwa.ns (differen t types of a ircrafts and tnissilcs) . \1'./e 
propos<~ a JlJ('LlJOd for solviug a snlwl<~ss of t he prohklll. Tlw ap­
proach consists of two pruts. First , all eqnivn.lellt nssi).';JllJJ('lJt-tvpc 
prolJlcm is constmcted , thcu a IJtOdihcd hralldt-awl-honlld nw t bod 
is used to solve t l J(~ prohlcJJi. The otll('r fonnnlation cotJn'ms <1 

!teterogcw·ons collc<:tiott of l!lCalls . To describe this prohlclJJ a 1ww 
a lgebra is introdnced. 

Keywords: air raid pl<Ulllin).';, nssi)!;lllll( 'J Jt prohkt11 , hralldt-r~wl­
boulld uwt hod 

1. Introduction 

T lw target assignwent prohklll differs frollJ 1,)1(' cla.ssiud assigulllcnt prohklll , 
Hung ami Rom (1080). It coutaius coustraini.s n~sociatt~d witlt t lw air defense 
activity aud routes for air r<1id l!leaus. Sill<:C dw resnl ts of tJw air dckllsc 
activity (a lllllt tbcr of dest royed a ir JJJemts ) arc ralldolll the prohl('llt is si.odwstic. 
vVe consider Ollly th~~ nnderl y ill).'; dctcnuinistic prol>lelll , Pn'~kopa ( 1 !)!).')) ' which 
provides ollly ::;otne esti1natcs of fcatnres. TIH'W arc mauy varieties of tlw tnr).';d. 
assiglll ucut prohk1u rkpeudiug oll t.lw illfomwtion available for plalllliug au a ir 
raid. Hence, we slwnld uot apply the a lgoritluus like tlw ow's hv D( ~rtscka~ 

(1!)81) , G lover, Glover, awl K liuglllall (1!:l8G) , Goldfarb ( l!:l8S) , Hnug, awl Jlo1u 
(1!)80) . After Fcrlaud and Hertz, L<woie (l!J!:JG), we uut call it all assigullJCHt­
typc problem (ATP). It rcmaius au ATP (Well for tlw si111pkst cousi(kr<~cl cas(~. 

\Ve umke au a.ttc llJpt t.o solve t!tc ATP t !ta.t dea ls wit!t t!tc u1.-;e of lwutOI!;C­
Jteons collcctiou of a ir raid 11tea lls. An optilltal solntiou of t.ltis :-;illlpkst. fon11 of 
tlw problems collsiden:d cstilllatcs tlw lower honnd of tlw rcq nirecl ItiJillhcr of 
a.ir raid mca.us that ca.n cxecu tc t!tc a ir raid . 

Ill order to ohtaiu the cstiumtc, we tra.usfon11 t lw JJtast.cr nrohlcJJI illt.o <'1.11 
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• a geucral assigmneut problem (GAP), 
• a system of li1war iucqnalitics. 

Special properties of the obtaiucd GAP (zero-mw codficicuts 011 tlw ldL- lmud 
side of the con::;traints) suggest that we slwnld uot. 11se tlw 1-!;<'IWU\.I approach 
to integer progra mming bnt. rather ::;ome uwdihca.tiou of tlw hraw:h-aud-boHwl 
nwthocL 

The relaxed problem that we propose ca11 l><' soiV<'d aua.l yt icallv ilttlll<'di at < ~ ly. 

We also explaiu that the transformatio n we nsed is dficieut cvcu if t he G A l'v!S 
solvers are applied. 

Let ns introdncc tlw foll owing uotatiou: 

D the set of selected points in 3-D space of tl1c umsidered 11d. ivity, 
i the index of locatiou of the a ir raid mc<Uis, 'i = 1,7, i.e. i = 1, ... ,!, 
j the target index, j E .J, 
n the type index, n = 1, N. 
Vector dm = (dr', d!J'·, .. . , d/;', ... , d]I(m)) , where r1;;' E JJ , rt;;~ E D, rl/;' =J rl};: if 

h =J h', will denote ·m-th ro11te . 
Here, nt. E 111Ij , wlJCre 

J\!II,j the set of indices of the rontc frolJJ plan~ i to target .i for the n-th type of 
means, 

H(nt.) the ·rn.-th ronte leugth. 
The symbols iutrodnccd abow will be nscd iu the snhsecpwut. s<·d.ious of the 
pape r. 

2. Targets assignment problem for homogeneous a1r raid 
means 

Now, we a.ss1urJe t hat each tar{!;d. cau he oul y dest royed by Ott< ~ typ<' of <l.ir raid 
Jtteans (ARMS). 

If we dcrwtc 
.1:;,'t' tlJC umuher of the n -th type of ATIJviS frolll loca tiou i 011 tlw '//1.-IJt ront<~ 

a.ssig11cd to destroy the j -th target , 

{ 
1 

'/ · -./.1!1. - 0 
if the j-th target cau h<: destroyed hy AIUviS of tvp<' n 
otherwise 

the set of feasible solntions :r = (.1:;'j"') <:aJJ he dc::;crihcd by tlw following cou­
straiut::;: 

L L :~::.·r-::;; n.;,, i = l,I, n = l,N 
i E J m.EM;.j 

1 

) ) lf}~111 h::'}11 ) > C;,'l/ ;,., 'i E .J, Tl. = 1, N 

( 1) 

(2) 
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N 

L 1/in = 1 j E .J 
n = l 

.r;'j"' ~ 0 and intc)!;cr , Yin E {0 , 1} (4) 

where 

a.;.n the tota.lmunber of n-th type of AlllVIS statioucd iu tlw 7-t.IJ locrttiou , 
r:_in the llll!Ilbcr of the n-th type of ARMS reqnin:d to ckst.rov tll<' .'l-L il taq:.;d 

(to achieve au ass1um:d levd of destm<:tiou) , 
U;~_jm(:r: ;,T') a fuuctiou of dcc rc<Uie of t he llltlllhcr of n-th type of AJl :\ fS ou the 

route 'Ill. 

satisfyi11g the followiug cowli t iou 

(G) 

UJ._t·(.?:;:;r'') cau be iuterpretcd a..s tile lllttuher of the n-th type of AlUviS tlmt 
remain after the task 011 the route '11/. has l><•eu c:omplctc•rl. Hc•n• we ass ll!JI<' Umt 
tiH~ initial assignment lllll!lher of AillVIS is cquaJ X!j"'. 

Sometimes it is necessary to take otll<'r c:mtstraillts iuto au:onu1.. as wdl. 
In order to const m ct the optillli~atio!l prohkm, wr: should dc·snihc ~lll ob­

jective fnnctiou . 

The c:ommonly used objccti vc fuu<:t ious an:: 
I N 

1· 2:.::2:.::2:.:: 2:.:: d;'t:r:'r (0) 

2. 

i =l .iEJ n = l m. EM;j 

which is the total distance to he covered by all ARMS frm11 tbcir locatimJs 
to all objects, here, 

d;'j'" the dist a.Hc:c from location i. to t lw ol>.icc:t j for t he n-1·11 t.ypc of ARi'viS 
011 the 'In- tb ron te, 

N 

2:.::2:.::2:.:: 2:.:: x:_i'" ( 7) 
i = l .iEJ n = l mEM;j 

which is the toted llll!lll>cr of AIUviS participating 111 au air raid <It t he 
initia l time, 

:.l. max t;'tg(.1:;'j171
) (8) 

7. 1J 111. , 7n · 

which is tile execut ion tiuw, ben:, 

q(.1:nm = 1..7 • 
{ 

1 if .?:"m > () 
' '.7 () otJJCtWISC 

and t;,'j"' is time required l>y the n-IJ1 type of ARMS to cover t ]H' disLalJ( :e 
rj nm. . 
" ''·.7 . 

l11 this case we asSlllllt: tha t An.TviS sl.art at the sanw tin1c. Bv conJhiuiug 
fnnctions (G)-(8) with coustraiuts (1)-( 4) we ohtai11 dif-fc:r<:nt l.atg<'t i\.s"iglllllCll1. 
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3. Target assignment problem for multiple types 

In this model we assJllJJC t hat a taq . .>;ct <:iill he des truvcd ll\· diHc ~wuL LY JWS of 

AllMS at the same time. 

In thit-> case we liS< ~ hi, instead of 1· 7, _: 

hin tlw level of destruction o f obj<'d j by t,IJ(' n-t b typ <' of AIL\IS. 
Dlle to the illtrodllction of hill we ddillc (ln ;dg<' ln·a Oil L]J(' S('l z = {T E n : 
:~ : 2: 0} . Here , Z dcuot< ~s all possible levels of dc•s t rnction. 

Vvc" define two operatious ou dc1 JJ<'llL~ of t be ~d Z: 
1. the ~11111 of clmueut~ frolli Z , d cuotc•d by (t) ur L:o iu g<'unal !:iiSl ~: 

.?:EB y= z, V:r,71 E Z 
which has tlw propc~rtics 

(a) x EB 71 = y EB :r:, :r , 7J E Z 

(b) (x EB y) EB z = 1: EB (y EB z), :~· , y ,:: E Z 

(c) OEB:r=:r , z E Z 

(d) :~: EB y ::; :~: + y , .?: , y E Z. 

For cxalllplc 
I ., " :r: EB 71 = V :r: ~ + y-

2. t he Jlllt!tiplicatiou defiued a~ follow~ 
(t 

~ 
(n: = :r. EB .?: EB ... EB :r: , 

(!J) 

wlwrc 1: E Z a ud o· E N t.!w set of llHt m a l 

0: = 0. 
lllllJthcrs , 11:: = 0 , if.?: E Z, 

Haviup; dcfill( ~d t he a bove opnatio11s we can defiue t lH ~ sd of f<'asihle pl a us: 

Here 

L L :~ : ;'j'" :S o.;, ,i= 1 , l , n = l,N 
.iEJ rnEM;j 

N 

L o L o L o/1 1, W/j (.?:;'F' ) 2: ,117, j E .] 
i =l n=l ntEJ\tl;}'" 

.?;;i 2: 0, :~:;~j"' E C- tlw set of iutcp;er nmub crs 

(10) 

(ll ) 

( 12) 

1'VIj'(:r;'t) an in teger f11Jl(:t iou of clccrca~c o f th<· ll lllJJ her of n-tl1 tvpl' of AH.l'viS 

on t he ro11tc '/1/. satisfyiug the followin).!; muditious 

0 ::; W;j' ( :~: ;':j") ::; :r: ;_'/" for .T ;'/" 2: 0 ( 1 ~l) 

Wfj (.?:;'t') E C (14) 

where (1.i required le vel of dcs tmctio11 of tlw target. j. 
As we said before , the fonu of fnnct iou I'V/j' (:1:;':;'" ) stroll).!;ly dcpc11ds 011 t. lll ~ 11 Judd 

of a ir defense a mi t he a ir collJbat escort< So11w cx m11plcs of this fJtJH :tioH arc 
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The other proposals can he has<'d 011 linear or 1101J-li11ear hirLh-a.ud-dca th 
processes , Barud1a-Reid ( 1900). 

The ww;traints (10)-(12) awl diOSCII ohjcd. in ~ functions ddine etssig;IIIJicnt 

problcnis for different AilivlS. Vo/e do not know a ntetliOd for so lving; tlH' as­
signment problems fonnulated in th is Wil\'. Howc~vcr , a11 ad<'quatc lltd.ltod for 
solving a particular c:lass of Uwsc problcJttC' c:a11 lH' propcN~(l. 

4. Special assignment problem for homogeneous arms 

We will c:on:;idcr the as:-;ignincnt prohlcllt defined !J:y co11straius ( 1 )-( 4) a11<l tlw 
objective fuJH:tiou (7). The latest <~xpcric ~ !l< :c i11 local wars allow:-; 11s to assll!JW 
that 

( 15) 

Assmning that an air defense~ is vvca.k hut au air c:oinhat escort is V< ~ JT strong, 

the master prohknt can be written a:-; follow:-; 

1 N 

77'( *) · "\'"\'"\' "\' ,.nm 
r :r = nmi L L L L .l.;i 

.7: 

i=l .iEJ n = l m. E M;.j 

subject to 

L L .7:;.'/n :::; a .. ;.n, i = 1, 1, n = 1, N 
.iE J mEM;; 

L L :r;'t' 2 l' in .IJ)n 1 .J E .!, 'II = 1, N 
1.=1 n1.EA1;_j 

N 

L Yin = 1, j E .J 
n=l 

:<'/" 2 0 and integer , Yin E {0, 1} 

(Hi) 

(17) 

(] 8) 

(10) 

( 20) 

In this problcl1J we could caned iJJdcx 'Ill siucc~ the optiutal sol1!1 iou docs not 
depend on the routes. 'vVe keep it to have the uuifon11 notation. 

Let liS fommlate tlw fo llowing GAP pruhlc'JII (the sul>prohle!JI 1) 

N 

ntill L L l ;)n)}i" 

.iEJ n = l 

subject to 

N 

) '1/;, = 1. 'i E= ./ 

(21) 

( ')')\ 
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L Cjn,!}jn:::; La;,, n = 1, N (23) 
.iE J i=l 

Yin E {0,1} (24) 

We denote by Y the set of fc<~.-;ihk solutiom; of t his prohlcJ 11 i.e . 

Y = {y = UinJ E .!, n = 1, N : y satisfies (22)-(24)} (20) 

We ca11 aotice some iHtercstiHg li11ks bd.wecu the lll aill prohkJII (Hi)-( 20) a.JI(l 
the binary problem (21)-(24). 

PROPOSITION 4.1 If a pai·r (.1:, y) satisfi.P.s th. P. r.onstminl .. ~ (17} -(20} !.hen y E Y. 

Proof. (22) follows directly from (10). Froll! (17) we lmw 

I I 

LL L .1:;'t' :::; Ln.;,. , n = 1,N (2G) 
i = l .iEJ mEM/j i=l 

and from (18): 

I 

~~ ~ .nm.>~ 1 N LL L 1·i.i -L cin Y.in,n= , (27) 
i=l .iE J mEM;j i = l 

(2G) together with (27) giv<~ (23). 

PROPOSITION 4.2 If at lea.s f. one pa.i1· (.1:, :9) e:~ ;·isf .. , , sat.is(yinq, (17} - (:~0} , then 
fo ·r P.a.r.h y E Y the pmblP.'In. (18)-(20) has a f r.osible solntion. 

Proof. Assume that problelll (10)-(20) has a t lea.-;t mw fcasihl<' solntiou . 
For y E Y we c:onstmct the followiug sets 

.J, (y) = {j E.!: Yin = 1}, n = 1,N (28) 

From (23) we have 

L Cjn:::; l:a.;, , n = 1,N (20) 
.iEJ,(y) i = l 

Thus, for the fixed route '1/1. (it may he dilf< ~ Wllt for ditfercut n) a]l(l fixed n we 
caa get the values that satisfy the c:oustrai11ts 

""' ,nm. < . -1 J ) :1 . .; ,; 0.-;n~ ?, = , 
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I 

L ·<'/'' 2 Cjn, j E ./, (y) (:H) 
·i= l 

by nsi11g , for install<:e , tlw l!tetlwd fur h11diug an i11itial sulttliou i11 t ]J(' cost. 

trallspurtatioll problem . 
We shunld solve N syste111S of itwqnalit . i(~S (:50), (31) to find all \·alnes of 

.T~:~tl .. 
The system of ineqnalitics concspondiug to (30), (31) can h( ~ soln·d iu par­

allel. 

PROPOSITION 4.3 Th.P. opl.im.a.l value of ohjP.d:ive fund.iO'II (J()j is erru.o.llo l.h.r~ 

opti·rn.al valv.P. of objr.rl:ive fu:nrtio'!l. (21). 

P roof. Let y• be tlw optimal solntiun of tlw pwhktn ('21)-(24). Tl1c valnc 

N 

G(y*) = L L CjnJJj, (32) 
.iEJ n=l 

can be illterprct.ed a.s tlw JJJillillllllll lllll! Jhn of AftMS JHTdcd t.u d<~strov rtll 

targets ill reqnircd level of dcstrnctiun. This illlplics l.lmt F( :r*) s!Jt)llld equal 

G(y*). 
To obtain x* = ( :~:;;;"') we should do as iu Propositio11 2. 

ddiue the ::;ct .J,(y*) ctlld rcdttcc collstrail!ts (31) to ecpmliti<·s 

'~\' •nrn. · J ( *) L :r:i.i = c-;, , J E. n y 
i=l 

For each n we 

(33) 

Fron1 the a bove propositiou:,;, we C<lll co!J(:lndc that in ordc~r to solve prohlctJJ 

(Hi)- (20) it is necessary to ::;olve the~ prohktJJ (21)- (24). \Ale ca11 ns< ~ n hranch­
a.ud-boulJ(l method to solve the snhpruhkttl 2 wlJicl1 we will also call PLD. 

5. A branch-and-bound method 

Accordillg to the g<'ncral idea of our tnd.hod , wt ~ nnt:,; t collstnH :t a S<'t of PLD 
snhprobkms a.nd a. snita.hk set of t heir relaxatioll. SttccC'ssivc parl.itiolls of Y 
can be constructed stcp-lry-:,;Wp, fonuiu g a tr<'C. A cmrcut. partihon of Y is 

created by t he nodes of t.ltc cnrreut tree. Tlwsc uodcs do uot !tavc stwccssurs. 

I3y Yi,:, k = 0 , 1, .. ·: (Yo = 17
) we dcuot.<· llut uuly a ~nhsct. of Y lmt. also a 

node of the corrcspollding tn~< ~ . T!tc PLJ3 prohl<'IIJ at node Yo is gi v< ~ ll ln· 

mill Go(u) = lllill L L r·i "Y 'i n 
?I ?I 

subject to 

N 

'iE J 

'~\' " ' - 1 ; ~ I 

(:l4) 
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I 

L Cin.Y.in :S L a;n., n = 1, N 
.iEJ i= l 

Y.in E {0,1}, j E .J, n= 1, N 

We consider the followiug relaxat iou of tlw prohk1n (04)-(07) 

N 

min L L Cjn.1/.in 

.iEJ n=l 

snbjcct to 

N 

LY.in = 1, j E .J 
n.=l 

1/.in E {0, 1}, j E .J, n = 1, N 

The set 

To= {y =(Yin , j E .J, n = l,N: y satisfi<~s (00) , (40)} 

contains t he set Yo (Yo C To ). 
Let 1l(O) denote the optimal solntiou of tlw prohklll (08)-(40). 
This matrix can be obtaiued a.o.; follows: 

for each j E J o. (ll) { 1 for n = ·n 1 'If = . 
· .1" 0 otlwrwis<~ 

where 

ni = min { fi.o : c7 11.0 = lllill l jn.} 
n 

siuce for each j E J only one vari ahl<) 1/.in ca.n < ~qual 1. 
Denote by 

Dk the path (in the tree) from the node Yo to the uo clc Y1.:, 

\ •!. CHCDY 

( 0(j) 

(08) 

(J!J) 

( 40) 

( 41) 

( 42) 

( 40) 

wk the set of pairs of iudices (j, n), whose variables Y.in l!aV<: fixed valncs 011 

the path Dk, 
wt 
w~.:-

{(j,n) E Wk: Yin= 1} 

{(j,n) E Wk: 1/in. = 0} 
(J x N) \ wk 

The PLI3 problem a..'isociated with the node Yk is as follows 

min li~(v) =min ) c;,V;, + ) r:1, ( 44) 
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snbject to 

L Yin = 1, j E .7 \ .J,t (45) 
nEN;1. 

2:.:: CjnYin :::; 2.:= n.;.n - 2.:= Cjn = T •. ' n = 1' N ( 4u) 
.iEJ\): i.=l iEJ: 

7/.in E {0, 1}, (.i,n) E }/., (47) 

Here, 

Ni •: { n : (j, n) E Fd 
.r: {j E .7: (j,n) E w.+} 

.7.--:: {.j E .1: (.i ,n) E w.:-} 

The set of fca:-;iblc solntiou of t lw pro],kJu (44)-(47), <lcuotc•d l>v w<~ 1~.: , cau 
be described as follows: 

_ { . .. . ·fi . ( ") ( ) _ { 1 for (.i, n) E lV1:+ } } 
Yi,, - 7J . y sctt1s es 4u - 47 , 7/in - () for (j, n) E w,; 

We denote by y*( k) the optilllal solnt.iou of tlw prohlc!ll (44)-(!17). 
We propose the relaxatiou of the probleu1 (44)-(47) iu the fon11 of 

min c.,(y) = mill L Cjn7/.in + L l:jn 
!I ?I 

(.i,n)EF,. (i ,n)EW
1
; 

snbject to 

L Yin = 1, j E .J \ .J,t 
nEN;., 

Y.i n E { 0, 1} , j E .! \ .7 ,t , n = 1, N 

The set Tk(Y., CT.,) is defiucd by t lw coust.raiuts (40), (50) . 
The optirual solntiou of t his problem cau lw easily ohtaiucd: 

f I . \ 0 ( ) { 1 for n = ni or ea.c 1 J E J .h Y.1·n. k = (.) 1 . . · ot. H'rWJSC 

where n .i is given by ( 43) and .h, = .1.-+: U .1.--:: , 

-r - n , . ' ( 1 for n = of); 

( 48) 

( 40) 

(50) 

(51) 
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where 

ft.i = rnin{n.: Cpr;. = r~1in cin} , 
nEN\N;-,_, 

N = {1,2, ... ,N}, Nji., = {n: (j,n) E w,~}. 

(53) 

Now, we establish the elimination mles of nodes. As 11snal, the node is 
eliminated if it does lead to the improvement of a r,;olntion. The node that has 
not been eliminated is called the active node. 

Let Ch and of Gk be the upper and lower bounds of Gk(?/) i. <'. tlw optimal 
value of the objective function of the problem PBL at the node Y~;, . 

A node Yk is eliminated if one of the following conditions lwlds: 

a) G"' = G"', 
b) G,, 2': Go, 
c) Yk = 0. 
These conditions can be treated as the elimination rules of nodes. 

It can be obr,;erved that the optimal Holution ?l ( k) gives us the lower bmmd 
of Gk(y*). 

If y0 
( k) E Y"', then G"' (y0 

( k)) = G k is also the upper bound of G h:(y*) . This 
allows us to eliminate the node Yk. 

If y0 
( k) tf_ Yk then we should select a node for partitioning awl a variable 

which helps us to obtain the partition of tlw sdcct<)clnode (bra!H:hin!,'; variable). 
We establish it aH a principle that we will choose thiH node to partition, 

which was just obtained by assigning ::;omc variable ?/in the value 1. 
We will construct a procedure to obtain the index of thi::; branchinp; variable 

a::; follows. 
Let Yk be the selected node. Then tl1c index (j k, nk) of bram:hing variable 

Y.iknk to partition Yk into sub::;cts is given by the formula: 

(54) 

where 

The expression (54) comes from the form of the objective f11nctiou of the 
PLB problem and the form of constraint (35) . 

Yl,, is partitioned into two sub::;ets 

which become the succes::;ors of Yk. 
Now, we can propose the procedmc for solving the problem (:54)-(37). 

1. Set Fa = .! x N , Go = oo , G0 = ~oo , k = 0. 

(55) 
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2. If there are no ac:tive nodes , go to 5. 
Otherwise, we consider the previously obtained node (if /,: = 0, tltiH will 
be Yo, if k 2': 1, this will be the node obtained from Yi. by assi)!)tiug 1 to 

Y.i<J"k). 
Define the set A"= {i: ri :S 0}. If A" =10 or Yk = 0, eliminate uode Yk 
and go to 4. 
Otherwise , determine the optimal solution 1l (k) to relaxrtt iou ( 48)-(50) 
by using (51)-(52) aud the lower bmmd Q1., = G~,,(y0 (k)). 

3. Verify y 0 (k). 
If y0 ( k) E Yk, determine G k = Q_" = G k(y0 ( k)) and elimim1.t'~ uodc Yi,, . 
Set Go= rnin{Go , Gk}. Remove auy mode for which Q_k 2': Go. Go to 4. 
If y0(k) ~ Yk , determine index (jk , n,) hy u::;iug (54). Coustmd the 
successors of Y" according to (55) and go to 2. 

4. If there is no active node, go to 5. Otherwise, ::;et the iudcx of tlte lately 
calculated node among the C:urrently active nodes rtt k. 
Determine Ak = {i: ri :S 0}. If A, =10 or Y, = 0, remove Yi:, aml go to 4. 
If A, = 0, determine the optimal ::;olution y0 (~~) of the relaxatiou problem 
(48)-(50) according to (51), (52) am! G, = Gk(y0 (k)). Go to 3. 

5. If G = oo, then the problem (34)-(37) doe::; not have any feasible solution 
(Yo = 0) and STOP. If G < oo, then the matrix y where G(y) = G0 is tlw 
optimal solution of the problem (34)-(37) i.e . 1J = y*. STOP. 

6. Numerical results and comments 

The experiments were done on a PENTIUM - Pro200. We used the GANIS 
(CPLEX) system to ::;olve the master problem (16)-(20) and tlw snhproblcm 1 
(21), (24). The coefficients and parameters of these problem::; wew generated 
randomly. 

The parameters I, .1 , N were close to reality. 
We implemented the proposed method for solving ::;ubprobkm 1 iu l\!IOD­

ULA. All the results are sumrnari:t:ed in Table 1. In fact, W<) compare lH~w not 
only the methods but the computer programs, a..o..; well. 

We assume that the time devoted to ::;olving ::;nl>problcm 2 i::; twgligiblc, so 
it is excluded from the comparison. 

We conclude, from Table 1, that: 
• the transformation of master problem into equivalent pair of two Hllhprob­

lems is advantageous , 
• in most cases the proposed method nms faster than the prof,~::;sioual solver 

(the sample eontained one hundred problems). 
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CPU time (sec.) 
I J N Master problem Subproblem 1 Subprohkm 1 

GAMS (CPLEX) GANIS (CPLEX) Proposed methods 
MODULA 

3 20 9 0.11 0.03 ().()3 

4 20 9 0.16 0.06 ().00 

7 20 10 0.17 0.06 (). ()() 

3 16 8 0.06 0.06 ().()0 

2 17 5 0.06 0.06 0.03 
5 17 8 0.11 fl.06 (). 00 
7 20 9 0.22 0. 06 ().0() 

4 17 10 0.11 0.03 0.03 
4 16 6 0.11 0.05 (J. ()(j 

2 17 5 0.06 0.03 () . ()(j 

2 13 8 0.11 0.05 ().()() 

2 20 6 0.11 0.03 0.03 
3 20 10 0.11 0.03 (). ()() 

2 15 6 0.05 ().03 (). 03 
2 15 9 0.11 (l.06 (). ()(j 

3 17 7 0.11 (). 06 (). ()() 

4 19 10 0.16 0.03 (). ()() 

3 20 10 0.11 ().06 ().()[) 

3 20 8 0.11 0.03 0.11 
4 18 8 0.11 (l.OG ().()0 

Table 1. 
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