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Abstract: lu thi::; paper t!H' silent dncl is solved iu whidt Plnycr 
has two kinds of wcapou , the first with o11c lndkt which lw ('<\.ll 

usc whe11 he wauts, all(] the scco11d whidt lw c:au nsc md~' whcu 
the distance l)('twceu players i~ Z<~ro. In di~tiHct,iou to the paper of 
Trybnla (l!J!:l8) , it i::; a.ssnmed lwre that the probabilit~r of snc<:<'ss of 
the second w<~apon can be smaller tha.u oue. Play<~ r II ln'ls a wnq>oll 
with one lmlld which lw c:au nsc wlwu lw wants. 

Keywords: ganJC of timiug, ~ik11t d ncl. 

1. Introduction 

Consider a game which will he c:a,llcd tl1c ( 1, 1) gaiJH~ . Two Plav<'l's, I ami II , 

fight a duel. Tlwy HJovc towa rd each other. Tlw~r have ouc lmlld each , all(\ 

this fact is kuow11 to both of tlwiJJ. It is a lso kuow11 that. Pla.vcr I I1 <I.S a. SC('Olld 

weapon which he can liSe w!JCH t he distaJJc<' hctwc<'ll t.IH' plav<~rs is zmo. Tlw 

seco11d wcapo11 d<~stroys tiH' oppuucut witl1 proba.bilitv Jl , 0 :S: Jl :S: ] . The dncl is 
silent: at a give11 I!JOIJWllt umw of tl1c players !mows wlwtlwr or Itor l1is opponcut 

has fired (all< I Iriisscd). 

At the h(~giuning of tlw dncl the pl<1ycrs arc at the distmJc<' of 1 frow c!tch 

other. Let P (;;) be t!H~ pro hahi li ty of sJJccecding ( dcstroYiug til(' oppmwut) 
nsiug the first weapon when the distauce lwtwccu pla.yers is 1- s. TIH' fn11< :t.iou 
P (s) will be called t]n) accmacv fnnctiou. H is t]J(' sallie for hotl1 players. It 
is assniJJCd that tlw fn11<:tiou P(;;) i.~ iucn~H~iug awl coutiuuous iu [0 , 1], I! a:-; 

continuous first derivative in (0, 1) aud tllil t P(s ) = 0 for s :S: 0 , P (l ) = 1. Tiu1c 
is taken to be cq ua l to s. 

A player gains 1 if onlv lie succeeds , "g<1ins" - 1 il' only IIi .~ oppuiwnl· SIJr :('ccds , 

a.Jl( l gains 0 in the rciJJ a iuinp; case:-;. TilliS. Llic duel is a Z<'l'O-Silli i galliC. 

The uoisy dnd with two kinds of weapon and ar hi t. ran· IIIoviug wa.s cousi d-
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2. Expected gain 

Dcuotc by K(s , t) tlw cxp<dcd ).!;aiu of Pla.yn l if be h r<'~ hi~ first weapon <tt 
tiuw s E [0, 1] awl if Player II fires a.L t inH ' l E [0, 1]. The fn IH'tiou IC ( s , I ) is 
called tlw payoff fnm:tiou. W<· ohtaiu 

{ 

P(,)- (1- P(s))P(t) + 71(1- P(s))(l- P(l)) 
, p(l- P(s)f 

l\ (,, t) = -P(t:) + (1- P (t))P(s) + p(1 - P(s))(1 - P(l) ) 
P(.s)- (1- p)(J - P(")) 

if·' < I < ], 
if s = I. 

if 1 < .>;, 

if.~ < t = l. 

(l) 

Dcuotc by ~a the strategy of Player I in UJ<• (1,1 ) gallic in wbidJ be lire~ l1i~ 
first wcapou at a raudow tiuw " distrilmLcd <t.ccordiug to tJw <kusitv 

CP'(s) 
.fl(s) = p3(s) 

iu the iutcrval [n., 1], 0 < a < 1. 
Frow (2) we obta.iu 

/

·I c ( 1 ) 
. a h(.~)ris. = 2 P 2 (n.) - 1 = l. 

(2) 

(3) 

Similarly, de not<: by fJa the "stratq!;y" of Player II iu the ( 1,1) gaJIJC iu which 
he fires at a randolll time t an:urdiug to Lhc dcusity 

DP'(t) 
h(t) = p3(t) (4) 

iu the iutcrval [a, 1], 0 <a.< 1, aml a.cconliug to the prolml,ilitv 1] , () :S IJ < 1, 

at the "time" 1-, where K (s, 1-) <~f lini ,~O+ K(" , 1- f). 
From (4) we obtaiu 

/

·
1 

D ( 1 ) h(t)dt = - - ')- ) - 1 = 1 -I]. 
. a 2 P~(a 

Moreover, taking into acconut the formnla (1) W<' ol1taiu fort E [a, 1) 

/

·1 

K(~a,t) =.a K(s , t).fl(.<i)rls = 

= .t (P(s)- (1- P("))P(t) + p(1- P("))(1- P(t )))h(s)rls+ 

+ ./'
1 

( -P(t) + (1- P(t))P(.'i) + J1(1- P(-'))(1- P(t))).!'J (s)d.~ = 

= P(t)C ( ~ + Pta.) - 2P;(a) - 11 ( ~ - Ptn.) + 2P;(n.))) + 

~ ( 1 ( l 1 \\ - "'· - ,., ... c .. 

(::i) 
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If 

(6) 

then 

( 
:1 (1 :1 J )) 

'VJ = C P(a) - 3 + p 2- P(o) + 2P2 (a) · (7) 

Similarly 

K( s, TJJ = 

= 1" ( -P(t) + ( 1 - P(t))P(s) + p(l - ?(.,))(I - P(t))) , h(t)dt + 

.{(P(s)- (:1 - P(s))P(t) + p(1 - P(s))(1 - P(t)))h(t)dt + rt(2P(s)- I) 

( 1 1 3 ( I J I)) 
= P(s)D 2P2(a) - P(a) - 2- 71 2P2(a) - P(a) + 2 + 

( 
:1 ( I I I)) +D 3- -(- + p ~( ) - -(-) + :- + q(2P(s)- I) = u2 = const. 

P a) 2P a P a 2 

If 

( 
l I 3 ( I I :!)) . 

D 2P2(a) - P(a) - 2- P 2P2(a) - P(a) + 2 + '2q = 0 (8) 

then 

( l ( I I I)) 
v2 = D 3 - P(a) + P 2P2 (a) - P(a) + 2 - q. (0) 

Solving the system of equations given by (:3) , and (5)-(9) with respect to a, 

C, D, q, VJ., and v2, we obtain 

P(a) = -
1- (2/l+P - I - p) , 

3-p 
(10) 

C= 1 +p 
2(v'f+P+l)' 

(11 ) 

D = Jf+P 
2 ( Jl + p + 1)' 

(12) 

q=1+p+Jf+P' 
p 

(13) 

P de f 
'VJ. = 'V2 = ('\ ' ' ('\ ,---:--- = 'U. ( 14) 
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3. Proof of optimality 

Let ry~ be a ~trategy accordillg to whi<'h Play<~r II lire~ with probability density 

h(t) ill the illterval [a, 1 - fo] and with probability r/ = 1 - ./~1 - ' 0 h_(t)rlt at tiwe 
1- fo, where Eo is a positive ~wallllllllll H~r. The strategy rJ;, is all approxilllatiou 
of the "~trategy" TJa· vVc shall prove tlmt. th P. rJa:/1 /.e (1. 1) has a val?u~ and, fa"· 
r.on8tant8 a, C , D and q .Qiven by (10) -(1 :'1), the stnd.PfJJJ E.a is '11/.(U:iw:in a:nd the 
8trategy ry~ is f -m.inim.a~r. 

Suppose that Player II fi res at tiuw t, a :::; t < 1. Frow S!'ctiou 2 it follows 
that 

K(f.a, t) = 71. 

Suppose that Player II !ires at ti111c t , 0 :::; t < a. We !tav< ~ 

/

·1 

K(f.a , t) =.a ( -P(t) + (1- P(t) )P(s ) + p(1- P (s) )( l- P(t) ))h(s)rls 2': 

/

·1 

2': . a. ( -P(a) + (1- P (a))P(s) + Ji(l- P(s)) (1- P(a)))f1 (s)rf., = 1' . 

Suppo~c tl1at Player II fi re~ at ti111C t = 1. Ill thi~ ut.-;e 

/

·1 

/{ ( f.c" t) = . a ( P ( s) - ( 1 - ]! ) ( 1 - P (;;)) ) f1 (;;) ds = 

= c (-1--1) (3-p - (1-JI)-
1
-) 2': 

2 P(a) P(a) 

( 1 (1 1 1 ) ) 
2': C P(a) - 3 + p 2 - P(a) + 2P2(a) = 71 

~ince after wultiplyiug both ~idr~~ of tlH~ above ill<Xptali ty by 2 P~·(u. ) W<' ohtaill 

(10) 

which i~ alway~ sati~Jied bee au~(~ P( a) i~ all i11<:rca~iug fuw :tiou uf t he parawctcr 
p (sec (10)) and P(a) = t wlwu p = 0. 

On the other hand , suppose that Player I fires at times, wlwre a:::; .'i < 1-fo. 
Ill this ca:.;c 

K(s, TJa) :S 71 + fJ 

for each E1 > i' > 0. T lw collstaut i' is clws<~ll witl1 n ~spcct to fo aud tcwls tu 0 
if fo ----> 0. 

Suppose that Player I fire~ at tiuw ·' , 0 :::; s < n. vVe have 

/

·1 

K(s , 17~) :S. a (P(s) - (1 - P(s))P (t ) + 11 ( l - P (s))(1 - P(t ))) f2 (t)dt+ 
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.{ ( -P(t) + p(1- P(t)) + P(8)(1 + P(t )- p (1- P(l )))h.(l) rlt + 

+q(2P(s)- 1) + f2 ~ 

.{ ( -P(t) + p(1- P(t)) + P(n)(1 + P (t) -11(1- P(t )))h(!)rll+ 

+q(2P(a)- 1) + f2 = 'I!+ f2 

for each f2 > f. > 0. 
Suppose that Player I fires at tiu1e 1- f o. We obtain 

K(1- fo, ry~) ~ (1- 2P(t))f2 (t)dt + F3 < 4 ~{;l !
·l 

'" 

( 
1 ) (5) = 1 - q - 2D -- - 1 + f3 = 

P(a.) 
D 

2
P 2 (a.) (1- 3P(n))(1- P(a.)) + F3 ~ 1• + f:; 

110 

(1G) 

for each f3 > f.> 0. The second inequality in (Hi) follows frmu t.IH' fad. tlmt for 
each 0 ~ p ~ 1 we have P( n.) 2: ! awl v 2: 0. 

Finally, suppose that Player I fires at tillle 1 - E
1 where r0 > F

1 2: 0. \Ve y.;ct 

/

·1 (16) 

K(1- f
1,17:) ~." (1- 2P(t))h(t)dt- q + r4 < n + f4 

for eadt F4 > f. > 0. 
Assume that f = lllax(f1 , f2, f3, f 4 ). Front tlw above incqmtlitics awl t lw fact 

that I'-> 0 when fo -> 0 it follows that tlw y.;am<· (1 , 1) has a. va.lnc a.ll<l for n, 
C , D alHl q given by (10)-(13), the strat.< ~y.;y ~" is l!IHXilllin and tlw strat<·gy 17~ 
is E-rniuimax. 

Silent dncls arc consi<l<~red in Ccy.;idski (198GA, 13) , Karlin (1000), I\inwl
dorf (1980), Rad:tik awl Orlowski (1980A , 13) , Restrepo (10::i7), Tcraoka (1070), 
Trylmia (1002, 1008) . 

For other duds , sec Fox awl Kiwcldorf (1%0) , Kinwldorf (1D8:3). Stvszvt'1ski 
(1074) , Trylmla (1000-10%, 1000-Hl00). 
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