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Abstract: In this paper the silent duel is solved iu which Player
I has two kinds of weapou, the first with oue hullet which he can
use when he wants, and the sccond which hie can wse only when
the distance between players is zero, In distinetion to the paper of
Trybula (1998), it is assined here that the probability of snccess of
the second weapon can be smaller than one. Plaver IT hias a weapon
with one bullet which he can nse when he wants.
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1. Introduction

Consider a game which will be called the (1,1) game. Two Playvers, T and 11,
fight a duel. They move toward cach other. They have one hullet eacli. and
this fact is known to both of then It is also known that Playver T has a second
weapon which he can nse when the distance between the plavers is zero. The
second weapon destroys the opponent with probability p, 0 < p < 1. The duel is
silent: at a given moment none of the players knows whether or nor his opponent
has fired (and missed).

At the beginning of the duel the plavers are at the distance of 1 from cach
other. Let P(s) be the probability of sncceeding (destroving the opponent)
using the first weapou when the distance between plavers is 1 — s, The function
P(s) will be ealled the acenracy fnetion. It is the same for botlr plavers, Tt
is assumed that the function P(s) is increasing and continmons in [0,1]. has
continnous first derivative in (0, 1) and that P(s) = 0 for s <0, P(1) = 1. Timne
is taken to be equal to s.

A playver gains 1 if only he sneceeds, “gains” =1 il only his opponent siuceeeds,
and gains 0 in the remaining cases. Thns, the ducel is a zero-siumn gaine,

The noisy duel with two kinds of weapon aud arbitrary moving was consid-
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2. Expected gain

Denote by K(s,t) the expected gain of Plaver 1if he fires Lis first weapon at
time s € [0,1] and if Player II fires at thoe + € [0,1). The fnetion K'(s,1) is
called the payofl function. We obtain

P(s) = (1= Ps)P(t)+p(1 = P(s))(1 = P(t))  ifs<t<]1,

oo ) p(1=P(s))? if s =1.
K@D =3 ZPt)+ (1 - PO)PE) +p( - P)(A - PW) ift<s, D
P(s) — (1 - p)(1 = P(s)) ifs<t=1.

Denote by &, the strategy of Player [ in the (1,1) game in which he fires lis
first weapon at a random thne s distribnted accordiug to the density
CP'(s)
h(s) = =7~ (2)
P3(s)

in the iuterval [a,1), 0 <a < 1.
From (2) we obtain

./ﬂifl(v"‘)ds.=% (F—’_l(a_]) =, )

Similarly, denote by 1, the “strategy” of Player 11 in the (1,1) game in which
he fires at a random time ¢ according to the density

DP'(t)
P3(t) (4)

in the interval [a,1], 0 < a < 1, and according to the probability q, 0 < ¢ < 1,

fo(t) =

at the “time” 1—, where K(s,1-) &f lit, oy K(5,1—€).
From (4) we obtain

‘/alf‘.’(f)d.'. = g (P,,;(ﬁ) - 1) =1l-q. (5)

Morcover, taking into account the formmla (1) we obtain for t € [a,1)
o
K(€at) = [ K (s,1) fy(s)ds =
= [ (P06 = (1= PEDPO) + 0 - P - POD (s

[ (=P(t) + (1= P(1))P(s) + p(1 = P(s))(1 = P(1))) s (s)dls =

3 1 ! AN -
:P(r)0(5+%‘m"’(§‘m+2P2(a-)))+
1 Lo (1 S 1 \\\_
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If

3001 ! T R :

2" Pl 2P%0) "’(TP—@* >Pﬁ<u)> Y ©)
then

T 5 WP T ! _

v = (P(a,)_k+p(§_}3(71.)+—_2133(a,)>>. (()
Similarly

K(s,m,) =

= / (=P(t) + (1 = P(£))P(s) + p(1 = P(s))(1 = P(1))). fa(f)di+

1
/ (P(s) = (1 = P(s))P(t) + p(1 = P(s))(1 = P(t))) fa(t)dt + q(2P(s) = 1)
1 1 3 | I
=00 (75~ B 2 (mm Fm : 5))
| |

+D (3 == Pa) +p <2P2(a, > +q(2 — 1) = vy = const.
If

D( b3 ( 1 >>+z(—u ®)

2P%(a) P(a) 2 ¥ 2P2(a)  P(a) e
then
, | 1 I ,
n=0 (355 (g~ +3)) - v

Solving the system of equations given by (3), and (5)-(9) with respect to a,
C, D, ¢, v, and vy, we obtain

P((L):B]Tp(Zm—l —p). (10)

1+p

T (TR +)

. Vi+tp
C2(VTHp+1)’

_ P
= Tfp+/Ttp

{
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3. Proof of optimality
Let g, be a strategy according to which Player 11 fires with probability density
f2(t) in the interval [a, 1 —¢g] and with probability ¢’ = 1 - [ﬂ' T fo(t)dt at time
1 —¢€p, where €g is a positive siall munber. The strategy 97 is an approximation
of the “strategy” n,. We shall prove that the game (1.1) has a value and, for
constants a, C', D and q given by (10)-(13), the strateqy &, ts inaximin and the
strateqy ng 1s €-manimaz.

Suppose that Player IT fires at thne £, a <t < 1. From Section 2 it follows
that

K(€q,t) = .

Suppose that Player II fires at time 1, 0 <1 < a. We have
1
K(¢.:t) = / (=P(t) 4+ (1 = P(t))P(s) + p(1 = P(s))(1 = P(1)) [r(s)ds >

> / (=P(a) + (1 = P(a))P(s) + p(1 = P(s))(1 — P(a)))f1(s)ds = ».

Suppose that Player I fires at time ¢ = 1. In this case

1
K (Eart) = [ (P(s) = (1= p)(1 = P(s))) fa()ds =

:%(}%_1) (3—;,—(1—10};%5) >

since after mmltiplying both sides of the above inequality by we obtain

2P (u)
C

3P%(a) +2P(a) - 120 (15)

which is always satisfied beeanse P(a) is an increasing function of the parawcter
p (see (10)) and P(a) =  when p = 0.

On the other hand, suppose that Playver I fires at thne s, wherea < s < 1—¢g.
In this case

K(s,n4) < v+ 6,

for cach €; > ¢ > 0. The constant, € is chosen with respect to ey and tends to 0
if g — ().
Suppose that Plaver I fires at time s, 0 < s < a. We have
1

K(s.15) < / (P(s) = (1 = P(s))P(1) + p(1 = P(5))(1 = P(#))) [a(t)dt+

Ja
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1
[P+ 91— PO) + PO+ PO =0 = PO 011+
+q(2P(s) — 1)+ e <

St
/ (=P(t)+ p(1 = P(t)) + P(a)(1 + P(t) — p(1 = P(1)) fo(t)dt+
+q(2P(a) — 1)+ ea = v+ €9

for cach €3 > € > ().
Suppose that Plaver I fires at tiie 1 — ¢g. We obtain

, 1).(3)
K(1 - eo,m) < / (1= 2P(t)) fa(t)dt + €5 "°
1 5
=1-1-20 (5 -1) e
Q‘F;:ﬁ(l —3P(a))(1 — P(a)) +e3 < v+ ¢y (16)

for cach €3 > & > (0. The second inequality in (16) follows frow the fact that, for
cach 0 < p < 1 we have P(a) > § and v > 0.
Finally, suppose that Player I fires at tiime 1 — ¢ where eg > ¢ > 0. We get
: (16)
K(1-¢én5) < / (L=2P(@))f2(t)dt —q+eq4 < v4ey
for cach ¢4 > € > ().

Assume that € = max(€;, €a, €3, €4). From the above inequalitios aud the fact
that € — 0 when ¢g — 0 it follows that the game (1,1) has a valne and for a.
C, D and q given by (10)-(13), the strategy &, is maximin and the strategy 75
is e-minimax.

Silent duels are considered in Cegielski (198GA, B), Karliu (1959), Kinel-
dorf (1983), Radzik and Orlowski (1985A, B), Restrepo (1957), Teraoka (1979),
Trybuta (1992, 1998).

For other duels, sce Fox and Iineldorf (1969). Kimeldorl (1983). Styszyiiski
(1974), Trybula (1990-1995, 1993-1995).

References

CEGIELSKI, A. (1986A) Tactical problems involving nneertain actions. J. Op-
timn. Theory Appl., 49, 81-105.

CEGIELSKI, A. (1986B) Game of timing witl uncertain nuunber of shots, Math.
Japon., 31, 503-532.

Fox, M. and KIMELDORF, G. (1969) Noisyv duels. SIAM .J. Appl. Math., 17,
353-361.

IKARLIN, S. (1959) Mathematical Methods in. Theoru of Games. Proarammina



120 S TRYBULA

KIMELDORF, G. (1983) Ducls: an overview. Iu: Mathematics of Conflicl,
North-Holland, 55-71.

Rapzik, T. and OrLowskl, K. (19854) Now-discrete silent dnels with con-
plete connteraction. Optanization, 16, 257-263.

Rapzik, T. and Orrowskl, K. (19858) Discrete silent dnels with complete
counteraction. Optimization, 16, 419-429.

RESTREPO, R. (1957) Tactical problems involving several actions. e Con-
tributions to the Theory of Games, Vol. 111, Aun. of Math. Stud., 39,
313-335.

STYszZYNSKI, A. (1974) Au n-silent-vs.-noisy dnel with arbitrary aceuracy fune-
tions. Zastos. Mat., 14, 205-225.

TERAOKA, Y. (1979) A siugle bullet duel with nncertain existence of the shot.,
Internat. Bull. Math. Statist., 18, (9-83.

TRYBULA, S. (1990-1995) A noisy dnel muder arbitrary moving, 1-IX. Zastos.
Mat., 20, (1990), 491-495, 497-516. 517-530; Zastos. Mat., 21. (1991),
43-61, 6G3-81, 83-98; Zastos. Mat., 23. (1995), 37-49, 135-149. 261-277.

TRYBULA, S. (1992) Solution of a sileut duel nnder general assimuptious. Op-
timnization, 22, 449-459.

TryBULA, S. (1993-1995) A noisy dnel with two kinds of weapon, Parts I-111.
Control and Cybernetics, 22, (1993), (9-103; Parts 1V, V, Coudrol and
Cybernetics, 24, (1995). 77-102.

TRYBULA, S. (1998) A ducl with two kinds of weapon. Applicationes Mathe-
maticae (submitted for publication).



