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Abstract: The paper pre::;cuts au approach to detccl.iug; dqwu­
dcucc of a deci::;ion-In;;.ker 's actious (or dccisious) ou couditioiJS with 
rc::;pcct to a ccrtaiu type of fn%%Y mlcs , uaJitely g;mdual rules. Grad­
ual rule::; arc of the fom1 "the uw·re r· is C. !:he 1non; rJ is D" . wher<' 
C and D arc L-fu%%Y seb Cl! J tlw dOJ11aiu . of tlw a ttrihu t<~s r· <I !Jd d 
with IllCUlbership values possibly iu ditfcreut lattices , r<'spcd,ivdv. 
The deci::;iou-rnakcr 's act ions a ud condit.ious for thos<' arc fotiiHl iu 
a data base-like system, call< ~d au iufonua.tiou systeJJt. 'vVc tts< > tlJ<: 
informatiou system to ddim~ rda.t ious corresponding to L-fttZ%\" scl.s, 
and we defiue wcakcuing !llodihers by these rd a tious. Tlwse lliOd­
ificrs a rc closure operators iu tlw correspowliug topolog;ics , a.Jl( l W<' 
can define fincm:ss relation between L-fti%'1.V sets. This n>lat.ion is 
useful when comparing different deci::;ion-Iua:kns ' adious. 'vV<' ddi1w 
strong degree aud topological degree of d<·pe!J<lel!( :f> of tlw attri llll t.cs 
(with respect to a gradual rule), aud we study ::;ollie properties of 
those. Fiually, we prcseut a suwll applicatiou. 

Keywords: data aualysis , L- fu zzy sC't,s , kuowlcdge il("([ltisi t iou , 
modifie r log;ic , rough sets , topolog;y 

1. Introduction 

The lll a iu idea of the paper i::; to pn~s<'ut a.JJ approach to dctcctiug; tlw dqwwleuce 
of a dccisiou-!llakcr 's actions (or dccisious ) 011 coudit.ions witl1 respect to g;radnal 
mlcs. Gradual mlcs arc stndicd e.g. iu Dnl>ois awl Pra.dc ( 101)1) aud tll<'y arc 
of t!te fon11 "the 1110n~ 1· is C, the 1110r<: d is D", wlt<:rc C aud D an· L-fnz%y 
set;; wit!t tl1CJ!Ibcrship valncs possibl y iu ditl"<'rcut. lattices. Tlw fn z:;,v sets wen: 
introdnccd by L. A. Zadeh (100G) aud t]I('Y arc g;cunaJizcd to t.lw L-fttzzv sd;s 
by J. A. Goguen (1%7). lu t l1is pap< ~ r we <kuo1.c L- fnzzy sets l>v A , B,C ... .. As 
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the lea.st element 0. The membership fuuctiou of A C U, U =f 0, is a !Jtappiug 
fJ·A : U -> L and we write L-fuzzy sets with ordered pairs as follows: 

A= {(x , fl·A(:r)) i:r E U, i'·A(:r) E L }. (1) 

The da.ss of all L-fuzzy sets in U is denoted by Lu. \Vc dcuol.c ordinary 
subsets of U by A , B , C, .. . (if uef~dcd ) . Classes of ordiuary subsd.s of U arc 
denoted by A, B, C , ... awl especially the onliuary power set of U is d<•uo tcd 
by P(U). 

The elements of a uon-empt.y fiui tc set U arc called ol>jcd,s iu t ltis paper, 
and they are described by attributes. VVc ddiuc L-fnzzy sd.s ou the do!llain of 
the att ributes and after data is collected , L-fuzzy sets ou lJ cau ]!(~ dctcnniucd. 
Z. Pawlak has introduced a data. ba.sc-likc sysi:<'Jll , ca lled au iufonHa.tiou systc!ll 
(sec e.g. P awlak, 1986, 1992), where the obj<~cts arc described by t lw attribu tes, 
and the objects need no t to be dist ingnislwd hy values of the attril>nt< ~s . So, 
we use information :,;y::;tcms to ddiue L-fnzzy sets on U. For cx<:mtpk, au in­
formatiou sy::;tem S might de:,;cribc a. sdwol , where the tca.clwr (expert) giv<- ~s 

grades (decisions) to the studeuts ( ohj ec:ts) by test rc~ml ts awl otlwr a.ct. i vi tics 
(conditions). We might t hen ddine a L-fuzzy set "good" ou tlw donmiu of t lw 
attribute "grade". When the grade:,; me given to the stndcuts, we 111ight tlwu 
determine the L-fnzzy set "stud<~nts witlt good grades" or "good students" 011 

U in S. No doub t, many real life plwuouw ua can be described by iuformation 
systems, and data can be represented by siwpk ta.hks vvlwn' row la lwb describe 
the objects and column lahcb c!Pscrilw tlw at.t rillllt(~s . 

An infonnation system. S is mHlcrstood to he a qua.dmple (U, Q, 11, b). wlwrc 
U is a non-empty fini te set and its cklllcnts arc called objer:ts of S', Q = CUD 
is a set of att.,.ibutes, when~ C is a uou-e1upty hui tc set , its c ~ lciuents a rc called 
conditions of S , ami D is also a non-cutpty fiuitc set , its ckJiteuts an: called 
decisions of S, aiHI c n D = 0. v = uqEQ Vq is a noll-Cilipty set a.wl Vq (=I 0) 
is the set of valttcs of tlte attrilmtc q E Q, called the douw.in of t.IH' at.t rillllte 
q E Q. A mapping 8 : U X Q -> V is calkd a desC'riphon fnn ction of S sttch 
that \f(x , q) E U x Q, {j (:r, q) E Vq. T he valm~s fi( :1:, q) an: calbl t lw data in 
S. In this paper W<~ keep q E Q fixed II JOn' likely than :r E U. It. is then 
rea..'ionable to defiue for ca.d t q E Q a. fuw:tion Dq : U -> ~1 such t lw.t 'h : E U, 
Dq (.1:) = 8 ( :r , q) . So, we unders tand the informatiou systcws iu .i ttst t he same 
way a..s in e.g. Grzyma.la-Bussc (1988), hut the domaiu Vq of the attribu t<: q E Q 
amy be au infiui te ::;d.. 

In information systellls , the at tributes llJ a~' dcpc!Hl Oil cadt otl1cr iu lllally 
differeut ways, and the 11otion of gradual mks is one way to express depcudcHcc 
of the attributes. In Section 2 we define stro11g degree awl topological dcg;rcc 
of dt~pendence of the attrilmtcs (with respect to a gradual mk) by Jucans of 
wcakeninu: modifiers and topologies corrcspoudiug to L-fuzzy sets. Tlw followi11g 
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DEFINITION 1.1 Let; L be a. r:ompl P. te la.Uir~e with onle·rin.q "?: " .. [} a ·tt 0'/1. -P. IItpf.y 
set and A E L u We say !.hat n.A C U x U ·i.~ n-: lat.imt Ui'I'IP .. ~r,onrl ·i,u; to A, ·if 

'<h;, 1J E U, (.r, y) E RA ¢:> f1A(1:) ~ i'·A(/J) . (2) 

Clea rly, relations corrcspowling to L-fn:t:ty sets a1-c ord in a.rv rdkxiv<' and 
transitive relations. HowPV('r , there 111ight he snd1 rcfl<'xivc and traw;itiv<· rela­
tions which are not definable by any A E J . .Y . 

\Ve 11sc relations corrcspo!l(ling to L- fm:.:ty sds to ddinc w<·akcniug lilod ificrs. 
Modifier logic is stndicd by .J . I\ . !VIat t ila ( Hl02) , and W<' ddiuc w< ~a.kcning 

lllodifiers (corresponding to L-fn't:ty sl'Ls) as fol lows: 

DEFINITION 1.2 Let. P (U) be the da.ss of all onhna:ry subs e t..~ of r1. nnn- f'.'lltpf.y 
set U, L a complete latl.ir:e, A E L u and n.A C U x U . Wr ·'0.:'1 !.hat. 'llt.appinq 
HA : P(U) ---) P(U) is weakening 'lltodi[l: r.·r (w t"t·espo·11.d·iuq l.o A), if fo'!' all 
A E P(U ), 

Notice tl1a t at first w<~ ddiuc the relation concsponcling to A E J.Y, ;IJH!tlwu 
we keep it fixed wlwn op(Ta.ting ordiuary :·mhscts hy JJA l3cnil1S<' the rclatiou 
RA is rdl.cxivc am! t.ransitiw, the wcakeuiug JI!Odificr TJA is l.lwu tlH ~ closnn' 
operator in the i]l(lw:ed topology (s<'c KortdailH'll 1004, 1007). 

This topology cousists of ordiuary snhscts of U awl w<~ <knot(' it bv TA iu 
tl1is paper. The topology TA is then call<'d t.lw topology r.on·es]JO'tl.diiiJf to A (or 
topology induc(:d by A). Clearly, the dna! op<'rator , for a ll A E P (fJ ), 

called tlw suhstautia.ting JIJodilicr (corrcspoll<liug to A), is tlw iut.<'rior operator 
in the induced topology TA. Notice tlmt. t.hc uvcrhar <kuot<:s til(' couipkliien­
tation. 

Now, two L-fn'!.:ty sets cau h(' co1upan:d topologically HS follows: 

D EFI NIT IO N 1.3 Lel L be a. f:O 'Ifi.]Jlel.e lo.l;l:ir:l~ , u (1. 'f/.0 '/1.-e'//t]ii.J/ sP. I. (/,'1/.d A , B E IY . 
We SO.'!) !.hat A and B a:re l.opoloqirally si'lll.ila·r, denoi. P.d by A :::::: B, z{ nA = R13. 

a.nd we say that A i.~ fine·r t.han B, denoted by A :::5 B, if J?A c R 13 

Ckarly, the rcla.tiou ":::::: " is a.u cqniva.lcucc rclatiou and ' '~ " dd.cnlliucs a 
part ial onkriug on L u j:::::: in a. uatm a.l w;-ry. 

2. On dependence of t he attributes 

\Vc arc givcu au iufon 11atiou systc li i 8 = (U, Q , V 8) . For t'ad t a t I rih1 1t.<' fJ E Q 
we <:OJtll ('ct a. lat tice Lq, hy w!Jich \\'<' <:au ddiiH ' t he L,1-fltZ:;,\· S<'l s o11 \1;1• Tl w 
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denoted by lq all<! Oq , rcsp<~ct ivcly. Now, suppose tlw JJJCtlllwrsltip flliH :tion of 
Q C Vq is a mappiuJ.; f'·Q : Vq --> Lq. Dcca.ttsc V:t: E U, llq( :t:) E \1~, we tbiuk 
that the composition full< :tiou (/' Q o 8q )(:r) = I'Q (Iiq( :~:) ) c<~tt be 11ndnstood as a 
membership function frolll U to Lq. So, Lq-fuzzy sets 011 U iu au infonuation 
system S can be defined <IS follows: 

DEFINITIO N 2 .1 We a:re given a.n i·nfonrw.t:iou system S= (U, Q , V, li) , q E Q, 
Lq a. complete la.tt?:ce, Q E (Lq) Vq and A E (Lq)u. We say 1./w.t A is Lq-fnzzy 
set on U in S, if 

(0) 

Now we like to usc the previously defined notations awl cow:cpts to iutc rprd 
gradual mlcs and to ddiue rkpcudcucc of the attrilmtcs !J~ .. tltis intcrprctatiou. 
Suppose C E (Lc) '\ V E (Ld) vd awl gradual mks arc writtc·n as follows: 

"the more c is C, the more d is V " . (3C) 

D. Dubois and H. Pra.de have studied gradual rules , <~s a special kiwi of if-tlwu 
mles, from the possibility tlwory point of vir:w in, e. J.;. , Dubois aw l Pradc (l!)!Jl). 
We t hiuk that L-fuzzy sets a rc mw way to "order" t lw dentents iu t lw tmivcrse , 
and we iutcrprct the mle (R) in the followitt).; way: the ndc CR), <·otutcding 
the attributes c and rl , describes bow the n.ttrilmtc rl dcpc:wls ou the att rilm tc 
c. So, we interpret the m lc (3C) as au order-preserving c:ouditiou awl , iu an 
informatim1 systcrn S, the intcmded nwaniug of this interprd.ation is 

"if the rnem.be·1·ship in C of the value of t.h e att·ribnte c fm objer:t 
:~ : is at least as high as fo ·r object y , then t.he m.etnbe·rship in V of 
the value of the attr·ibute d fo·r objer:t :r: i ,, al"o a/. least a., hiqh a., .fo·r 
object 11 ". 

If we define V:r E U, f'·A(.r) = f'·c(lic (:~:)) aud f'·H(:r:) = f'v (liJ(.T)), tlwu for 
A E (Lc)u and B E (Ld)u we interpret (3C) a.-; follows: 

The intcrpretatiou (';s) is now one way to awtlyse the compatibility witlt tlw 
rule OR) in S. This uwaus tha t if(~' ) is tnw then we call say that t.ltc data in S 
is compatible with the mlc OR) , or we call say th<~t the attributed E CJ clc:pcllds 
on the attribute c E Q ill S (with respect to the mk (3C)) . 

Now, let the rule (3C) be given. From !lOW ou in this Scctioll , A E (Lc)u awl 
B E (Ld)u arc mHlcrstood to be Lc- awl Ld- fuzzy sPts Oll U ill S , n:spcctivdy. 
Thus, V.T E U, 

(G) 
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DEFINITION 2.2 We a:re g-iven an ·info·nnation .~ysl.e 'lll. S = (U, Q , V,li) , Lc and 
Lc1 (c, d E Q) r.omplete lattir.e.\ A E (Lc:)' ' a:nd l3 E (Ld)u. W r. ·'ll.if t.lw.t /.he 
aU·ribute d E Q depends on the att·,..ib1de r· E Q in S (with ·,·r. spr.r.t l.o !.he 'f"ll.l r. 

· A 6 (SR)), 1.j R c R . 

Because nA and R6 a re ordiuary reflexive <tll<l tmnsitiv<' n·lH.tious , W(' llSC 
the111 to define H A and H 6 which arc closme operators in t he ind llced topolo).!;ies 
TA and T 6 , respectively. However, if the lattices Lc awl Ld arc equal, tlwu by 
the Dcfiuition 1.3, we can compare A E (Lc)u and l3 E (Lc~)u h)' tlw fitwucss 
relation. Tlms, we cau say that tlw attrihut<' rl E Q depends ou till' attri lm t.e 

cEQ inS (with respect to the mlc (R)) , if A :::5 !3. 
If t lw attributed E Q does not depend ou the attrilmtc r· E Q iu S (with 

respect to the mlc (R)) in the seusc of the Dcfiuition 2.2 , t lwu it nm.v I><' usdul 
to cousider the dcpcudclll:e iu a weaker s<,usc awl ddiuc a degree of d<,p<·wkucc 

of the attributes (witl1 respect to the ndc (31')). We follow now tlw icl<-as given 
e.g. in Grzymala-Bllsse (HJ88) , Pawlak (108G): we say that the a ttril>ltl.c d E Q 
depends in degree 1 on the attribu te 1: E Q inS (with respect to the mlc (31')) , 
if 

I (JIA)*(G) I 

r = L lUI · 
GEt 

(7) 

In the formula (7) r = U/ R6 awl , for a ll A c u, IAI is tlw llll!IIIH'r of t he 
elements in A Unfortunate!~', if RA and R6 arc not SY!llllid.ric relat ions i.l!Cll 

the formula (7) is not applica hk in tlH' present fonu . 
Next we like to give the Definition of strong degree of dcpcll<lcw :c of t!JC 

attributes (with respect to the mlc UR)), stH :h that we uut stud\· a.lso tltosc 
ca.-;cs where the relations arc not necessarily svntllid.ric. How<,v<,r, kt. ns a t first 
i11troducc some useful 11otations: 

If T is any topology 011 U thc11 we dc11otc the class of all T -(' loscd set~ by 
C. Thus, C = {A E P(U) lA E T}, a11d e.g. cA dcnot<'s tlw11 tlw class of a ll 
TA-doscd se ts. Ivioreowr, let 

{ 
I 

13 6 A} 0 = 1: E u }[ ( {X}) =I= U, H ( { :7:}) E c (8) 

and 

(0) 

Now, the following Definition can be given: 

DEFINITION 2.3 We a:re _qi1 1e'!1. an injo·n11.ation syste·m S = (U, Q , 11, li) , Lc and 
Ld (r:, r1 E Q) r.om.p lete /a.fl;ir.es, A E (Lc)u and l3 E (Lc~)u. W r: say that the 
a.ttTibute r1 E Q depends 1:n 8tmnq de_q·ree X on the attribute r : E q ·in 8 (with 
Tesper.t to the Tule (SR)) , if 

f 1, IDI = 0, 
= e X ~ n fh P•t''li!IJ.c O 

(10) 
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By the followiug Proposit ions, W<~ evaluate the stroug d<~grc<' of dt~pcudcucc 
and show au P.sseutia l cOtllwction hctw<~cu '/ awl X· 

PROPOSITION 2.1 vVe a:re g'i·tJen an info ·nnahon system. S = ( U, Q, \1, h), Lc and 
Ld ( r:, r1 E Q) wrnplete lattices, A E (Lc)u and !3 E (L<L)u. ThP.n flA C R8 <=> 
x=l. 

Proof. Suppose RA C R6 . It is prov<~d ill Kort.daitwn (1!}!}4) that iu this case 
T 6 C TA and it is wdl knowu (sc<~ e.g. Bombaki, 1!}8!}) t lmt T 6 C TA <=> 
C6 c cA. Especially, '<h: E U, H6 ({:~: }) E cA all<l tltis lliC<lllS hy tlw fonJJHlac 
(8) ami (0) tltat (-) = n. Tlms, X= 1. 

Now, suppose x = 1. If jnJ = 0 tlwu dearly V.T E U, H6 ( {:r}) = U by 
the formula (9). This utcans that flY= U xU by tlw fonnula (:J) aud , for a ll 
A E (Lc)u, RA C R6 . 

Abo, if JC-)J = jnj then (-) = n, because U is finite all(! (-) c ~~ by tlw 
fommlae (8) and (9). So, especially, '<h: E U, H 6 ({:r}) E CA. Because U is 
fiuitc, theu any A E P (U) is wprcsentablc by a finite uu ion of singletons {:~:}, 

.T E U. Also , J-IA awl H 6 arc closuw OJWrators and tltis tJteatts t.lwt for all 
A E P(U), H 6 (A) E CA. Tlms, C 6 C CA aud '>h : E U, JJA({ :r} ) C H 6 ({ :t:} ). 
So, V:r;, y E U , (:~: , y) ERA =? (:r , y) E flB T lms, flA C n,B 

LEMMA 2.1 W e are g·iven an ·inf O'!"IIt.af'ion sysl. em. S = (U,Q , 1/, 8) , Ld (rl E Q) 
complete lattice and !3 E (La)u such that R.6 ·is an equivalence nolohon. Then 

n = 0 or n = u. 
Proof. Let R13 be au CC] llivalcuce relation and n =I u. T heil :3.r E U, lf 6 

( { T}) = 
U and this means that R13 = U x U. Thus, H = 0. 

PROPOSITION 2.2 We a:rP. qivrn an infoT'tn.alion sw~t em. S = (U. Q. \1, h) . Lc and 
Ld (r:, d E Q) complete lat.t.ices, A E (Lc)u , !3 E (Ldt s'u.r:h 1./w.l. n.A u.nd R 6 

are eqw:va.lence ·t-elahon.s, we have x ~ 'f. 

Proof. Suppose R6 is au cqnivalcw:c rdatiotL Now, b,v tlw previou~ LetJJllH\, 
n = 0 or n = u. If n = 0 then dearly R13 = u X u aiHl X = '/ = 1, because 
r = {U}. So, if n = u tl!Cll it is cnongh to prov<~ that f) c Uc:E ['(1-fA) *(G), 
wlwrc f = UjR6 . Now , let.?: E (:.). Tlwu .:r E H 6 ({:r}), H 13 ({ :r} ) =f U awl 
H 6 ( { :r}) E cA If nA is au cquiva.leucc relation tlwu H 6 ( { :r}) is a lso TA-opeu 
set and (HA) * (H6 ({:~: }) ) = H 6 ({:r}) . This mean~ that T E Uc:n ( HA )*( G) , 
because H 6 ({:7:}) E r. Tim. , (-) c U c;E['(HA) *(G) all< l X ~ l '· 

It is irnportaut to notice the diffetutn' wln·u comput iu~ X all<l T wheu 
COIIlpUting X we insist that .T E (-) , t!Jils {:r} is uot dense awl H 6 ({:t:} ) E cA, 

lm t this i~ not uecessarily tlw case w lwu cotu pu tiug 'f. 
Next we like to dcfitw topologi!'al dcgr<'c of clep<'udetn·<' of tlw a tt.ri l>l ttcs 

(with respect to tlw l'llk (3:C)) , such that we <'OI 11 ptt t.<: a d <').!;t-c<! of ' 'T~ i~ a s1tl JC!ass 
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(1907) that the cv-levcl ~ct~ of A E Lu, Ac:x = {:r E U l i'·A (.? ) 2: rur E L} fonu 
a ba~c for TA, awl we think that !T-;:ti lllight he quite eR.sy to <:olll]lll1<~ (at kast 
in the ca~e of L being a cmn plde liucar I att in~). 

We give now the following Ddinitiou: 

DEFINITION 2.4 We a:re given an ·i.nfo·r"rnation ,.;y,.;tem. 5 = (U, Q, II, rS) , Lc and 

Ld (c, r1 E Q) CO'Inplete lattices, A E (Lc)u and B E (Ld)u. Wr say /.hat the 
att1·ibnte d E Q depends in topological derrree ;;·. on the att.1 ·ilmte r· E Q ·i.n S (with 

·resper.t to the nde ~)()), if 

{ 

1, 
t.-. = jT;nT~'I 

IT:'I , 

I T~ ! = 0, 

o l:h e rwis r. , 
(11) 

The idea for thi~ kind of cmupntatiou coiJl<'S front Kosko (HJDU). To UJiltpkte 
thi~ Section we stndy sontc properties of tl1<' topological dq~rcc of d<'JH ~ndell< :c. 

PROPOSITION 2.3 Gi?wn an infonnal:ion 8JJ.~Ie'fll, S = (U,Q, V,rS). Lc and Ld 
(r:, rJ E Q) complete lattices, A E (Lc)u and B E (Lc~)u , we hu:nr nA C R 6 

¢:? 

;;·, = 1. 

Proof. Suppose nA c R6 ' Clearly, T 6 c TA and ;;: = 1' 
Now, let K, = 1. If I T~! =()then clearly nB = u Xu. Tltis lll('rl.nS t!taJ. for 

a ll A E (Lcf , nA c R6 . Snppos~~ !lOW that IT-;:t nT~ I = ! T~ J . 
Theu T;:t n T~ = T~, because they arc fiuite classes or' sets all<! T;:t n 

T~ c T~. Thus, T 6 c TA awl this ]lJ('aJtS tha t n.A c R 6 , ])('C<IIlSC \h: E 
U, HA( {:r:}) C H 6 ( {:r} ). 

We noticed previously that WC' like to r:Oillparc dil'f<-rcut. rl< ~l'isiou- Ittak<~rs ' 

act ion~. Suppose t here are two perso!ls , who ddiuc tlw iufonmtt.iou syst<•n ts 

51 = (U, Q, V, rSI) and 52 = (U, Q, V, h2). If Vq E Q \ {rl}, V.T E U, (AI),l1·) = 
(t52)q(.1;), then t he data rna.y differ ouly by oue attri lHt tc , tmu wly rJ E Q. lu 
this cas<) we denote the two Ld- fn zzy sets 011 U iu 5 1 aiHI 52 hv B 1 aw I B2, 
re~pc:ctivcly. Al~o tlw two topologic:aJ degrees (wi th respect to t[J(' mk ( ~~) ) arc 
denoted by K.1 and ~~: 2 , respect ively. So, 

<t!l(l the following Propositiou can he presenter!: 

PROPOSITION 2 .4 Suppose we u:re qiven inforrnal.ion sysl.e'/1/.S sl = (U. Q, V , hi) 
and 52 = ( U, Q, V, h2), Let Lc and Ld ( r:, d E Q) he wm.pletP. lul.l.ir:es , A E ( Lc t, 
B1 E (Lc~)u and B2 E (Ld)u. If R6 1 C nA and B2 ::S B1 , !.hen t"2 :::; "t 

Proof. Now snpposc B2 ::S Bl· This ]JI( ~a.us t.!Jat R62 c R61 awl lwr:al!S(' also 
R61 c nA' it nmst be then TA c T 6 1 c T 62 . Tltis lliCC\.llS tlm1 I T~ ' I :::; I T~2 1 
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Tead wr 1 Teadwr 2 
Student Test results t Otlwr acts. 0 Grades q Grades q 

X] 30 2 () () 

.7:2 59 0 1 1 
x3 78 3 4 3 
.'1:4 89 5 5 5 
1:5 G7 2 3 2 

X5 50 2 2 2 
X7 48 3 2 2 
:~: a (j(j 4 :.l 4 

.Tg 74 1 2 2 

Table 1. 

So, we can usc the fiueness rclatiou awl the topolo~ical dc~ree of dqwwkw:e 
together when compariug diffcreut decision-makers ' actiom:. Au iutercstiu~ spe­
cial ca..se occurs whcu n. 1 = K.2 = 1: we cau still try to <:Olll]Xu·c B1 awl B2 by 
"::S" . Also if RA = I (the ideutity relation) t lwu for all B E (Lc~t , , .... = 1. 
Finally, if RA = U x U then K = () for all B E (L<t)u, R13 =/= U x U. \ll/c 
should rcmiud the reader that we usc the iu t < ~ rprctat iou (S:J') just as o1w of tlw 
ways to analyse depcudcncics of the attri lm tes iu 5. However, we thiuk that 
this approach could be used as a tool for data aHalysis (sec c.~. Daudell!cr awl 
Niither , 1992) . 

3. An example 

Suppose there is a small ~roup of stll(lcuts to IH! evaluated l>y test r<'snlts awl 
other activities. There arc niue st ndcuts, who arc the objects of two iufon11atiou 
systems 5 1 and 5 2 defined by two teachers, so U = { :1: 1 , :1:2, ... , :~:9} . Tlwrc arc 
three attributes, uamd:y test results t , other activities o awl ~radcs .rJ. So, 
C = {o,t}, D = {g} awl Q =CUD. T lw domains of the attrilmt<!S arc 
as follows: Vt = [0, 100] (the per<:r!uta~c of the nt ax poiuts iu the test) and 
Vo = V9 = {0, 1, 2, 3,4, 5}. 

Two teachers were asked to ~ivc ~radcs to the stndcuts , a.wl IJw data is 
prcseutcd by Table 1. 

Clearly, the two infonnatioll systell!s 5 1 and 5 2 arc writt.eu iu the same 
table, for simplicity. Let us uow evaluate the teachers' clecisious. 

If T E (L1.) v, is "~ood", 0 E (L 0 ) 
11

o is "~ood" a11< l 9 E (£9 ) li,, is "g;ood", 
theu we think that the grades slwnld dcpc11<l 0 11 tlte test rcsnlts a.wl tltc ut.!Jcr 
act ivities at lca..'it by the ruk 
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Table 2. 

S t.udt'llt I'·A /\1.5 / 1C1 / 1C 2 

.1:] 0 () () 

.1>2 0 0.1 0.1 
:r3 0.88 0.7 1 
:~; 4 (},4Lj O.G O.G 
:rz, 0.0 1 0.0 
:~:6 () 0.0 0.0 
:l>j () 0.0 0.0 
.Ts 0.(i4 1 0.7 
.Tg 0.1 O.G O.G 

Table~~. 

For silllplicity, all lllt'Jilhcrship values a,re takcll fro111 Lilt! 1111it iuLt!rva.l [0 , 1] 
with uatnral ordcrill~ " ;:::: " . The ll!Cl!lhcrship fnuctious a rc tlwu a.s fo llows: If 
w E \19 then we give Table 2. 

l3ecanse \10 = \19, we dcfillc 'r/w E \19, ft.o(w ) = f1c; (w ), alld tlw lltt~JIIhcrship 
fnuctioll ofT C 111. is dchllcd by tlw followill)!; fonnnla: 

0 ::::; z ::::; 00 
GO< z::::; 7G 
7G < z ::::; 100. 

Vvc define llOW the fn:t:t.Y sets ou U ill S:i, .J = 1, 2, as follows: \h: E U, 
/lA ( .1: ) = /LT ( (Iii ) 1 ( .1: )), fiB ( :r) = fi·O ( (Ii i) o (:I ) ) rtll< l ftc;( 1: ) = fl.c;( ( r\) !J (:I' )) . We 
colllpntc the expression (!; is T a wl o is 0 ) by t lw lltiu-opcrator, for silltplicity. 

Tlms , 'c/:r E U, f1A AI3 (:r) = 111ill {!IA (.T) , I'B (:r ) }. We call uow pt·<'SCJJL Table :1. 
Now, the level sets a.re open sds ill tltc illdtJ('ed topo l o)!;it ~s a 11<l 

{ {1:3} , {.1:3, .Ts} , {:r3, .?: 5, Ts } , {:r3, :1:4, T5, .1:8 } , {.1::1 , .T4, T.) , Ts , :J:g}} : 

{ { :~ : 5 , .Ts } , { :~: ;;, Tz, , :~ :s } , { :r:3, :r:4 , :r:.5, .1·5, T7 , :~ :s, :~:g } , U \ { 1:1 } } , 

{{:~: 3 } , { :r3 ,:~:s } , U \ { :r1 , :r ~} ,U \ {.7:1} }. 

So, fiu a ll y the two topolo~ical <lcgrces of dcp<·udeucc (vvit lt respect to i.lw 
rnle on· )) arc 

1 2 
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Clearly, the grades giveu by the TcadH'r 2 <kpeud IIIUr<' ou 1.]1(' nlllditious 
than the grades giveu by t lw Teacher 1 (wit II respect to the mll' OJ(*)). We cau 
a lso say that the d a ta given by tl!e Tcadl(~r 2 an~ more COI!Ipa.tihl<- wi t ], tlw ruk 
(~*) than the da ta givcu by the Tcacl!cr 1. Hmwvcr, it se<~l!JS t l1 at t he grades 
depend ou the test resnlts and t lte ot her activities more likdv with rcs]wct: t.o a 
set of mlcs t han by one nde (~*) ouly. Also , C1 1:. C2 all<! C2 1:. C1 . 

4. Conclusion 

The paper prcseuts a topological a.pproa.di to ddcctiou of dep< ~ IHkll<-<' uf a 
decision-maker 's actions on conditions with respect to a gradna l nlic . \tVc de­
fined the strong degree of depcudeuce to st udy t.lw <·a.-;es wl wn· thl' rda.t iow; et.r< ) 

uot necessa rily synnuetric. It should be uotcd t hat , iu tlw casc of <'qnivalcw:c 
relations , the formula ( 10) gives more "pcssilllistic" values tliiU! the foi'II Jili a ( 7) . 
Theu, by the ideas preseutcd iu Kosko (1990) , we ddiucd the topolugintl <kgrce 
of depeudcucc. W<) fouwl out tha t we cau <:Olli]XlX<' d iffcreut. d<~cisiou- uJ a kcrs ' 

ac:tious abo by tlw fiucuess relation and t lw topological dq.;rec of dcp<aHlcu c<· 
together. 

As an applica tion, two tl)achers wcrc asked to give grades to tlw stn<knts , 

in Section 3. 'vVe aua lyscd tlw given data hy one rule ( ~*), hn t iu geuera l, the 
data should be analysed by a ll those ml<~s Umt. affect dccisious. It is Hot clear 
wlwtlwr we can compute t.hc t.opologic<tl dcgr<~<' of dcpewkuu~ with r< )spcct to 
a set of many p a rallel mlcs , aud it might he difficult. to fiud all those mks. 
However, we thiuk that. om approach w uld he used a.-; a tool for data ;malysis . 
Especially, this approach is usdul whcu <:OI!Ipariup; dilfcn)llt. dccisioll-I!Iakcrs ' 
actions. 
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