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12 ~1. GL'GAT 

3. The problem 

We are interested iu the minimal coutrolliug t iuw 

T* = inf{T E [I:, T] : U(T, (1, c) -# 0}. 

The number T* is the infimum of the ::;et of poiuts T E [I:, T] for which tlJCn~ 
exists a control v. E Z(O, T ) t hat satisfies tlw JUOll tellt <·~qua.t ious , i.e. sucb that 
(v., zi )(o,T} = Cj for all j E IN awl for which IISr·u. - hll ~o ,T ) :S: !12 

The lower bound I: is introduced siucc ouly for T 2 I_, (A1) implies that 
U(T, oo, c) is noncmpty (see Guerrc· Ddahriew, HJ92, Leuuua Ui.2, where a 
re~mlt for the more genera l case of reflexive spaces is giveu). 

ForTE [I:, T] define the parametric optimiz;atiou prohl<'lll P00 (T): 

min IISr7J- bllfo,T) - (P s.t. (v., zi)(O,T) = r:.1 for all .'l E IN. 

Let w(T) deuote the value of P00 (T). 
Note that in the theory of mouwnt prohkms (e.g. iu Vasiu a.wl Ag<~< ~v, 19%), 

usually instead of IISru - hll ~o , T) t he objective fnlll:tion 11·1/.llfo,T) is cousidercd 
that yields so called uonual solutious. For the special ca~e of t il<' coutrol of 
a rotating beam with Sr a::; in (2) , Krahs cousiders au ohjectiv<~ fuuctiou of 
the form IISr · -bll (o,T} (see Krahs, 1990) , that is cqlml to the L 2 

1101'111 of the 
momentum at the axis of the beam. 

In problem P 00 (T), the coutrolliug time is fixed awl the c:oustraiut fnw:tion 
tha t is used to define the problem of tiul(' miuimal c:outrol is takcu as the 
objective function . 

4. The discretized problem 

Since P00 (T) ha...., au infinite uuruber of equality coustrai11 ts , for lluJucrical pm
poses it is ncces:,;ary to cxamiue a disc:rd iz;cd prohleuJ PN (T) , where oul.Y the 
first N equality constraints of problem P 00 (T) arc consid< ~r<'d. 

For T E [I:, T], N E IN defiuc t lw parametric optillliz;atiou prohll'.uJ PN (T): 

rniniiSru- IJII(o,T} - (P s. t . 

(u., zi)(o,T} = c.i for all j E {1, .. . , N}. 

Let WN(T) denote the value of PN(T). Tlw11 for a ll T E [I:, T], t lw i11cqua.lity 
WN+l(T) 2 WN (T) is valid. 

lu the following Lemma, the :,;olutiou of problem PN (T) is cba.racteriz;ed . 

LEMMA 4.1 Let T E [I:,T], N E IN. Fo·r j E {l, ... , N} , de.f1nP. Hi(T) = 
(Sr)- 1zi. Define TJN (T) = (ryf"(T))~ 1 E IRN a8 the solution of the linea·r 
system 
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Then v.N(T) = Sy 1 (2:::~ 1 ry;li/(T)Hi(T) + /1) i.s the ·u:n.·ique .,ol'lli'ion of problem. 
PN(T). 

For the proof of Lcwma 4.1 , we uc<~d tlw followiup; trivial statc!lH'll t.. 

8TATEMENT4. 1 LetS,TE[O,T] . Letn, wEZ(S,T) aTI.d(v- w ,w )(s,r)=O. 

Then llwi/(S',T) :S llvll (s,T) · 

Proof of Lemma 4.1. Ddiuc the S,YlllllH ~ tric umtrix 

Assumption (A1) iu1pliPs that GN(T) is positive dcfiuitc. 
Define rJN(T) &'i the solution of tlw liuca.r syst.c!tll p;iveu iu Lclllllla 4.1 aud 

v N (T) by the equatiou 

N 

VN(T) = L ry_f(T)Hi(T) . 
. i=l 

Then, for i E { 1, ... , N} the followiuv; '~quatiou lwlds: 

N 

L (ll· ;(T) , Hi(T))(O.T)1Jf' (T) 
i=l 

r:; - (h, H; (T)) (O.T). 

Define the set IJN(T) = {v E Z(O,T): 

(v, H;(T ))(o,T) = r;i - (h, Hi(T))(O.T): i E {1 , ... , N} }. 

Siw:c vN(T) E spau{f-ft(T), ... , HN(T)}, for all v E BN(T) W(' have 

(v- VN(T), ·uN(T)) (o.T) = 0. 

Thus, Statemeut 4.1 iwplics that vN (T) is the cklltcllt of BN(T) wi th llliuiuml 
norm. 

For a poiut v. E Z(O, T) tlw ~tatcnwut (u, Z_i )(o,T) = r:i (.i = 1, ... , N) holds if 

and only if STu-hE BN(T). Hcun~ uN(T) = Sr 1 (11N(T) + h) is tlw solutiou 
of PN(T). The fact. that the solution of PN(T) is uuiqudy dctcnniucd follows 
from the strict convexity of // ST · -11/l (o,T)· 0 

5. Solvability of problem P00 (T) 

To analyse the solvability of problem P00 (T) , we !H ~( ~d a11 additiounl a.'iSIIIllptiou. 
Assume that in the sequel , t he followiup; statcnwut (A2) is valid : 

~~2) ~or al_l N E _IN, S E [0, T], T E [I:, T], S < T the fulJ(:tious z1 /[s T] , ... , ZN /[s.T] 



14 :vi. Gl'GAT 

LEMMA 5.1 FoT all S E [0, T], T E [I, T], S s; T , u E Z(S, T) fh r. .follo'llring 
inequality holds: 

CXl 

L ((u,H;(T))(s,T))
2 

s; P
2
llui1Zs.r)· 

i=l 

Proof. If S = T, tlw assertion is trivial. 
Assume 110w that S < T. For N E IN we define t lu · sylllllJdric nmtrix 

GN(S, T) = ( (H;(T), Hi(T))(s.T)(i=l · 

Due to Assumption (A2) , tlH: functions H 1 (T)I [s.T)• ... , HN(T) i[s,T] an· linearly 
iwlependcnt. Hence the matrix GN(S, T) is positive definite. 

Let u E Z ( S, T). Define 

N 
UN ((u,H;(T))(s,T));=J , 

Ci.N (GN(S,T)) - 1 UN and 
N 

v.N L n{" H;(T). 
i=l 

T!wn we have (uN - v.,uN)(S,T) = 0. T lms , S1.ntcwcnt 4.1 illlplics 

llv·NII(s,T) s; ll ·u.ll (s,r) · 

Lemma 2.2 implies that for all N E IN , (n 1, .. . ,aN) E JflN, tlw following 
inequality holds: 

N N 

II L a.;H;(T) II (S,T) < II L n.;}l;(T)II (o,T) 
i=l i=l 

T his implies t hat for a ll y E IRN , we hav<' 

uTu s; P21l (c N(s, T)r-l y. 

Tlms the following statcnwnt is valid: 

N 

L ( (u, H; (T) )(s,T))
2 

i.=l 
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Siuce this inequality holds for all N E IN, tlw a:-;:-;ertiou follows. D 

LEMMA 5. 2 FcJ'/' all T E [I:, T] the'f'e e:~:ists an r:le rnent '/1• (T) of !he r:losut-e of 
span{ Hi (T) : i E IN} s1t.rh that. fm· all i E IN !he equa.ht.y 

(v.(T),Hi(T))(o,T) = r:;- (b,H;(T))(OT) (4) 

is valid. MO'I'P01Je'f', u.(T) = s;; 1 (v.(T) + 11) is thr 11/!l.ique ,c;ohdion of problrm 
Poo(T). 

Proof. Let T E [1:, T], N E IN he ).!;ivcu aud C N (T) , l!fV (T) as iu tlw proof of 
Lemma 4.1. Defiuc 

VN = (ci- (/J, H;(T))(o,T))f: 1 E IRN. 

As iu Lmnma 4.1, let T)N(T) he ckfi11<~d as 

7JN(T) = (GN(T))- 1 VN. 

Ou account of Lemma 4.1 all(! Lemma 2.2 we have tlw iucqmdity 

7JN(T)T G N(T)1!N(T) 

vJ ( G N(T)) - 1\Irv 
, ::J T 

< M V:'V VN 

< !1/1(1'), 
00 

i=l 

Due to Lemma 0.1, r(T) i::: fiuitc. Hcucc the :-;eqncucc ('IIN(T))N EL'V i:-; honudcd, 
and tim::: coutaius a weakly convcrgcut :-;uhscqncncc. Let u. (T) d('Jwtc a w<:ak 
clnster point of (vN(T))NEIN· For all i, N E IN with i ::; N t.lw following 
cq uatiou holds: 

(vN(T), H;(T))(o,T) = c;- (/J, H;(T))(o n 
Due to the definition of weak couvcrgc!l(:c, i.his implic:-; for all 'i E JN tl1c <'qnatiou 

(v.(T),H;(T))(o ,T) = r:;- (/J,H;(T))(o.T)· 

For all N E IN, the fnll<:tiouvN(T) is ill :-;pall{H1 (T), ... , HN(T)} (sec tlw proof 
of Lemma 4.1). HcllcC v.(T) is ill the closmc of spall{H;(T), i E .ll'l!} . 

Dcfiuc the set B(T) 

= {v E Z(O,T): (v,Hi(T))(O ,T) = r:; - (/,,H;(T))(O,T): i E iN}. 

Since v.(T) it: iu the dosmc of t:pan{H;(T),i E JN} , for all wE B(T) we 
have (w - v. (T), v. (T)) (O,T) = 0. Tlms Statcu1cut 4.1 illiplics tlmt v. (T) i:-; the 
clement of B(T) with rnillimaluonrL 

For a poiut 11 E Z(O, T) the equatioll (u , zi)(O,T) = r:i (j E IN) lwld:-; if and 

only if Srv. - bE B(T). Hcucc 'u .• (T) = Sy 1 (v + /J) is the solutioll of P00 (T). 
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6. Continuity of the value funct ion for the original prob
lem 

In this section, we dernoustratc the contiunity of tlw optilttal valttc fnllctiou w. 

First we prove that the solntious of P 00 (T) for T E [I:, T] an· nuiforwly 
bounded. Then we use this fact to show that w is lower scnticontilllwns. 

'vVe in trod nee a dual problem for P 00 (T ) all<l slww t.lwt tll(' <:oJT<~spotHling 
dual solutions are also Ulliformly bonll<kd 0 11 [1.:, T]. \Vc nsc tl!is fact to slww 
that w is upper semicolttimtons. 

LEMMA 6.1 (UNIFOR!vl BOUNDEDNESS OF PniMAL SOLUTIONS) 

The solutions of P 00 (T) a:re un iformly bounded on [I:, T ], that i.-; then'. e:cist.~ 
r E JR, such that fo'!' all T E [I:, T] 

llu. (T) II (O,T) :S r. 

Proof. Let T E [I:, T] . Let "Y(T) alHl v. (T) lw dchued as iu the proof of Lcnnna 
5.2. Then due to Lemma 5.1 we have 

l/7 

Ji(T) = (~(c;- (I!, H;(T)) (o,T)f) -

1/) 

< llr:ll12 + (~(b, H;(T))Zo,TJ) -

< liciiP + Pllbii(O,T) =: n. 

The fact that v.(T) is a weak cluster poiut of tlw scqncnc:c (11N(T))NEIIV illlplicti 

2 · 2 · 2 2 llv. (T) II (O,T) :S M "'f(T) :S M R . 

According to Lemma 5.2 , we have u. (T) = SY, 1 (v. (T) +h) . l3y Lcnmm 2.1, tltis 
yields the inequality 

llv .• (T) II (O,T) < 

< 
IIS'Y, 1 II (llv.(T) IIco,r) + llbll co,r)) 
IIS.=:.lll (111R + llbll -T ) =: T. T (o, l · 

and the assertion follows. D 

LEMMA 6.2 (LOWER SEMICONTINUITY) Th e fu.nrtio n w is lower sem.icontinu-

0118 on [I:, T] . 

Proof. Let T E [I:, T] aml a S<X!ncucc (1/)iEIN E [I:, T]DY cuttV<Tgiug to T be 
given. For k E IN, let 1ik = v .• (Tk). Dnc to L< ~ llll!Ht G. 1 tlwrc is r E JR. ~mdt that 
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Define 1i.k(·) = uk(· 1/j T) E Z(O, T) . T lwn 

ll71.kll(o,T) = (T/Tk) 1 12 ll u~..llco , r,) ~ (T/T~YI2 T. 

17 

Hence the seqncuce (1'i.~JkEJN is bounded. Tlms t lwrc <~xists a snhscqll<:ucc tl1at 
COl!VCrgcs weakly to a poiut 11 .• E Z(O, T ). Assmne withont rcstri('tion that the 
whole sequence ( f t.khEIN is weakl y couv<:r).!;<:ut.. 

T he dcfiuitiou of 11.1 implies u1 (-) = 'lt.7 ( T / Ti) . Ddiw~ w. (-) = ii .• (-T /T) . Let 

z1.7.· = zz(-T1/T). For all/ E IN we have q = (n7,z,)co.T) = (TJT)( ii.1,.z1i) -T. 
. . J . . (0, ) 

Let zi (-) = Zz (-T /T) . Thcu 

lim ll zl - z,*ll -T = o. 
,i ~ oo (0, ) 

Therefore for all I E IN t he foll owing cqnation holds: 

(11 .• , zt) -T = lim (f''i• zt) -T 
(0, ) .7~00 (0 . ) 

=lim (71 .. 1,zl) -T = . lim (T /T7 )r-, = (T /T) r:z . 
.7~00 (0 , ) .7~00 

Hence we get 

(w.,z,)co,r) = (T/T)(ti .• ,zt)(o,T) = (T/T )(T/T) r:, = r·z. 

Thns we hav(: w. E U(T, oo, r:) ami so w(T) ~ II S'rw. - /J II [o,T) - f-1
2

. 

The funct ion u f-> llv.llco,T)> Z(O, T )--> IRis scqll<:utially wca.kl y lower sCJili
contiuuous (as the suprcmmn of scqncntially weakly coutiwwns fnw:tious, sec 
Pedersen , 1988, Prop. Ui.l2). 

Let b(-) = 1!(-T/T). Ld. vi = S'r;ui - IJ E Z(O,T7) and 71i(-) = '~'·i(·Ti/T) E 

Z(O,T). Let v. = Srw. - h and 1!.(-) = v.(-T/T) E Z(O,T) . For f E Z(O,T), 
let /i(-) = f(- T/Ti) E Z(O, Ti) etnd }(-) = .f(- T/T) E Z(O, T). T heu 

(f,1li)co,T) = (f, (S'r; ni)(-Ti/T ))(o.T) - (.f, I{Ti/T))(o.T) . 

Om definitions imply the cqnatiou 

(./i, (S'r;ui))co,T;)(T /Ti) 

(S'r; fi , 11.i )co,T; l (T / Ti) 

( (S:T/7 )(- Ti/T), 1/.i) (D,T J. 

Tlwu , assumptiou (:5) a ll<l the weak couv<:r).!;c!l<:<: of the scqncncc ('i'i.i)iE hV i111pl y 

lim (f,(S'ru 7 )(-T7/T)) -T 
.i ~oo 1 

· · (0, ) 
(( S:T/)( · T /T) , .,-, . ) 7, (0. ) 

(S:T.f, w. )co,TJ (T /T) 

(.i, S'Tw• )(o,T)(T/ T ) 
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Moreover, siuce lii1(-Tj/T) - b(-) 11 -1, ----> 0 (j ----> oo) we lmvc 
(0 , ) 

lim (f,b(·1j/T))( -T =(!,b) -1, · 
.1~00 0, ) (0 , ) 

Thus we eau coudude that 

_lim (f, vi) T- = (.f, (.'hw. -h)(- T /T)) -1, = (fJ.) -T , 
.7 -00 . (0, ) (0 .. ) (0. ) 

so the sequc)l(:e ('iJ_il.i EJN couvcrgc:,; W< )rtklv to ·1! •. 
So we obtaiu the :,;tatcmeut 

w(T) + (12 < llv. llro,T) 
(T/T)II ·~i.ll 2 -T 

(0 , ) 

< (T /T) lim inf ll ·v1 11 2 
-
1
, 

)-00 (0 , ) 

ljm i;1(Ti/T) ll·vi ll~o .T) 

lim inf llviii 0
(-0 T) 

J---+00 1 .1 

lim iuf w(T1) + (12
, 

.J-00 

.'vi. GL'GAT 

which implie:,; w(T) ~ lim iuf,,~oo w(TJ.,) , tlw.t is , w is lower sclllicoutiullo\ls iu 
T. o 

To show the upper smnicoutiuuity of w, we 11sc the codficieut:s of v. (T) 
written as a linear coml>iuation of tlw fuw :tious H; (T). 

These cocffic:icuts form a scqucJH:c iu 12 nw l GUt he used to cxpwss the 
optimal value w(T). 

LEMMA 6.3 LetT E [I:, T]. Tlwn there P.J:i.~t (n;(T));EJN E 12 snr.h !hal. 

00 

v.(T) L u;(T)H;(T) awl 
i=l 
00 

w(T) + (J 2 = L o;(T)(c; - (b, H,(T) )(O,T)) · 
i=l 

MoreoveT, for all i E IN the following equation i ., valid: 

00 

L u_i(T)(H;(T), Hi(T)) (o,T) = r:;- (/1 , H;(T))(o ,T) · 
.i=l 

(G) 

Proof. Lemma 5.2 implies that the fuuction v. (T) is co!ltaiw•cl iu t he dosttrc 
of :;pa.n{H;(T), i E IN}. Hence there exists a s~)quciH :c (u;(T));EJN sHch that 

00 

., (7'\ = '"'"'"'. ('T'H-T . (7'\ 
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Lemma 2.2 implies that the scqncucc (n:;.(T))iEiN is au dcuwul. of f'2 . 

Siucc v. (T) = ST7·'·• (T) - /1 , vvc h;w< ~ 

w(T) + (12 ll v.(T) II ~o,r) 
00 

i.= l 

00 

L o·;(T)(H;(T), u.(T))(O,T) 
i.= l 

00 

L u;.(T)(c;. - (I!, 1:/;(T))(o T), 

i.=l 

where the last equality follows froltl cqnatiou (4), wlJid1 also i111pli<·s cqnatiou 
(5). 0 

In the ucxt Lemma, we iutrodncc a llli1Xillliza.t ion prol>l<•.JJI witl1 ndnc u:(T)+ 
f12 , i.e . a dual problem for P00 (T). 

LEMl'v!A 6.4 (DUAL PROBLEJV!) FD'I all T E [I:, f] !.he fol/owi·nq CIJ1Uihon holrk· 

00 00 

u..'(T) + (3 2 =sup - L L il'; lri(H;(T), H.i(T))(O,T) 
etEI2 i = l :i=l 

00 

+2 L rri (ci- (I!, Hi(T))(o,T)) . 
. i=l 

Proof. For T E [I:, T], n E /2 , ddiuc 

00 00 

h(T, o·) = - L L rr;ui(I-Ji(T) , Hi(T) )(O.T) 
i= l .i= l 

00 

+2 L oi (c1 - (IJ,l-Ji(T))(o.T)) . 
. i=l 

Let o(T) = (rr;(T))iEilV lH· as iu LC'llllll<l (i.;J. Tlwu , Lemma (i. ;~ iwplics 

00 

h(T, n(T)) = -llv.(T)II 2 + 2 L ll'i(T) (1·7- (I!, Hi(T))(o TJ) 
.i=l 

- (w(T) + iP) + 2(w( T) + (12
) 

w(T) + (1'2 . 

This implies t he iucqua.lity 

(U) 



20 :VI. GCGAT 

For a E l2 , v E Z(O, T) defiue ¢(T, v, n:) 
00 

= llvll~o , T) + 2 L ni (ci- (b, Hi(T) )(O.T)- (v, H i (T))(O,T)) (7) 
i=l 

Lemma 5.1 implie:; that ¢(T, v, o) is W<)ll · dcfiw•d. 
Ar:cordiug to Lemma 5.2, we hav<) 

llv. (T) IIZo,T) = w(T) + (J2 

and thus equation (5) implies that for all o· E l2 

¢(T,v.(T),a) = llv.(T ) II~o , r) = w(T) + /P. 

For all a E l2 , the map cp(T, ·, o:) is coen:ivc aud strictly couv<'x, lwucc tlw set 

Mmin(T) = {v E Z(O,T): cp(T,v,n) = iuf ¢(T,w,rv)} 
wEZ(O ,T) 

is nonempty and consists of a single dement. 
Let a E l2 be fixed ami Mmin(T) = {w.}. Siuce tlw !Wtp q>(T, ·, (J•) 

Z(O, T) ----+ JR. is Fn?.c:hct -diffcreutiable , we cau de rive tlw cqaatiou 
00 

w. = L niH7(T) . 
. i=l 

Thus, the following eqaation holds: 

¢(T, w., cY) 
00 00 

i=l .i=l 

00 

.i=l 
00 00 

;.=1 .i=l 

= h(T,a). 

Hence for all o E l2 we have 

h(T, a) 

This implies 

inf ¢(T, v, rr) 
vEZ(O ,T) 

< ¢(T, v.(T), a) 

w(T) + {32
. 

sup h(T, o:) ::s; w(T) + (32
, 

oE1 2 

(8) 
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LEMMA 6.5 (UNIQUENESS OF THE DUAL SOLUTIONS) For all T E [£:, Tj, the 
point (cr;(T))iEIN E 12 as defined in Le·m.m.a. 6 . .'1 is 11.niq1t.ely det.e·r'lll:i.ned and the 
v.niqne solntion of the dv.al pmblem. stated in Le'l(l:m.a. 6. 4. 

Proof. Let (t(T) = (u;(T)); ELV be as in Lemma G.:1. Equa.tiou ((i) illtplics tl!i-ct 
o~ (T) solves the dual problctu. 

Lemma 2.2 implies that tlw functiou h(T, ·) : 12 ---> JH is stri!'tlv coucavc, 
hence the dual solution is unique. 

Therefore o~ (T) is uniquely determined. 0 

Note that for all T E [I:, T], the dual solutiou is au dc11H;llL of Llw spa<:l' 12 

that is independent ofT. This fad. is very couvcuicut for om a.ualysis. 

LEMMA 6.6 (UNIFORM BOUNDEDNESS OF THE DUAL SOLUTIONS) LetT E [£:, Tj 
and (o:;(T))iEIN be as in Lern:rna 6 . .'1. Th.P:re e1:ists r E JR , snr.h that jO'I- all 
T E [I:,T] 

00 

L (u; (T)) 2 
::; r. 

i =l 

Proof. Accordiug to Lemma 2.2, for all T E [I:, T] W(! l1avc 

00 

< MilL n;(T)H;(T)II(o,T) 
i=l 

Ai'llv. (T) llu>.T) 
< A{R 

with n as defined ill the proof of Lcunna G.l. Tlw assertioll follows with T = 

A{R. o 

LEMMA 6.7 Let u E Z(O,T) . FOT T E [I:,T], i E JN de.fi.ne 

d;(T) = (v., H;(T))(o.T )· 

Then joT all T E [I:, T], the followin_q eqv.ation holds: 

00 

lim _ L (d;(t)- rl;(T)) 2 
= 0. 

t~T, tEfl'_,T] i=l 

Proof. Due to Lemma 5.1, for all t E [I:, T], we have (rl;(t))iEIN E 12 The 
definition of d;(T) and H;(T) imply 

d;(T) = (v., (S~l-l Z;)(O,T) = (Sy 1n, z;)(O .T)· 

Let T1, T2 E [I:, T], T1 < T2. Theu Lemma 2.1 implies 

d;(T2)- d;(Tl) = (Sy
2

1v., z;)(o.r2 )- (Sy
2

1n, z;)(o,TJ) 
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Analogously to Lemma. S.l we~ can prove (hy replacing H.; (T) hy z.;) that. for all 
v E Z(T1 , T2) we have 

00 

L(v, z;)~1\,T2 ):::; P
2
llv!!(TJ,72)· 

i=l 

This implies 

00 

L(d;(T2) - rl;(TI) )2 

i= l 

On account of 

lim _ llv llu,TJ = 0, 
r.- T,tEL[,T ] 

the assertio11 follows . D 

i=l 

LEMMA 6.8 (UPPER SEM ICONTINlJITY) The fnndion. u} is uppc·r se·rnir:ontiTI11.-
01J.8 on [L, T]. 

Proof. Let T E [L, T] aiHl a seque11CC (T1 )?EIN E [1::, T]1"' collvcrgill).!; to T he 
give11. Then for all H E Z (0, T), the followi11g stat.cmellt holds: 

lim !lvllco.riJ = IIHII(o,r)· .7 ---+00 . . 

lVIorcovcr, Lcrnma 6.7 illlplics 

00 

/.:~~ L ( (IJ, Hj(I~: ))(O , TJ.) - (11 , Hi(T) )(O.T)) 
2 

() and 

.i=l 
00 

lim "((H,Hi(Tk))(O.Tk) - (H,Hj(T) )(o ,T) )
2 

= 0. 
k-oo0 

.i= l 

v*. 
The11 for ¢ a..-; defined ill (7) we have 

lirn ¢(Th u![o,T"'], v") = li111 !lu ll'(2o Ti.) 
1:.:--+oo k - oo ' 
00 

.i=l 

= ¢(T, ulco,r), v* ), 

i. e. the wap 
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is sequentia ll y weakly coutinuous. StateJtteut (8) illlplies 

h.(T,v) = iuf_ ¢(T, ·u.lco,r),v) . 
nEZ(0,1') 

20 

Hence h is the iufimmn of sequeutia.ll.Y weakly cuutitutolts Ul aps. Tl111s Propo
sition 1.5.12 iu P cclcr::iell (1088) illlplics tbat h. is scqucutialk \Veakly upper 
scmicontiuuous, i.e. 

limsuph.(Ti,vi):::; h(T,v*) . 
. i~oo 

FortE [1:, T], let n(t) = (u;(t));EJN · Accordiu).'; to Lcntnta (i.(i tlwrc exists 
r E IR such t hat for a ll k we have 

00 

L (n;(Th))
2 

:::; r. 
i.=l 

Hcm:c there exists a sul>sccpteucc (t_iliEEV of (Ti)iElN for wbicb . . . 

a nd such that the sequeucc (O'( t;k))kElN E (l2 ) 1v collvCr)!;CS wcaklv to a point 
o* E 12 . T hen , clue to Lemma G.4 w<~ have 

lim sup w(1!.:) + (12 

A:~oo 

< 
< 

lim sup h(1/,,, o·(Th)) 
A:~oo 

lim ll(t,, n(ti.)) 
/.:~oo 

h(T,O'*) 

w(T) + (12
. 

Hcuce lim supA:~oo w(Tk) :::; w(T) , i.e. w is upper sclllicontitu to Jts 011 [1:, T]. D 

Now we state the main resul t of tbis s<~<:t iou. 

THEOREM 6.1 (CONTINUITY) The junr:t.ion w is mntinno11.8 on the intr:rva.l 

[1:,1']. 

Proof. Lemma G.2 and L<)llllllfl G.8 togetil<'r yield tile asscrtio11. D 

LEMMA 6.9 !JT* > 1:, then w(T*) = 0. 

Proof. Assmnptiou (AO) implies T* :::; T. 
By Lemma 5.2 the set U(T, /i, c) is uouct11pty if a JHl ouly if 

w(T) = II Sru.(T)- bll fo ,T) - (12 = 117,.(T) II co,T)- (12 :::; 0. 

Hence the defiuition of T* illlplics 

T* = inf{T E [1:, T] : w(T) :::; 0} . (!J) 
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7. Continuity of the value function for the discretized 
problem 

LEMMA 7.1 Fo1· all N E IN , the fu:nr. t-ion w N ·is r.ontinuou .. , on /.he -ini i'.T'IIO.I 
[I:,T]. 

Proof. TlH~ assertion follows aJw.lo~ously to TlworclJJ G.1, l>y n~plac:ing tlw 
infinite series by finite sums awl tlw iufiu itc syst<~ms of ll JOl!Wll t equa tions by 
the corresponding finite systems. Tlw dmd solutions of prohlcuJ PN (T ) arc 
elements of JRN. D 

8. Uniform convergence of the value functions for the dis
cretized problems 

In this section we present tlw n~sult that is aJ!lJOillJn~d in tlw title of Uw pn~scnt 
paper , a theorem about nnifom1 c:onvcrgcnc<~ of tlw opt illlal value fnnctiow; for 
the discre ti:ted problems. This theon~l! J shows t hat if t lw discrcti:tation lcvd is 
large enough , the discreti:ted problem yields a u arbitrarily good a.pproxiumtion 
for the opt imal value fuw:tion w , nniformly 011 tlw whole interval [I:, T]. 

THEOREM 8 .1 (UNIFORM C ONVER GENCE) The seq1t.enr:e (wN )NEJN m nve·rqes 
unijoTmly and m.onotone to w on [1::, T] . 

Proof. The definitions of P 00 (T) and PN (T ) illlply that for <1 1l N E IN the 
following inequality holds: 

wN(T):::; wN+ 1 (T) :::; w(T). 

Hence for all T E [1'., T], the segue!H:e (wN(T ))NE JN is converge11 t i-I.JHl 

lim wN(T) :::; w(T) . 
N - oo 

The proof of Lemma 0.2 implies that 

lim wN(T)- (P limiuf llvN(T)\I :.c7o.T) 
N---->oo N ----.oo 

> llv.( T)II~o . r) 
w(T) - (12

, 

where we have used the fact tha t t lw fnllctioll II · ll co,T) is seqneut ia ll y weakly 

lower semicont inuous. Hence for a ll T E [1'., T] , we have 

lim WN (T) = w(T ). 
N---->oo 

Thus the sequence of fnuctions ( w N) N E IN converges pointwise to the fnnction 
w. By Lemma 7.1, for all N E IN the func t ions WN are cont imtotts. Dy Theorem 
G.1 , the limit function w is a lso continuons. Hence Di11i's ThcorclJJ (sec Pedersen, 
Hl88) implies the uniform c:ouverge!H:c. D . 
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THEOREM 8.2 For all N E IN , t.h.e optinw.lvalne f11:n.cl.ions w.rv of !.he discnc: t.ized 
p·roblem.s an: con.ti-n.11.011.s. The va.lne fu.nchon w of th r. o·ri.qin.aiJn 'O hle'/11. ·is o.l.~o 

continuons. 

The sequence (w.rv) NEIN conve·rq r. s ?J:n·ifonnly and '1/Wnol:onr. to u: on [;[, T]. 

REMARK 8 .1 For N E IN , T E [;[, T ] ddiue ~I ( N, T ) = w.rv( 'l ') all!] ki. \l (oo , T ) = 

w(T). Then Theorem 8.2 iutplies tha t for all S<'qlleuces (NJ.) ,:E JN with Nk E 

IN U { oo }, (Tk hE IN where T., E [;[, TJ with 

lim (N,,, T., ) = (M, S) E (IN U { oo}) x [;[, T] 
1..-: ----+ oo 

the statement 

lim n(Nk, TJ.) = n(M, S), 
k~oo 

( 10) 

holds , that is the fllnr:tion n is COl!t.illllOIIS Oil ( 1N u { 00}) X [Z:, T]. For j\f E IN ' 
(10) is equivalent to t he coutiuuity of UJ i\f. If N, = oo for <Ill /,· E IN , (10) is 

equivalent to the continuity of w. Usilll'; the contp<;ctuess of [;[, T]. we can a lso 

deduce from (10) the cqlla tion 

lim Ula~ IO(N,,, T) - n (oo, T)l = 0, 
k~oo TE[;[,T l 

I.e. tl!C uniforl!l convergeuce of tlte scquelln' (u,'N )NEJN t o w. 

H<mce except for the stnte11W11t a bottL tuouoto11c <:OJlV<Tg<'IH'<\ Tlworetil 8.2 
is eqniva lent to the stat . < ~ JIWllt that the fuuctiou ~I is coutilutolls 011 (IN U { oo}) x 

[;[, TJ. Note , huwcvcr , that iu tl!C proof of Theor<'lll 8.1 Di11i 's T!I('Or< 'llt cau ouly 

be a pplied dl!c to the fact tha t for fi xed T E [;[, T j, the seq tl<'ll!'<' of llllltih< ~ rs 
(w.rv (T ))NE IN is iucreasiug . lVIoreovcr , i11 the proof of t hc ('U!ltilllti t , · of w, we 

have 11sed the fact th<~.t fur fixed T E [;[, T], P00 (T ) is a <:OIIV<'X pruhbll. 

Continuity results of t he typ e of Tlwor<!Jtt 8 .2 a rc well k11owu iu clilfcn 'u t 

sc tti11gs , for cxautplc Theorem 0.0.1 froltJ H.oh ~wicz (1087) . Thi~ t !teorc ti J basi
ca lly ::; tatcs that witlt feasible se t::; tlmt. gin~ a umtiwtoitS se t. vaht<·d lltap of t he 

pa ralltdcr, the concspuuding optima l val tH ' fn11ctiou is cout. illiiUits. 

To show that t!tc feasible set IJt ap is couLiuitOllS , hotl1 lowe r a ud nppn :-;cJtii

contiuuity of the set valued l!la p It as to I w showu . T l1is a pp w;lch rcqtt ires at 

least as llJUch work as to show tlu-~. t tit<' optitual valnc fmwtiou i:-; I 10LII npper 
a ud lower scmicout.iuuolls , <IS we have dol!< '. 

The purpose of this paper is to < ~xantitH ' t.lw !Jdmviom of o p t. iutal n d11c 

f11n ctions tha t occur if t lw utct.lwd of lltOJJJCJJ t.s is 11sed so tl m L t,]J(' IJJOI!Ie l! t 

equat ious a ppear as cous t. ra iu t.s. This proh l<'JJJ is iutpo rt.a u t. sill( '(' t.lw uwtlwd 
of lllOIIJCJJts is sui t able for a. l!lllllCri c:al LreaLJttcut. of pro hkitlS o f I itt!( ' optiittal 
cont rol a ll(] iu this approad t t he op t. ilJi a l va \Jw f t tuc t iotJ.~ i'lm t \V( ' ( ' ( J J I~ider O(Till' 
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To computeT* numerically, we consider the sequence (1~~ )Nov ddiucd as 
follows . For N E IN , let. 

TN= iuf{T E [;[, T] : wN(T) :S 0}. 

Since WN :S WN+l :S w, for all N E IN we hav<' Tf..r :S TN + l :S T*. H('ll<:C 
limN _.00 TN :S T *. 

Aualogously to Lemma G.D we can prove the followi11 p;: If TN > ;[, t. lwu t.lw 
equation wN(TN) = 0 holds. Hcucc if t here exists No E lN such t.lw.t Tl.J

0 
> ;[, 

Theorem 8.1 yields 

w( lim TN)= lim wN(TN) = 0; 
N--oo N->oo 

since lirnN_.oo TN :S T*, by (9) this yidds 

lim TN= T*. 
N-oo 

This implies the following Lemma. 

LEMMA 8.1 If T* > ;[ the seq11.ence (TN) NEIN conve·r:q c:; m.onol.onically to T* 
and joT N la1ge enough, we hm'e wN(Tl.J) = 0. 

For the problem of time - llliuimal control of an Euler ·Bcnwulli h<'alll , Lemma 
8.1 ha...'> been stated in K rahs ( 1 D9G). 

9. Lipschitz and Holder conditions 

In this section, we consider t.lw standard minimm11 norm prohkni 

Q00 (T) : rniullull(o,T) s.t. 

(u,zi)(o,T) = ci (j E IN) 

forTE [;[, T] with optimal value cp(T): 

cp(T) = rnin{llull(o,T) : v. E Z(O, T) , ('~~, zi)(o,T) = ci (j E IN)}. 

We give an a.ssumptio11 that eusun-~s tbat. the optimal value full< :tioll satisfies a 
certain Holder condition with cxpo11cnt 1/2. We also present a11 assun1pt.io11 t b<'lt 
implies a certain Lipschitz condition. Om assumptiotLs arc regularity conclit.iotLs 
for the solutions of problem Q00 (T). 

We need some additional notat ion . Ld a sequence ( .>.._1 ).iEIN of Junnhers 
greater than or equal to 1 be given. Assume that. there is a nuntl>(~ r ·' > 0 sttch 
that 

00 1 
"""-/~ 



Time-parametric co ntrol 27 

For a Hcqucnce (ai).iEIN of rcalllll!IIl><~r" awl T E lR let 

Define the space of sequences 

For t E [;[, T], ddinc the linear operator A(!,) 

A(t)o· = (2.::: 1 o 7 (z 7,zi)(O ,t)) i EIN. 

Up to now we have studied t lw optilllal value fuw:tion . T lw followin).!; knn11 a 
coutains a result about the scusitivity of the optiui al solntious with re"pect to 
the parameter t. 

L EMMA 9.1 Let c E 12 Fo ·r t E [;L,T], lr.J TJ(t ) = A(t) - 1r:. As befon~, ass11111.e 
that Al and A2 hold. Then joT all t1 , t2 E [;[, T], the f ollow·ing inr~qual'ity is 
valid: 

00 

11'17 ( t J) - 17 ( t2) 11 12 ::; M 2 p II L 'T/ j ( t J ) Zj II (I 1 h ) . 

. i =l 

In pa·rticulm·, this implies 

A1oTeoveT, if the j71:nction:; z1. a·re continuous and 

ma~ lz;(t)l ::; 1, i E IN, 
t E[D ,TI 

(11) 

and jo'f' som.e T 2 .'; the seq71.ence (; i:; in. A ( t l ) u;) ' then the followinq ·ineq·nahtiP.s 
hold: 

l/'1 

IIP(tl) - 1P(t2) l::; Jlt1- t2IM2 PIIr:II P IIrJ(It)ll l ~ (~ :J -
(12) 

( 1:~) 

!neq1J.ality (1 .'i) shows t.ha.t. the optinw.l 'l'a.lue function ip satisfies a H 6/d r. ·r r:on-
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Proof. The definition of 17(t) iwplics 

A(t2 )(ry(tl) -ry(tz)) 

A(t2)ry(tl)- c 

(A(t2 ) - A(tl))ry(tl) 

(
(zi, ~ 7Ji(tl)zi)(t ,,t 2 ) ) 

.7- l iE/N 

Let v. = .z=: 1 1J.i(tl) zi E L2 [0, T]. T hcu Lcul ll lrt 0.1 illlplics 

00 

IIA(tz )(ry(tl) - rt(tz)) ll l2 = L (z;,u){t,h):::; P 2 llnl l{1,h)· 
;,=l 

Hence the followiug iuequality holds: 

and the first assertion follow::>. Due to ( 11 ) we have 

2 ; ·12 2 
ll ull (t t ) = I _ t., v.( 8 ) d81 ·1' ·2 

00 00 

i=l .i= l 

< (t, lry,(t,) l) (t, lry;(' ' )I) itJ- ''I 

< ( t, lry,(t,) IA;/2 ,x;''~' ) 2 ,,, - , , , 

< llry(ti)IIf; (~ ;i) lt1 - t2l , 

:vr. GCGAT 

henc:e if ry(tl) E z;. , (12) follows. Now (10) is a cousequeucc of t lw (~q uation 
Y?(t1)- Y?(t2 ) = cT(ry(tl) -ry(t2 )) and the Cauchy Sd twarz: iucquality. D 

The proof of Lemma 9.1 only works for t he staudard ruiuiilllllll IJOl'lll problem 
Q00 (T) and uot for problem P00 (T) . 

Note that the dual space of z;_ is t:_, .. 
- ' ? 

LEMMA 9.2 Fo·r t E [;[, T], <Y E l;., let 

00 

rnrt\ rv\.- '\" .,, (t\-;,.{t\rv 



Time-parametric control 29 

As.mrn.e that (11} holds. Lei, r 2: s. ThP:n. D (t) is a CO'II.t·innou.s hnP.a:r m.ap .from 
1; into l:_r and joT all o· E 1; 

Proof. Let (1 E 1;. Theu 

I!F D(t)nl 
00 00 

I I: I: {1i zi ( t) Zj (t)ni I 
i.= l .i=l 

CXJ 00 

i=l .i = l 

(~l~d) (~ l<>jl) 

( ~ I lid>,; 12 >.~' 1') (~ In, I>.; 12 >.j' 1' ) 

< ll /111!;1 (~\--'·) llnllt;., 

(14) 

where for the last liue we have applied the Cand(Y Sdnvar~ iw ~qmtlity twice. 
Hcuce the inequality (14) follows. 0 

LEMMA 9.3 Assv:rn.e that (A1) and (11} hold. A.~.mm. e that; the fu:n.r.l.ions z;. aTe 
continuously diff'e ·rentiable with 

rna~ lz;(t)l ::; A, i E IN. 
tE [O,T] 

Let r 2: .s + 1. Fo1· t E [1:, T], u E 1;, let. 

A(t)a = (~ (z;, zi)(o,t)ui ) 
.7-l iEIN 

(15) 

Then A(t) is a bounded linea·r opemto·r .frmn 1; into 1:,.. A(t) is Frer.het 
diffe ·r·entiable with 1·espect to t, and 

00 

(:A' (t)ct) ; = I: Z;.(tlzi (t)ni = (D(t)o);. 
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Proof. Due to (Al), foro: E z; we have 

IIA(t)all12 :::; IIA(t)uiiF:::; P 2 llo·IIP:::; P 2 ll1rllf2 · 
- r ' 

:\1. GliGAT 

Let h. =J 0 be such that t + h. E [I:, T]. Tlw Taylor cxpaw-;ioll illlplics the 
existence of nnmbers ~i.i E (0, T ) such tlmt 

I ~ (z;, zi )(t ,t + h) - Z; (t )zi (t) I 
-!!:[ I . .\ I c.·) ·' c. . . . ·)I' !!:[ 1\ r.~ -

2 
z,.((,,71zi (..,,.J + Z; (._,17 )z7 (~,7 S 

2 
(VA; + V )..7 ) . 

Let a E z; ' Define n.; = I.:: l (A+ J>.j)ni T heil for a ll j i E z;) tlw followillg 
inequality holds: 

It, a;/l; l $ t, t, Ill, I( A+ /AJ)Iail 

< ( t, Ill; I A) (t, Ia, 1) 

+ (t, Ill• I) (t, ~n., l A) . 
For q 2: s, we define a positive !llllnber Cq l>y tl1e equa tion 

C, ~ (~ }1) ' I ' < oo. (lG) 

For 'Y E z;, we have 

00 00 

I: l"f;l v>:: " I ;IAr/2 ).. (1 - r )/2 
~ 'Y ). '· 

i=l ;.= 1 

< lh lll;. (~ ).. ~l-1 ) = lh ii1~C'r - l· 
Moreover, 

00 

i=l 

Hence for a ll fJ E 1; we have t he incqnali t.y 
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Thns we c:onc:lnde that 

Then we ol>taiu the statement 

II [A(t +h), - A(t) - D(t)] o·lk:_, 

II (~[ ~ (z,, z; )(<,<+ h) - z,(t )z;( t ) ["; ) 

1 

111', 

< II (~~(/A. + /A,),,) , II ''· 
I hi 
211(a.;)iil, :_,. 

< lhlllollt;C,._jc, .. 

:n 

(17) 

So for h ---> 0 t he assertiou that A is Fd~chet dilfcreutiahk iu /; follows. D 

The following theorem contains a snffic:icut couditiou for a ki11<l of Lipsd1itz 
condition for tp. 

THEOREM 9.1 Let 'I' ::=: s + 1. Assu:m.e t;h.al. (Al} , {1 1} and {15) hold. Let 
t E [I:, T) be such that c E A(t )( l;). Th en thfTe e1:ist' a consl:ant L(l ) > 0 sur.h 
that joT all t2 E ( t , T], the following ineq11.ahty i., valid: 

Proof. Let t2 E (t, T] a,ll(l h = l:2- t > 0. Let v .• lw tlH~ solntiou of Qoo(t). 
Define v.(8) := v .• (s) , if s E [0, t], {/.(;;) := 0 if s E (t , t2J - T hen for a ll i E IN we 
have 

hence 

1\!Ioreovcr , cine to Lcnnna. 0.4 wc obtain tltc sta.1.cJttcut 

<p(t + h) - <p(t) 
h 

1( 00 

oc 
- snp- L o; n·i(z;, zi)(O,t + h) + 2_L_ (l'j ('i 
h aE f2 . . . . 1,,7=1 7= 1 

00 00 \ 

+ ). 7); (t )7) i (t )(z; , zi)ro.tl- 2) 77-;( / )(:.; I 
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1 00 

2: -h. I: 7)7(t)rr1(t )(z,, z; )(t.t+h) 
i .. i = l 

( )
rA(t + h) - A.(t ) ( ) 

-T) f 'I] f 
h 

() r(A(t + h)- A(t) ()) () -TJ t; - D /; 1] I 
h 

- 7)(tf D(t)17 (t) 

> -77(tf D(t)17(!, )- II77Ul ll l;.Cr-l C,. lhl . 

where the last lim~ follows fro111 ( 17). 
Let L(t) = 77(tf D(t)77( t ) + ll·rJ(t)ill;.C,._lC,.[T - I:] > 0 Tli< ~u 

cp(t +h) 2: cp( t) - L(t) h, 

and t he assertion follows . D 

REMARK 9.1 The fact that cp is decrcasiug is wdl -kuown , hn t t]J{' lower lnnmd 
for cp (t2 ) in Theorem 9.1 a ppears to be new. 

Conditions (11) and (15) bold for tri)-';OllO!llct.ric lllOJilellt prohkuts of tlw 
form 

f'T 11.(t) sin( At) dt 
.fo 

·T 

f v.(t ) cos( At) dt 
.fo 

t hat appear for example in t he d u1.ractcriza.tiou of tlw set of fcasihk controls for 
the exact control of hyperbolic pa rtia l diff< ~ rcntial cqna tious ( s< ~< ~, for cxautplc 
Kn1bs, 1982) . 
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