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We consider an optimal control problem for systems governed
by semilinear parabolic partial differential equations with control
and state constraints, without any convexity assumptions. A dis-
crete optimization method is proposed to solve this problem in its
relaxed form which combines a penalized Armijo type method with
a finite element discretization and constructs sequences of discrete
Gamkrelidze relaxed controls. Under appropriate assumptions, we
prove that accumulation points of these sequences satisfy the relaxed
Pontryagin necessary conditions for optimality. Moreover, we show
that the Gamkrelidze controls thus generated can be replaced by
simulating piecewise constant classical controls.

Keywords: Optimal control, semilinear parabolic systems, dis-
cretization, penalty method, relaxed controls

1. Introduction

It is well known that optimal control problems without convexity assumptions
have no classical solutions in general, and these problems are usually studied by
considering their corresponding relaxed formulations. As a consequence, relax-
ation theory has been used to develop existence theory, necessary conditions for
optimality and also numerical approximation and iterative optimization meth-
ods (see Warga, 1972, 1977, 1982; Ekeland, 1972; Teo, 1983; Chryssoverghi,
1986; Chryssoverghi et al., 1993, 1997, 1998; Fattorini, 1994; Casas, 1996;
Roubitek, 1991, 1997).

In this paper, we consider an optimal distributed control problem for sys-
tems governed by semilinear parabolic partial differential equations with control
and global state constraints. In order to solve nonconvex optimal control prob-
lems, it seems more natural to apply some appropriate optimization method
directly on the relaxed problem, thus exploiting its nonconvex structure at each
iteration (see Chryssoverghi et al. 1997). Note that even classical methods
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often converge to solutions of the relaxed problem (see Williamson and Polak,
1976). On the other hand, to solve numerically these problems one must dis-
cretize them in a way or another. We propose here a simultaneous optimization
and discretization method to solve this problem in its relaxed form (see Po-
lak, 1997, for related classical methods applied to lumped parameter problems).
This method combines in one algorithm a penalized conditional gradient Armijo
type method with a finite element discretization, and constructs sequences of
discrete Gamkrelidze relaxed controls. The method does not consider separate
discrete problems. The discretization of the state equation and functionals in-
volves here an additional numerical integration procedure for implementation
reasons (see Chryssoverghi et al., 1993). Under appropriate assumptions, we
prove that accumulation points of sequences constructed by this method satisfy
the strong relaxed Pontryagin necessary conditions for optimality. Moreover,
we show that any converging subsequence thus constructed can be replaced by
a sequence of simulating piecewise constant classical controls which converges
to the same limit. The main advantages of the discrete relaxed method are the
following:

(i) improved implementability of the algorithm due to the Armijo type step
search and the numerical integration procedure used,

(ii) reduction of computations due to the progressive refinement of the dis-
cretization accordingly to the closer approximation of the continuous ex-
tremal control,

(iii) avoidance of the rather strict assumptions on the discrete state constraints
assuring the convergence of separate discrete problems,

(iv) the algorithm involves single instead of the double (or triple) infinite proce-
dures involved when some optimization method is applied to each discrete
problem separately and the relaxed controls are approximated by classical
ones.

2. The continuous optimal control problems

Let © be a bounded domain in R with a Lipschitz boundary T, and let I :=
(0,7, 0 < T < 0. Consider the following semilinear parabolic state equations

Ay /ot + Alt)y = fla,t,y(z, t),w(z, b)), inQ:=0Qx1I, (1)
ylz,t) =0, mE:=IxI, (2)
y(z,0) =3°(z), inQ, (3)

where A(t) is the second order differential operator

d d
ARy ==Y > (0/0ai) [aij(x, 1) (Dy/dz;)]

j=1i=1
The constraints on the control variable w are
w(z,t) € U, in Q,
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where U is a compact, not necessarily convex, subset of R% . The constraints
on the state and the control variables y, w are

Im(w) :=/ Im (2, t,y(z,t), w(z,t))dzdt =0, 1<m<p,
Q

I (w) 1= / gm(z, ty(z, t),w(z, t))dedt <0, p<m<gq,
Q
and the cost functional
Jow) = [ golet, (), w(a, O)do
Q

where y = ¥, is the solution of (1) for the control w. The optimal control
problem is to minimize Jo(w) subject to the above constraints.

Since such problems have no classical solutions in general, without addi-
tional convexity assumptions on the data, it is classical (see Warga, 1972, and
Roubicek, 1997) to work on the relaxed formulation of the problem, which we
define below.,

Define the set of classical controls

W = {w: (z,t) — w(z,t)|w measurable from Q to U},
and the set of relaxed controls
R:={r: (z,t) — r(z,t)|r measurable from @ to M;(U)},

where the set M;(U) of probability measures on U is a subset of the space
M(U) = C(U)* of Radon measures on U, and has here the relative weak star
topology. We have

RcC L2(Q,M(U)) = L' (Q,CU))*,

where L (Q, M (U)) is the set of (equivalence classes of) functions from Q to
M (U) which are measurable w.r.t. a weak norm topology on M(U) (which
coincides on M;(U) with the weak star topology) and essentially bounded w.r.t.
the strong dual norm on M (U). The space L'(Q, C(U)) is naturally isomorphic
here to the space of Caratheodory functions on @ x U, with an integrability
property (see Warga, 1972). The subset R is endowed with the relative weak
star topology. The sets M;(U) and R are convex and, with their respective
topology, metrizable and compact. For ¢ € LY(Q,C(U)) and r € span (R), we
use the notation

8z, t, (3, 1)) = /U (@, £, w)r (=, t)(du).

Note that this expression is linear w.r.t. r. A sequence {ry} converges to r in
Rif

i / vl O b i / b(z,t,7(w,8))dw d,
Q Q

k—oo
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for every ¢ € L'(Q,C(U)), or equivalently for every function of the form ¢ =
x¥, with x € C(Q) and ¥ € C(U). In addition, we identify every classical
control w(:,-) with its associated Dirac relaxed control d,..). Thus, we have
W C R and it is proved in Warga (1972) that W is dense in R.

We denote by (-,-) and || - || the inner product and the norm in L?(Q), by
(-,-)1 and || - [|1 the usual inner product and the norm in the Sobolev space
V = H}(Q) and by < -,- > the duality bracket between V and its dual V*.
Define the family of bilinear forms on 1/

a(t,y,v) = ZZ/ a;ij(z,t)(0y/0x;)(0v/0x;)dx

j=11i=1

Now we can define the weak and relaxed form of the state equation

' ,v) +alt,y,v) = /f z,t,y(z,t),r(z,t))v(z)dz, for every v € V, (4)
y(z,0) = :I: , ing, (5)

where the derivative is taken in the sense of distributions on I with values in
V. Defining the functionals

Jm(r) = / Im (2, t,y(z,t),7(2,t))dxdt, 0<m<q,
Q

the continuous relaxed optimal control problem (CRP) is to minimize Jo(r)

subject to the constraints 7 € R, Ju(r) = 0, 1 < m < p, and J,(r) < 0,

p < m < g, where y = y, is the (unique) solution of (4)-(5). The continuous

classical problem (CCP) is the problem (CRP) with additional constraint r € .
We suppose that the operators A(t) satisfy the following conditions

d d
ZZaﬁ.xtz@zj>aZ z, ;ct)EQ, z€eER, 1<i<d,
j=1i=1 i=1

with a > 0, a;; € L*(Q), 4,7 = 1,...,d, which imply that

la(t,y,v)] < arllyllillvlh, t€l, y,veV,
a(t,v,v) = az|[v|}, tel, veV,

for some a3 = ag > 0.
We suppose also that the function f is defined on @ x R x U, measurable
for fixed v, u, continuous for fixed z,t, and satisfies

|f(z,t,y,uw)| < F(z,t)+ Bly|, for every z,t,y,u,
with F' € L?(Q), 8 > 0, and

|f(33,t;yl;'”—) = f(I,t,yg,u)I S L]yl == y?l: for every r, t,yhy%“-
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Then, for every r € R, y° € L?(Q), it can be proved that equations (4)-(5)
have a unique solution y = ¥, such that y € L?(I,V) and y € L2(I,V*) (see
e.g. Zeidler, 1985-1990). It follows that y is essentially equal to a function in
C(I,L*(Q2)), and thus the initial condition (5) makes sense.

For completeness, we state here some theoretical results concerning the con-
tinuous problems, whose proofs may be found in Chryssoverghi et al. (1993).

For the existence of an optimal relaxed control, we suppose in addition that
the functions g,,, 0 < m < g, are measurable for fixed y, u, continuous for fixed
x,t, and satisfy

]9m($1 ts y: u’)| S G‘m(x!t) + l}‘m|yl21 fOI' e"er}’ x}t': '.U: U,
with G, € LNQ), Ym 20,0 < m < q.

LEMMA 2.1 The mapping r — ¥, from R to L*(Q), and the functionals Jp,
0 <m < g, are continuous.

THEOREM 2.1 If there exists an admissible control, i.e. a control satisfying the
constraints, then there exists an optimal control for the CRP.

For the relaxed necessary condition for optimality, we suppose in addition
that f, and g,,,, 0 < m < g, exist, are measurable for fixed y,u, continuous for
fixed z,t, and satisfy

|g;ny(a:, t,y,u)| < Gz, t) + yimlyl, for every z,t,y, u,

with Gim € L?(Q), im = 0,0<m < q.
Since f is Lipschitzian, we have also

\f,(z, t,y,u)| < L, for every ,t,y,u.

LEMMA 2.2 Dropping the indez m, forr, re R, the directional derivative of J
is given by

DJ(ryr' =) i= lim [J(r+e(r’ —r) = J(r)] /e

:f H(z,t,y(z,t), z(z, t), 7 (z,t) — r(z, t))dz dt,
Q

where, for each function g, the general Hamiltonian H is defined by

H(xﬁt'!ylz?u) = zf(mltﬁyﬁu)+g($!t’ylu)’ (6)

and the general adjoint state z := z, satisfies
—Z + A M)z = fr)z+g,07), nQ, (7)
z(z,t) = 0, inX, (8)
2@, F) = 0, m, (9)

where y := yr. Moreover, the mappings r — 2, from R to L*(Q), and (r, ‘rf) —
DJ(r,r —r), from R x R to R, are continuous.
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THEOREM 2.2 If r € R is optimal for either the CRP or the CCP, then r is
extremal, i.e. there exist multipliers A, € R, 0 < m < q, with Ao > 0, A, 20,

g
p<m<gq, and ZI)\mj # 0, such that
0

H(z,t,y(z,t), 2(z,t),r(z,1))
— rr‘lgi{r}H(x, t,y(z,t), z(z,t),u), ae inQ, (Minimum Principle),

and

Amdm(r) =0, p<m<gq, (Transversality Conditions),

q
where H and z are defined by (6-9), with g replaced by Z)\mgm.
0

Remark. The above minimum principle is in fact equivalent to the global
condition

/ H(z,t,y(z,t), 2(z, 1), 7 (x,t) — r(z,t))dwdt > 0, for every r € R,
Q
i.e.
q r I
Z)\mDJm(r,r —r) >0, foreveryr € R,
0

(see Warga, 1972, p. 361), and Theorem 2.2 follows then from the general
(nonqualified) multiplier Theorem V.2.3 from Warga (1972) (see also loffe and
Tikhomirov, 1979).

3. Discretizations

We shall now define some discrete approximations of controls, states and func-
tionals. We suppose here for simplicity that the domain §2 is a polyhedron and
that a(t,v,w) = a(v,w). In addition, we suppose that the functions f, f; and
Gm, g:ny, 0 < m < g, are continuous on @ x R x U and that the functions F and
Gy Gim, 0 < m < g, are constant.,

For every integer n > 1, let {S7* }?_i(ln) be an admissible regular quasi-uniform
triangulation (see Ciarlet, 1978, or Temam, 1977) of Q into closed d-simplices,
with h, = max;[diam (S]')] — 0 as n — oo, and {I}‘};\;(g)_l a subdivision of
the interval T into N(n) intervals I .= [th,t7,,], of length At?, with At"™ :=
max; At? — 0 as n — co. We suppose also for simplicity that each S’:}“ is a

subset of some ST and that each I7"" is a subset of some I7'. Set QF; := S]'x I7".
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Let V™ C V be the subspace of functions which are continuous on Q and affine
on each S7'. Let R™ C R be the set of discrete relaxed controls

B i {7‘" eR

o]
r™(z,t) ::r;;-eMl(U), on Q;},l gigM,OsjgN—I},

and W™ := R®™ N W the set of discrete classical controls. Note that we have
R™! ¢ R, R™is endowed with the product weak star topology of [M; (U)]M¥.

For numerical reasons and also in order that the algorithm described in
Section 5 be implementable, we shall carry here the discretizations of states and
functionals a step further than in Chryssoverghi et al. (1993). We shall use the
following notation, for a function ¢ defined on

M L

[0 := > > C™*meas (S7)p(a7*),

i=1 k=1

where the z7* and C™* are nodes and coefficients of some integration rule in
L

the simplex SP* for each n, with ZC“’“ =1,C"™ >0,1<k < L(n), and
k=1
L(n) < L for every n. For a given discrete relaxed control

= (7,0<j<N-1), withr]:=(r];1<i<M),
the corresponding discrete state y™ := (y;-‘,(] < j < N) is given by
(1/8t;) W5 — 475 v) + alyi+a,v) = [F(E, 97,757 )vla,
for every v € V", 0 < j < N1, (10)
yo given, y; €V", 0Zj<N. (11)
It is clearly understood that, for each j, ™ = r]; (constant measure) on the

closed simplex S}* in the expression [f(¢},¥},7})v]s. Choosing a basis in V7,

equation (10) clearly reduces to a regular linear system for each j. The discrete
functionals are defined by

N-1
Fir®e= > MMgn ol orlh: 0<my (12)

§=0

LemMA 3.1 Letv e V" and define for each 1 < k < L the piecewise constant
function a.e. in Q)

() = v (a7*) in .Si‘-", 1<i<M.
Then
lv =" < ha |l v 1, (13)
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and

. 1/2
I%* ||= {Z meas(S;') [v(xi"")]z} <cllwvl, (14)

i=1
where the constant ¢ is independent of n.
Proof: By Taylor’s formula and since v is linear on each S, we have
7*(z) = v(z}*) = v(2) + (@* —2)T vo(2), in ST,
hence
[7*(z) = v(2)| <[l 27* — 2 ||2 || Vo (2) ll2< hn || F0(2) [l2, in ST,
where || - ||z denotes the euclidean norm in R¢. Therefore
17* ~v IS hn | Z0 IS Bn [l 0 |l1 -
It follows that
1Z° 1<l o | + 1 7 = v Il v || +hn [l v 1,
and using the inverse inequality (see Ciarlet, 1978)

Iz l<ellv].

VAN |

LEMMA 3.2 The functionals ™ +— y7, 1 <j < N, and r™ = J7(r"), 0 <m
q, on R™ = [My(U)]MN are continuous.

Proof: We first remark that if a function ¢ defined on R x U is continuous,
then the natural extension of ¢ to R x M;(U)

(y,0) = fu 8(y, u)o (du)

is continuous. The continuity of the mappings r™ — y7, 1 < j < N, is then
easily proved by induction on j by choosing a basis in V™. The continuity of
the functionals r™ — J2 (r™) follows.

|

‘We state here a useful straightforword generalization of the discrete Gronwall
inequality (see Thomee, 1997). Let {¢;}d, {¥;}), {6;}5~" be sequences of
nonnegative numbers, with {¢;} nondecreasing. If

k-1
Sk Sk + ) 8¢5, 0SkSN,
0

then
k=1
¢k§¢kezﬂ %  p<k<N.
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LEMMA 3.3 Dropping the indez n, for r,r € R", £ € (0,1], set

Te =1+ 3(7: =7)y Yi=UYr, Ye ' =Yr,, DY:=Yc—y.
We have
| Ay; [[<ce, 0Zj<N.

Proof: By the discrete state equation, we have

(Ayjs1 — Ayj, Ayjsa) + Atja(Ayjpr, Ayjz)

= At; [{f (Yessmes) — F(¥5:75)} Ayja]g -
By our assumptions on f, ¢ denoting various constants and for 0 < 8 <1

| Ayier — Ay; 2+ || Ayiar [P = || Ay; |12 +20088; || Ayjpa (1}

< 200t [{1£@ess res) = F@isres)| + lef @wors = r3) }1Ags ]

< cAt; [{|Ay;] +e(1 + |y} [Aysrallg

< At [(|Ay;] + e)(|Ay;| + [Aye — Ays]g

< cAt; [€2/0 + |Ay; 2 /0 + 6| Ayj4 — Ay;[]g

L
2 S ——k -
<cat; Yy O (2/6+ | By; |17 /0+0 || Bysis — By 1)
k=1

< cAt; (€2/0+ || Ay; 117 /0 +6 || Ayjen — Ay; [17)  (by (14))
Choosing @ sufficiently small, it follows that

| Ayjer — Ay, 112 /2+ || Ayjaa I? = || Ay; |12 +2024t; || Ay;pa [

< At (24 || Ay; |1?) -
By summation and the discrete Gronwall inequality, we obtain (in particular),
since Ay = 0 and ZAt_j =T

THEOREM 3.1 Dropping the index m, define the general discrete relaxzed adjoint
state 2™ = (z;‘,{] <j<N) by

(1/AE2) (=2 = 2%41,v) +a(z], )
= [fenpraa]” + (a5, me] ) for everyv e v,
j=N=1,...,0, z2%=0, zZ'eV" 0<j<N. (15)
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The directional derivative of the functional J* on R™ 1s given by

N-1
DIV e =) = 3 A [H (93, 2 =17
=0

o

where H is defined by (6). Moreover, the functional on R™ x R™
(‘r“,?"“) — DJ“(T",?"” —r")

s continuous.

Proof: By Lemma 3.1, (14), we have for 0 < j < N —-1,1<k <L

38 1/2
| 29 ll= {Zmeas (SI‘)Iij(x?")IZ} scll Ayl

i=1

Using the Mean Value Theorem and the assumptions on g, it can then be easily
proved that the discrete functional on V™

G(y) = [g(y,m5)]a

has Fréchet derivative
G (y)Ay = [9;(9, f‘j)Ay] .

By Lemma 3.3, dropping the index n, we have

N-1 N-=1
J(re) = I(r) = Y At; [g(yessres)ln — Y, Atsloysm5)]a
=0 =0
N-=1 N-=1 N—=1 ; o
=) At [g(eirei)la— D Atilg(ys i)l + Y At [Eg(yja?‘j = ?"j)}ﬂ
i=0 3=0 7=0
N—=1 Vi N-1 n
=D Ay [gy(yj,rsj)ﬂyj}n +o(lAy;l) +e ) At [g(w,rj = fj)}g
=0 =0
N_“l‘ ’ n N_l ! ’ L0
= ) At [gy(yj,?"j)ﬂyj]n +e Y At [gy(yjarj - ?”j)ij]n + o(g)
=0 =0
N—1 : -
+e ) At [g(yjs‘*‘j - r,-)]
: Q
=0
N=1 N—1

=) At [9’ (yj,fj)ﬁyj}; ey Aty [9(311,?"} = TJ)]: +o(e).
=0 =0
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Now, the state equation, with v = z;41, yields by similar arguments
(Ayj41 — Ayjy z41) + Atja(Ay;41, 2j41)
= At; [f;(yj, rj)ijsz]: + eAt; [f(y_,—,r; - rj)zj.l.l]; + o(e).
and the adjoint equation, with v = Ay;
(zj — zj41, By;) + Atja(z;, Ay;)
= At; [f; (Y3, rj)zj+l.ij]; + At; [Q;(yjﬁj)ﬂyj]

Q'
Since Ayg = zy = 0, the result follows by summation over j. [
4. Approximation, stability and consistency

The following approximation lemma is proved in Chryssoverghi et al. (1993).

LEMMA 4.1 (Approzimation of R) For every r € R, there exists a sequence of
discrete classical controls {w™ € W™} such that w™ — r in R.

LEMMA 4.2 (Stability of states) For every ™ € R™, if {yi} is bounded in V™,
then

7 ll<e, 0<j<N,

N
Y A7 i<,
7=0

N-1
Syt -9t I’<q
j=0

where the constant ¢ is independent of n.

Proof: The proof is similar to the proof of Lemma 3.3 and is omitted. |

For given values v7, j = 0,...,N, in a vector space, define the following
functions, a.e. on I

o
Vi) = of, tel}, j=0,..,N-1,
o
vi(t) = v}y, telf, j=0,...,N-1,
va(t) := the function which is affine on each I and such that

W) =vF, §=0,...,N.

From now on, we suppose that y° € ¥V and we choose y§ to be the projection
of % onto V™ in V, which implies that y% — 3% in V strongly, as n — co.
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THEOREM 4.1 (Consistency of states and functionals) If r™ — r in R, then
the corresponding discrete states y™,y7.yn converge to y, in L*(Q) strongly, as
n — 0o and

lim Jo(r") = Jn(r), 0<m<q.

n—oo

Proof: We sketch the proof of the first assertion, which parallels that of Lemma
4.3 in Chryssoverghi et al. (1993), giving the relevant modifications. Using
Lemma 4.2, we first show that the sequences {37}, {y} } and {y} are bounded
and (up to subsequences) converge to some y in L?(I,V) weakly. Next, by
Riesz’s theorem, for every 0 < j < N — 1, there exists ¢] € V" such that

(¥, v™) = (@7, 0™ = (Y*,v"), fortel}, 0<j<N-1.

From the state equation and Lemma 3.1, (14), we have, for 0 < j < N — 1

L
|7, 0m| < [n W Il o™ I + (1 &Y ||) Iz ||}

k=1
<ec [l wfer lall o™ I+ (187 1) o™ 1]
Se(+ 1 ofa o+ 193 1) o™ [,
hence
7 h<e(+ Ny i+ 197 l), 0Si<N-1

Therefore, by Lemma 4.2

N-1
-/1 | 2() 1 dt<c Z A (14 | gf I+ w3 1)
=0
s, Y2 oy
<e S A lyia B + DA QA+I9l)p <e
o —

It follows (see Lemma 5.6 in Temam, 1976) that

o0
[ 1 F e 1P ar <
—0Q

for 0 < s < 1/4, where F(y}) is the Fourier transform of yj, and hence, by the
Compactness Theorem 2.2 in Temam (1976), that (up to a subsequence) yi — y
in L?(Q) strongly. The passage to the limit in the first two terms of the state
equation in integrated form remains unchanged. For the third term containing
f, we proceed as follows. Since ™ — y in L?(Q) strongly, by Lemma 3.1, (13),
we have

[l @E" —qyn ||L2(Q)§ ho | 92 |lz2¢,vy< chn = 0asn — o0, for 1 <k <L,
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hence 7™ — y in L?(Q) strongly as n — oo, for 1 < k < L. Similarly (see
notation in Chryssoverghi et al., 1993), w? — w implies that W* — w as

L(n)
n — oo in L?(Q) strongly, for 1 < k < L. Finally, since ZC“" =1 for every
k=1
n, we obtain
N-1
Jim YA [£65, 95 rPwdalg
=0
L(n)
= lim » C™ / 8 4 ™ 0
k=1 Q
L(n)
= f f(@,t,y,r)wdzdt + lim Y C™ ek (with ek — 0)
Q I st

:f flz, t,y, r)wdz dt.
Q

It then follows that y = ...

The convergences J7 (r™) — J,(r) are proved by using Proposition 2.1 in
Chryssoverghi (1986). i3]

THEOREM 4.2 (Consistency of adjoints and derivatives) If r™ — r in R, then
the corresponding discrete adjoint states 27,2z, 2z} converge to z, in L*(Q)
strongly, as n — co. Moreover, if 7™ — 1 andr™ — v in R, then

lim DJ.;(?"“,T‘IH —r™) = DJ.(r, o r), 0<m<aq
N—+00

Proof: The proof is similar to that of Theorem 4.1, using this theorem and
Proposition 2.1 in Chryssoverghi (1986). |

5. Discrete relaxed method

Let {emx}, 1 £ m < g, be positive decreasing sequences converging to zero and
define the penalized discrete functionals on R™ C R

TR = JR(r) + Y TP/ Qeme) + D [max(0, ()] /(2€me)-
m=1 m=p+1

Let {v.},{6x} be positive (decreasing) sequences converging to 0, with d. < v,
for every k, let b,c € (0,1) and consider the following algorithm.
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Algorithm

Step 1. Choose r; € R and set 7o :=7r1, v =K =n=1.
Step 2. Find 7, € R such that

D, := DJ™"*(r,,7, —1,) = min DJ™ (r,, v —1,). (16)
e

Step 3. If |D,| > 7., go to Step 6.
Step 4. If |D,| < s, set r™ =1y, D" 1= D,, €, i= €, 1 < m < g,
Jri=Jm ni=n+1.
Step 5. Set & := x4+ 1 and go to Step 2.
Step 6. Find the smallest positive integer s such that a, := ¢® satisfies the
inequality

J (ry + ay(Fy — 1)) — J™(r,) < a,bD,, (17)
and set
TL_H =71y, +a,(Fy — 7). (18)

Step 7. Choose any 7,41 € R such that

™ (ryg1) < Jﬂ'm(“";-m)a (19)

set v := v+ 1 and go to Step 2.

Using the sequences constructed by the algorithm, define the sequences of
multipliers

Xt = JA(M)/eh, 1<m<p,
X5, = max(0,J5(™) ek, p<m<q.

THEOREM 5.1 Let {r"} be a subsequence (same notation) of the sequence con-
structed by the algorithm which converges to some control v € R,
i) If the sequences {A\™}, 1 < m < q, remain bounded, then r is admissible
and extremal.
it) Suppose that the problem CRP has no admissible abnormal (see Warga,
1972) estremal controls. If the limit v is admissible, then the sequences
{An}, 1 <m < q, are bounded and r is extremal.

Proof: We shall show first that if £ and n remain constant, then D, — 0 as
v — oa. Note that D, < 0 for every v by definition. Suppose that r, — 7 and
T, — T as v — 00 (up to subsequences) and that

D:= llm DV aad hm ’DJH,&(TU!FU S TU) = D"Tn,&(ﬁl}; - F) < 0.

r—00 Y—00
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The function F(a) := J™*(r +a(r T'r)) is clearly continuous on [0,1], and since
the directional derivative DJ™"(r,r —r) is linear w.r.t. r —r, F is differentiable
on (0,1) and has the derivative

F'(a) = DJ™*(r +a(r — *r),r' - 7).
By the Mean Value Theorem, we have for « € (0, 1)

JV(r, +alfy —ry)) = JV5(ry) =

aDJ™"(ry +&a(Ty — 1), Ty = 70) = a(D + 0,a),
where 6,, — 0 as v — oo and @ — 0. On the other hand

D, =DJ"(r,, 7, —r,)=D+80,,

where 8, — 0 as v — co. Since b € (0,1), it follows that there exist vy and
ap € (0,1) such that

D +6ua <b(D+6,),

for v > vy and a < ap. Hence
T (r, + a(Fy — 1)) — J™5(r,) < abD,,

for v > vp and a < ag. It follows from the choice of v, in Step 6, (17), that we
must necessarily have a, > cag for v > vy. Hence, by (18) and (19)

Jn’a(ru+l) e Jn,n(ru) S Jn’n(?‘u -+ a'v(:';v = TV)) = JT[’N(TH) S caObDu
< cabD/2,

for v > vy. Since D < 0, this shows that J™"*(r,) — —oc0 as v — oo, which
contradicts the fact that J™*(r,) — J™%(F) > —oc. Therefore, D, — 0 as
v — oo, and this holds for the initial sequence since the limit is unique. This
shows also that x,n — oo in the algorithm.

Now let 7 € R and r'™ — r', with r ™ € R™ for every n. By Step 2 and 4, we
have

DJ“(T‘”,'F‘,R —r") DJ&‘(?””,':"’" —7r")

q
+ 3 AnDIAE, ™ =) 2 D", (20)

m=1

for every n.

Suppose that each sequence {A}}}, 1 <m < g, is bounded, and we can suppose
also that A%, — A, (for a subsequence). We have
0 = lim el Al = lim Jo(r™")=Jn(r), 1<m<p,
T—00 N— 00

0 = limelAy = nli__mm max(0, J (r™)) = max(0, J.(r)), p<m<gq,

n—oo
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which show that r is admissible. Passing to the limit in inequality (20), we
obtain

q
DJo(r,r = 1)+ Y AmDJm(r,r = 1) 20,
m=1

and this holds for every r € R. Now if J,,(r) < 0 for some p < m < g,
then clearly A7, = 0 for n sufficiently large and hence A,, = 0. Therefore r is
extremal.

If 7 is admissible, suppose that A, — oo (for a subsequence), for some m.
Dividing inequality (20) by mﬁxl)\m, setting up, := A%, /mﬁe:.x!)\m and passing

to the limit (for a subsequence) in inequality (20), we find

q
Z L DT (e r— r) >0, for every r e R,

m=1

with max |pm| = 1, pmdm(r) = 0 for p < m < ¢ (as above), which shows that
the admissible control r is abnormal extremal, i.e. contradiction. |

Implementation of the algorithm

Dropping the index v, the control ¥ € R™ in Step 2 of the algorithm can be
chosen for each v to be classical (Dirac), since T satisfies the relations

DJ™(r, 7 —7) < DIV (r,r’ 1), for every ' € R™,

i.e.

N-1 M L
> ALY meas(S7) > CRH, (7%, 67, 45, 2k, Tis — 115) <O,
=0 i=1 k=1

for every 7 € R™, if and only if 7 is classical (Dirac), i.e. 7 :=w € W7, and
satisfies

L

E ‘ k nk k k —
(@i Hn (xi :t?ay;} szgj-}-lswij)

k=1

L
=min > C™*H, (27%,17, 7, 405 41,u) 1 S S MO< SN -1
U

k=1

Clearly, by the definition of D, := DJ™"(r,,7, — r,) and since b € (0,1),
there exists o, = ¢® which satisfies (17).
Next, we show that the control r, in Step 7 can be chosen for each v to be
a Gambkrelidze control, i.e. a control of the form
P p
Tyij = Z sij?_'ﬁgj; with }6:;3 =0, 0gusp, Z fjg'j =1, (21)

=0 p=0
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where p is constant integer and the 7 are classical (Dirac) controls, provided
the initial control 7o := r; is of the form (21) (practically a classical control).
Assuming recursively that 7, is of the form (21), we have by (18)

I
; s = e R W
Tt =T 0u(Fuis —Tuig) = @ + (L —a) Y BL75.

p=0

Now since the control appears only in a finite and bounded number p™ < p of
terms which depends on g and L(n) < L (integration rule), in the state equation
and functionals, by Caratheodory’s theorem we can replace the control r:, +1 by
an equivalent Gamkrelidze control 7,1 of the form (21) which yields the same
state and values of functionals as TL+1‘ Thus, the control r,; satisfies Step 7.

6. Simulating classical controls

For a given sequence (or subsequence) of Gamkrelidze controls generated by the
algorithm and converging to an extremal or optimal relaxed control in R, we
shall now construct a sequence of simulating piecewise constant classical controls
which converges to the same control in R. Let {r"}, with r" := (r];, 1 <i <
M, 0<j<N-1)€ R", ™ — rin R, be such a sequence. We can write

P

n o__ TLLL—TLLL

Tij = E :ﬁij Tij
p=0

where the 7' := @/ are Dirac measures. Now we can partition w.r.t. ¢ each

block QF; := S x I into p+1 slices Q;f* of measures 57, meas (QF), 0 < u < p,
and define the sequence of piecewise constant classical controls (considered also
as elements of R)

o
wp(z,t) =Wy, for (z,t) €Qif,\1<i<M0<j<N-1,0<pu<p

Note that the simultaneous discretization and optimization allows us here to
construct a single sequence of simulating classical controls. For similar approx-
imations, see Chryssoverghi et al. (1993), where a double sequence is con-
structed, Roubiéek (1991), where only discretization is considered, Roubitek
(1997), and Warga (1972).

THEOREM 6.1 The sequence {w,} converges tor in R.

Proof: Since the linear combinations of functions of the form ¢ = x, with
X € C(Q) and ¢ € C(U), are dense in L' (Q,C(U)), it is sufficient to show that

lim [ x(z,t)(W(wy) —¥(r))dzdt =0, for every x € C(Q), ¥ € C(U).

n=—+0oo Q
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Let {xn} be a sequence of functions which are constant, x,(x,t) = Xnij, on
o

each Q7, such that x, — x in L*(Q) strongly. We write

Lx(ﬁb(wn) —(r))dz dt := a, + b, + c,,

where

Gy = /x(ﬂb(’r"‘] —b(r))dz dt,
Q

b / (¢ = Xn) ($(wn) — B(r™))da dt,
Q

en = [ xnllwn) 9ot

Q
We have a,, — 0 since r* — r in R, b, — 0 since x, — x in L=(Q) and ¢ is
bounded on U, and by construction of wy, and the Q}}*

Oy = IZ,; {L;} Xn ¥ (wy)dz dt — /Q_;'__'. Xat(r™)dz dt]

. [Z meas Q) s L) — meas (@i Zﬁ?;‘w(ﬁ?}‘)l )
%, " i

7. Final comments

A mixed optimization and discretization method has been described for solving
an optimal control problem for systems governed by semilinear parabolic dif-
ferential equations that has many advantages over methods which apply some
optimization algorithm to separate discrete problems. This method can be eas-
ily extended to more general triangulations, in which case the algorithm has
to be slightly modified by including some approximation of the starting control
for each n. Of course, other (nonlinear) discrete schemes such as the Crank-
Nicholson or the #-method can also be considered, as well as other relaxed
optimization algorithms.

The discrete relaxed method can be applied to several optimal relaxed con-
trol problems involving elliptic or hyperbolic partial differential equations, or
ordinary differential equations, and also to various problems in the calculus of
variations.

Finally, we wish to thank the referees for their useful suggestions.
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