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Abstract: This paper investigates the local convergence of the
Lagrange-SQP-Newton method applied to an optimal control prob-
lem governed by a phase field equation with distributed control.
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Introduction

In this paper we investigate the local convergence of the Lagrange-Sequential—
Quadratic-Programming— (SQP)-Newton method for the solution of an optimal
control problem governed by a phase field equation. Phase field equations are
used to model solidification. They are systems of partial differential equations
(PDEs). The unknowns in the system of PDEs are the order parameter ¢ (also
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called phase function) and the temperature w. Unlike in the classical Stefan
problem which models a sharp solid-liquid interface, phase field models allow
for a mushy region. The phases are identified using the order parameter .
Assuming a suitable normalization, {z € Q|¢(z) = 1} is the liquid region and
{z € Qlp(z) = —1} is the solid region. The interface is described by points
z € Q for which the order parameter takes values in (—1,1). We consider the
phase field model introduced in Caginalp (1986), Collins and Levine (1985), Fix
(1982), that consists of the two partial differential equations

1o, £a
E‘IL“F :?*'a—t'(p RA'L-’.'{-f (1)
in Q x (0,77,
a
THY = E0p+g(p) + 2u (2)
with boundary conditions
a a
= 0, = 0, ondfx(0,7), (3)
and initial conditions
uU=1up, ©=g in Q. (4)

The function —g(z) is the derivative of a so-called double well potential G(z).
Often G(z) = (2% — 1)%. We assume that g(z) = az + bz? — cz® with bounded
coefficient functions a, b,c and strictly positive ¢. In the model & denotes the
heat conductivity, £ the latent heat, T is the relaxation time, and £ is the
length scale of the interface. Other, more complicated phase field equations
have been derived. See, e.g., Kenmochi (1994), Kobayashi (1993), Penrose and
Fife (1990,1993), Sprekels and Brokate (1996).

In this paper we study a constrained distributed control problem in which
the state equation is given by the phase field model. The objective is to find a
heat input f such that the resulting temperature w and phase ¢ match desired
temperature and phase profiles uy and @4, respectively. Mathematically, the
problem is formulated as

rol, A
where the objective function is given by

(u, 0, f (6)

/f — ug(z,1))* + 5 ( (@) - ¢a(a,1))” + 3 (f(2,1)” dadt.

The set of admissible controls has the form

Faa={f € 2@ x (0,7))| f(z,t) € F ae. }, (7)
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where F' C IR is a closed interval, e.g., F' = [—1,1]. We do not require F to
be bounded. In the objective function w and ¢ are the solutions of (1) to (4)
corresponding to the control f. Thus, the right hand side f is the control and
the pair (u,) is the state. In the objective function a and 3 are weighting
parameters, and 3 fOT || £(£)||? dt is a regularization term. We assume that

ug, 4 € L2(Q x (0,T))

are given functions and that «, 3, and ~ are positive constants. Later we will
require that ug,q € LI(Q x (0,7)) with ¢ > 2 if n = 2 and ¢ > 5/2 if
n = 3 to derive regularity estimates for the adjoint variables and our strongest
convergence estimates for the optimization algorithm. The requirement v > 0
is important for our second order sufficient optimality condition. It can only be
expected to hold if v > 0.

The infinite dimensional phase field model (1) to (4) has been analyzed in
Caginalp (1986), Elliott and Zheng (1990), Hoffmann and Jiang (1992), Chen
(1991). In Caginalp (1986), Elliott and Zheng (1990) the case f = 0 is conside-
red. Numerical investigations of the phase field model (1) to (4) can be found
e.g., in Fix (1982), Lin (1988), Fix and Lin (1988), Caginalp and Lin (1987),
Chen and Hoffmann (1993), Chen (1991). Numerical simulations using other
phase field equations have been performed, e.g., in Caginalp and Socolovsky
(1994), Horn (1994), Kobayashi (1993).

The control problem stated above has been analyzed in Chen (1991), Chen
and Hoffmann (1991), Hoffmann and Jiang (1992). In Chen (1991), Hoffmann
and Jiang (1992) the infinite dimensional control problem is considered. Exis-
tence and uniqueness results for the optimal control are derived and the differ-
entiability of the state with respect to the control is analyzed. In Chen (1991),
Chen and Hoffmann (1991) a discretization of the control problem is introduced
and some of its approximation properties are analyzed. The gradient method
for the numerical solution of the control problem (5), (6), (1), (2), (3), (4) is
studied in Chen and Hoffmann (1991). For optimal control problems governed
by the Penrose-Fife phase field model, Penrose and Fife (1990), existence of so-
lutions and their characterization is studied in Horn (1994), Sprekels and Zheng
(1992), Sprekels and Zheng (1993).

The purpose of this paper is the analysis of the Lagrange SQP-Newton -
method for the solution of the above mentioned control problem. SQP methods
are used to solve nonlinear constrained optimization problems. Their success for
finite dimensional problems has sparked the research on their application to op-
timal control and other infinite dimensional problems. SQP methods treat states
and controls as independent variables. The nonlinear problem is solved using a
sequence of linear quadratic problems. In the context of control problems with
linear control constraints the constraints of the quadratic program are given by
the linearized state equation and the linear control constraints. In our analysis
we use exact second order derivative information and, since we are interested in
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the local convergence analysis, we use the quadratic model of the Lagrangian
about the current iterate as the objective function in the quadratic program-
ming subproblems. This method is called Lagrange-SQP-Newton method. If
no control constraints are given, then near to a local minimum point that satis-
fies the second order sufficient optimality conditions the Lagrange-SQP-Newton
method is equivalent to the Newton method applied to the necessary optimality
conditions. In the presence of control constraints it is equivalent to the gene-
ralized Newton method applied to a set of generalized equations Alt (1990),
Robinson (1980).

Since states and controls are treated as independent variables the nonlinear
state equation does not have to be solved in every iteration, but is part of the
constraints and is satisfied in the limit. Another attractive feature is the fast
local convergence speed of SQP methods. If exact second derivative information
is used, these methods show a local q—quadratic convergence behavior. If quasi-
Newton approximations for the second derivatives are used, then they show
some kind of g-superlinear convergence. SQP methods for finite dimensional
nonlinear programming problems are discussed, e.g, in the overview article of
Boggs (1995). Theoretical and numerical studies of SQP methods applied to
optimal control problems in an infinite dimensional framework can be found,
e.g., in Alt (1990), Alt and Malanowski (1993,1995), Goldberg and Troltzsch
(1998), Heinkenschloss and Sachs (1994), Kelley and Wright (1991), Kunisch
and Sachs (1992), Kupfer and Sachs (1992), Tréltzsch (1994,1998). A local
convergence analysis for reduced SQP methods in Hilbert spaces using quasi-
Newton updates is given in Kupfer (1996). Studies of the local convergence
behavior of the Lagrange-SQP-Newton method for several classes of optimal
control problems can be found, e.g., in Alt (1990), Alt and Malanowski (1993),
Alt, Sontag and Troltzsch (1994), Troltzsch (1994).

The general outline of our convergence proof for the Lagrange-SQP-Newton
method for (5), (6), (1), (2), (3), (4) is identical to the ones in Alt (1990),
Troltzsch (1994). The details of the convergence proof, however, are very dif-
ferent from those in Alt (1990), Troltzsch (1994). These differences are due to
differences in the governing equations. In Alt (1990) the governing equations are
ordinary differential equations and in Tréltzsch (1994) the governing equation is
the linear heat equation with a nonlinear boundary condition. Here we carefully
use the structure of the phase field equations (1), (2), (3), (4) to overcome a
two-norm discrepancy and to show convergence of the controls with respect to
the L?(Q) norm and with respect to the L°(Q) norm. In particular, we will
show that

fluy — U*“qu-l + et = ‘P*||w§-‘ + |lf+ = fullee + 1Ay = A*HA,,

8
< O (e = unllwza + loe = @ellwaa +1fe = fellom + e = Adlln,)* P

where C' is some positive constant and ¢ > 2 if n = 2 or ¢ > 5/2 if n = 3.
Here the subscripts *,+,c denote optimal solution, new iterate, and current
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iterate, respectively, and A = (p,%) are the Lagrange multipliers in the dual
space A, = W21(Q) x W2H(Q). A complete review of the notation applied
in this paper is given at the end of this section. The surprising feature of the
estimate (8) is that the L norm of the error in the new control fy — f. can
be estimated using the much weaker L? norm of the error in the current control

fc_f*-

It is necessary to discuss what we mean by a two-norm discrepancy. Often,
differentiation of the objective and constraints is only possible with respect to a
rather strong norm in the control space, say the L*—norm, whereas the second
order sufficient optimality conditions hold only with respect to a weaker norm,
say the L2-norm. This two-norm discrepancy principle plays an important role
in the analysis of nonlinear control problems and we refer to Alt and Malanowski
(1993), Dontchev, Hager, Poore and Yang (1995), Dunn and Tian (1992) and
Maurer (1981) as a selection of references in which various aspects of this and
related issues are investigated. More references can be found in those papers.
In our case the situation is slightly different in that the nonlinear term g in
the state equation is a polynomial of degree three. Using Hélder’s inequality
it can be seen that ¢ — g(i) is infinitely often differentiable as an operator
from L8(Q) to L?(Q). Using the smoothness of solutions of parabolic equations
this enables us to prove convergence of the controls in L?(Q). This seems
to be the natural space if the set of controls F,q is unbounded. However, if
Fad is bounded, then the controls are in L**(Q) and one wants to establish
convergence with respect to this stronger norm. It is in this case that the
two—norm discrepancy issue arises. The difficulties that have to be overcome
are the same. However, the reason for the two-norm discrepancy is different.
Differentiability can be shown if ¢ — g(i) is viewed as an operator from L%(Q)
to L2(Q). For the problem under consideration these norms are “compatible”.
The desire to have convergence of the controls with respect to the L= (Q)-norm,
which is important from a numerical point of view, e.g., for the identification of
active indices, causes the incompatibility.

In Heinkenschloss (1997) a multilevel Newton method is applied to solve the
unconstrained control problem (5), (6), (1), (2), (3), (4), and in Heinkenschloss
and Sachs (1994) the constrained control problem studied in this paper is treated
numerically. The multilevel Newton method in Heinkenschloss (1997) is an
extension of the SQP method in that it incorporates an efficient solution method
for the computation of the steps. Its convergence, however, requires controls in
Li(Q) with ¢ > 4. The numerical method in Heinkenschloss and Sachs (1994)
is a combination of the multilevel Newton method in Heinkenschloss (1997) and
the projected Newton method in Kelley and Sachs (1995). While no convergence
analysis for the algorithm in Heinkenschloss and Sachs (1994) exists, the strong
convergence results for the Lagrange-SQP-Newton method proven in this paper
might serve as an indication why the algorithm of Heinkenschloss and Sachs
(1994) perfomed well numerically.
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As in Troltzsch (1994), our second order sufficient conditions requires the
positive definiteness of the Hessian of the Lagrangian on the space of func-
tions satisfying the homogeneous linearized state equations. In the presence of
bound constraints on the controls this seems to be too strong, because the active
bound constraints limit the space of functions on which the Hessian of the La-
grangian has to be positive definite further, see, e.g., Maurer and Zowe (1979).
In the papers of Goldberg and Tréltzsch (1998), Troltzsch (1998), convergence
of the Lagrange-SQP-Newton method for some semilinear parabolic control
problems is proven under second order sufficient optimality conditions weaker
than the ones we use. Active bound constraints are incorporated into the pos-
itive definitness conditions. The mathematical tool in Goldberg and Troltzsch
(1998), Troltzsch (1998), is the convergence analysis of Newton’s method for
generalized nonlinear equations, Alt (1990), Robinson (1980). The price for
the relaxation of the second order sufficient optimality condition, however, is
that a constraint involving the optimal control has to be introduced into the
quadratic-programming (QP) which generates the new iterate. Since the pur-
pose of the Lagrange-SQP-Newton method is the determination of the optimal
control, such a constraint is not practical. Fortunately, its inclusion does not
seem to be necessary in practice, Goldberg and Tréltzsch (1998,1998a). This
shows, however, that there still is a gap between practical, efficient algorithms
for semilinear control problems and their theoretical justification. This paper is
meant to narrow this gap.

The outline of the paper is as follows: In Section 2 we review some results
on the existence and uniqueness of solutions of the state equation and of the
optimal control problem. Necessary and sufficient optimality conditions are
discussed in Section 3. The SQP method and basic properties of the iterates
will be discussed in Section 4. The convergence proof for the SQP method is
based on the observation that the iterates can be interpreted as solutions of
a perturbed quadratic problem obtained from a linearization of the original
problem around the solution. This relation and some important estimates for
the solutions of the perturbed problem are discussed in Section 5. The results
of 4 and 5 are used in 6 to derive the desired convergence estimates.

Before we start with the discussion of the control problem, we state the
assumptions which are assumed to hold throughout this paper:

(A1) The domain  C R"™, n = 2,3, is a bounded C?-domain.
(A2) The coefficients in (1), (2) satisfy
g, E 4T =0
and the function g is given by g(z) = az + bz? — ¢z® with
a(z,t) <@, b(z,t)<b 0<c<clz,t)<E
(The results can be generalized to the case where &, &, £, and 7 are strictly
positive, sufficiently smooth functions.)
(A3) The initial conditions satisfy
Ug, Yo € H’rzo (Q)
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and the compatibility conditions
a
% = 7o =0.

We use the following notation: The space—time-domain is denoted by Q =
Q x (0,T). For p € [1,00) we define

u  Pu Ou
urz,l Q s i LP Q
2 (@) {ulu’azg’ﬁ'xiaa:j’at e L¥ )}

The space WPZ'I(Q) equipped with the norm

1/p
", Ou 3 O%u U
"uﬂw;f-l(c;) = (/Q [ul? + ; | o2, [?+ ijzﬂ 13:1:3-5'3:_,,- |? + Ig—t|pd$dt)
is a Banach space. We often omit the space @ and use ‘F-Vg",L" instead of
W21(Q), LP(Q), respectively. By (,-) and || - || we denote the scalar product
and norm in L?().

In the SQP method we use the following notations: The current iterates
are denoted by the subscript ¢, the new iterates are indicated by the subscript
+, and the optimal values have a subscript *. Thus, (uc, @c, fo), (Wi, @4, f+),
(s, @x, f+) denote the current iterate, the new iterate, and the minimum point,
respectively. Moreover, we use the notations

U= ('EL, P, f), A= (p, '\b)a (9)

for the triple of states and control and the pair of co-states, respectively. Similar
notations are used for vy, v, ete. Finally, we introduce the product spaces

Vo =W2HQ) x W2 (Q) x LUQ), Ay =W2H(Q) x W2 (Q). (10)

For g = 2 we simply write V = V5 and A = As.
In all our proofs, C will be a generic positive constant.

2. Well-posedness of the state equation and existence of
optimal controls

Existence and uniqueness of the solution of the state equation (1), (2), (3), (4)

are proven in Chen (1991) and in Hoffmann and Jiang (1992). Other proofs for

the case f = 0 can be found in Caginalp (1986) and Elliott and Zheng (1990).
The following result is taken from Hoffmann and Jiang (1992).

THEOREM 2.1 If the assumptions (A1)—(A3) are satisfied, then for each f €
LI(Q), q > 2, there ezists a unique solution (u,) € W2 (Q) x W2(Q) of the
state equation (1) to (4). Moreover, the solution obeys

lullwzs + lellwzs < Cllluollwz @) + leollwz, @) + I flle)-
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Here the parameter p is given by

_ *‘2—5329 ifge (2 %) and n = 3,
p= any positive number if g > % andn=3, orifg>2 andn=2,

Note that since 5q/(5—2q) > g for g € [2,5/2) we may set p = ¢ in Theorem 2.1.
In addition to p = g we will frequently use Theorem 2.1 with ¢ = 2,p = 10.

The proof of Theorem 2.1 uses the Leray-Schauder fixed point theorem and
the following imbedding results due to Lions and Peetre:

THEOREM 2.2 If Q C IR? is a bounded domain having the cone property, then
the imbeddings

W2H(Q) Cc L®(Q), ¢>2,
and
WH(Q) € L®(0,T; LP(Q)) N LI(0, T; L*(R)), p,q € [1,00)

are continuous; the imbeddings W21(Q) C L?(Q), p € [1,00), q € [2,00) are
compact.
IfQ C IR? is a bounded domain having the cone property, then the imbeddings

w(Q) c L*(Q),

where
o ifq>5/2,
p={ any positive number if g =>5/2,
iz if ¢ < 5/2,

are continuous; the imbeddings W21 (Q) C LP~(Q), where p is given as above
and € > 0, are compact.

Proof: The assertions are proven in pp. 14,15,24,25 of Lions (1985). [

We will frequently use this theorem with p =g, or ¢ =2,p=10,0r ¢ = 10,p =
00.
Theorem 2.1 allows us to define the solution operator

S: LIQ) — W2Y(Q)x W2 (Q),

o (o), (1)

mapping the right hand side into the solution of the state equations (1)-(4). It
is shown in Hoffmann and Jiang (1992) that the solution operator is continuous
and Fréchet differentiable. In particular, it holds that

ez + lellwza < e (luollwz, + lollwz, + 1£llz2) . (12)
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where ¢ = ¢(£,€,T), and
lur —wally2s + llor — pallwze < Cllfi = fallz2 (13)

for (ui,i) = S(fi), i = 1,2, where C depends on l!ugllwzz.l,||t,0«;|lW2?.1, i=1,2.

If u;, 05, 1 = 1,2, are contained in bounded subsets B C (I"E’;" )2, which will be

the case in our analysis, then C can be assumed to depend only on B, but to
be independent of individual u;,; € B, i = 1,2. In particular, if f;, f; are in
a bounded set Fp C Faq, then (12) implies that (13) holds with C depending
only on Fy,. If F,q is already bounded, then there is a C' such that (13) is valid
for all fi, f2 € Faa. ]

Since the objective function (6) includes a regularization term 7 [, 0? | £()]|? dt,
v > 0, one can show the existence of a minimizing sequence {f,}, which is
bounded in L*(Q).

Using the existence of weakly converging subsequences and the weak lower
semi-continuity of the objective function one can prove the existence of an
optimal control. For details we refer to Chen (1991) and Hoffmann and Jiang
(1992). If v = 0 and if F is bounded, then one can extract a subsequence out of
the minimizing sequence that is weak® convergent in L*(Q). Using arguments
as before, one can establish the existence of an optimal control. In Hoffmann
and Jiang (1992) it is also shown that the optimal control is unique if the final
time T is sufficiently small. The existence and uniqueness results for optimal
controls are summarized in the following theorem taken from Hoffmann and
Jiang (1992):

THEOREM 2.3 Let the assumptions of Theorem 2.1 be valid. If v > 0 or if F is
bounded, then there exists an optimal control f, € L?(Q). The optimal control
satisfies f. € L™(Q) if F is bounded. Moreover, if v > 0 and if the final time
T is sufficiently small, then the optimal control f. is unique.

For our analysis we do not need this strong result. All statements in the following
sections hold for local solutions (., p.) that satisfy the second order sufficient
conditions.
Characterizations of the optimal controls are given in the following section.
We introduce the auxiliary system

%u—f—%ggtp = rAu-+fiu+ fi
e = EMp+ Pp+2u+t fo

with boundary conditions (3) and initial conditions (4).

This linear system will play an important role. In fact, if fi = h, fo = 0,
ug = 0,00 = 0, and 81 = 0, fa(x,t) = ¢'(wc(z,1)), then the solution (u, )
of (14), (3), (4) is the first Fréchet derivative (u,y) = (us(fo)h,¢s(fe)h) of
(u{f),(f)) at the control f.. Moreover, with f; = f, fo = g(e.), 51 = 0, and
(2 = g'(e) the system (14), (3), (4) essentially defines the pair (u4, @) of the
new iterate in the SQP method, see Section 4.

in Q x (0,7, (14)
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THEOREM 2.4 Let the assumptions (A1)—(A3) be valid and suppose that fi, fa €
LY(Q), ¢ > 2. If B1,02 € L3(Q), then there exists a unique solution (u,p) €
W2(Q) x W2 (Q) of the system (14), (3), (4). The solution obeys

lellwzs + lellwza < Clluollwz @) + llvollwz, @) + ILfillze + 1| f2ll )

with constant C = C(fy, B2) depending only on ||fi1|| 13, ||B2|lzs. Moreover, the
function (By, B2) — C(B1,52) maps bounded sets into bounded sets.

Proof: The proof is given in the Appendix. |

The conditions on §;, i = 1,2, are clearly satisfied if 3; € L*. However, they
are also satisfied if 3; is of the form

Bi(x,t) = a(z, 1) + b(z, 1) B(z, t) — c(z, )P(=, 1)?

or, more generally, of the form

ﬁi(xs t) — Z Cj(xi t)(ﬁ(:l?, t)j!

=1

with ¢; € L*°(Q) and @ € L*™.

3. First and second order optimality conditions

The first order necessary optimality conditions for the optimal control problem
under investigation are established in Chen (1991) and Hoffmann and Jiang
(1992). We state the first order necessary conditions in the form needed for our
purposes and derive second order sufficient conditions.

The Lagrange function for the optimal control problem is given by

14
£
‘C(ua‘:asf!p:w) - J(u,(p,f) = / / P [ut = é“Pt — kAu — f] dxdt
0Jo
T
- / f ¥ [ror — €8¢ — g(p) — 2u] dadt
0Ja
which, using integration by parts, can be written as
T
i
L(u, o, f,p, %) = J(u, 9, f) —/0 (ue + 56, p) + K(Va, Vp) — (£, p) dt

T
= fo (o0, ) + €V, V) — (g(0) + 2u,9) dt. (15)

For fixed p and v the Lagrangian splits into a linear part £, and a nonlinear
part Lo, L = Ly + Lo, where

Lau, 0, £,0,%) = T (0, F) + f (9(0), ) dt.. (16)
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In all what follows we use subscripts to denote partial Fréchet-derivatives of
L. For instance, L, ) denotes the first order derivative of £ with respect to
the pair (u, ), and L,, stands for the second order derivative with respect to
the triplet v = (u, p, f). The first order necessary optimality conditions for the
optimal control problem are:

Lo s Bt s D ) 0, (17)
ﬁ(p¢)(u*,¢naf*;ps;1;)*) = 0, (18)
Lg(te, Pus fir Pesu)(f = fo) = 0 V [ € Fad, (19)
h € P (20)

The equation (18) means that the state equation has to be satisfied. An evalu-
ation of (17) shows that the pair (p.,1.) has to satisfy the adjoint system

—2p = KAp+2¢ + alu. —uq),
p GO S RSRESIEE. S in Q x (0,7, (21)
—T5V— 5P = EAY+g (0 )Y+ B(px — pa),
with boundary conditions
L, =0 3%0—0 n 90 x (0,T) (22)
8np'_ 1 3?’1 = M3 o E] 1

and final conditions
plz,T)=0, ¥(z,T)=0 in €. (23)

The inequality (19) is equivalent to the variational inequality

T
[ [t - £y a0 VfeFu
0Ja
Since v > 0, a standard discussion gives
fu(z,t) = Pr(—7"'pu(,t)) a.e.onQ, (24)
where Pr : IR — F denotes the projection onto the closed set F'.

THEOREM 3.1 Let the assumptions (A1)-(A2) be valid and suppose that the
right hand side function f in (1) obeys f € LI(Q). If ug,ip0a € L*(Q). p €
[2,00), then there ezists a unique solution (p,v) € W2H(Q) x W21(Q) of the
adjoint system (21) to (23). Moreover, the solution obeys

Ipllwzr + 1Pllwzr < Clllue = ualle + lloe — @allze) .

where v = min{,u,a }if2<g<5/2andn=3, andv =p ifq>5/2 or
n = 2. The constant Cg depends only on ..
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Proof: The assumptions (A1)~(A2) and f € L? guarantee that the solu-
tion of the state equation obeys u., . € 1"E-’$" (see Theorem 2.1). Thus, by
Theorem 2.2, u. — uq, s — g4 € LY, where v is defined above.

If one introduces the transformation t — T — ¢, then (21) to (23) is equal to
(14) with homogeneous initial and boundary conditions and with f, = af(u, —
ug), fa = B(p« —a), and Bi = g'(¢.), B2 = 0. Thus the assertion follows from
Theorem 2.4. |

In the following we use the notations (9) and (10).
We will show that v, is a locally optimal point if it satisfies the first order
optimality condition and

‘Cuu(‘u*: /\*)[TJ,'U] 2 ot(”“’”%ﬁ + “(ra”f[ﬁ + ”f”'.zbz) (25)
for all v = (u, ¢, f) € V satisfying the linearized state equation
8 £d
=+ g5 = rAu+f,
S f , in Q x (0,T), (26)
ey = Ehpt+g(ve+ 2,

with homogeneous initial and boundary conditions. Note that Theorem 2.4
shows that the solution of (26) obeys

£z = C(llullwza + lellwza) -
Hence,
fmu('vn /\*)[’U, ’U] > &ng"iz (27)

for all v = (u, @, f) satisfying the linearized state equation (26) is necessary and
sufficient for (25).

THEOREM 3.2 Suppose that the necessary optimality conditions (17)-(20) are
satisfied at (ux,@«, f«) and that (25) holds. Then there exist € > 0 and ¢ > 0
such that

J(u, 0, ) 2 J(tss sy fo) +(Jlu — U*Hfﬂ?.l +lle - w*llﬁlg.x +If = fell22)
Jor all feasible (u, @, f) with ||f — fellrz < e

‘We omit the proof of this quite standard and expected result. The interested
reader might consult the full version of our paper Heinkenschloss and Troéltzsch
(1998).

We conclude this section with a remark on the differentiability of the Ne-
mytskii-operator “g” defined by ¢ — g(@). Since g is a polynomial of degree

“_.n

three we can view “g” as an operator from L8(Q) into L?(Q). In this setting
“g" is infinitely often differentiable. Note that we apply “g” to solutions ¢ of
parabolic equations. The regularity of solutions and the imbedding theorem

guarantee that ¢ € W2'(Q) c L8(Q). We make use of this particular form
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and this will enable us to derive convergence estimates for (u,p, f) in the space
W2HQ) x W2(Q) x L2(Q). This is a reasonable choice if the admissible set
Faaq is unbounded. However, we may also wish to view the Nemytskii-operator
“g” as an operator in L (@), which is the appropriate setting if F.4 is bounded.
This setting usually also has to be chosen if g is not a polynomial. In this case
one has to overcome the so—called two-norm discrepancy: The second order suf-
ficiency condition (25) can only be expected to hold in the L?(Q)-norm, whereas
differentiability is given only with respect to the L*(Q)-norm. In our situa-
tion, we will not have to cope with these difficulties. However, the two-norm
discrepancy would be connected with the desire to obtain the convergence of
controls in L*(Q).

4. The Lagrange—SQP—-Newton method

The Lagrange-SQP-Newton method solves the nonlinear, non—convex optimal
control problem (5), (6), (1), (2), (3), (4) through a sequence of linear—quadratic
control problems.

We continue to use the notations (9) and (10). Moreover, we denote the
current iterate by (v, Ac) = (e, @e, fe, Pe, ¥c) and the new iterate by (vy, Ay) =
(Ut s Ps Fs Py P4)-

In the Lagrange-SQP-Newton method the new iterate is computed as the
solution of the following minimization problem:

T O %ﬁw(vc,/\c)[v cvev—v]  (28)

subject to the linearized state equation

a { o
au-{- Ea = EAu+f (29)
in Q x (0,7,
0
T3¢ = EAp+glpe) +9'(pe)(p - ¢c) + 2u (30)
with boundary conditions
5] ad
au_o, acp—-(], on 99 x (0,7T), (31)
and initial conditions
U=1uy, = in 0, (32)

and subject to the control constraints

[ € Faa- (33)
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LEMMA 4.1 Let the assumptions (A1)—~(A3) be valid. If (u,p.) € I"F-"qz'] (Q) and
fi € L9(Q), then there exists a unique solution vy = (uy, @4, f1) of (29)-(32).
The solution obeys

[utllwzs + llotllwzs < Cllluollwz @) + lwollwz @) + 1 f+llza + llwellyz1).(34)

The constant C' depends only on @, and can be chosen independent of v, if p.
is contained in a sz‘l ~bounded set.

Proof: The pair (uy, ) satisfies the system (14) with f; = fy, fa = g(@.) —
g'(¢e)pe, B1 =0, and By = ¢'(¢.). Since ¢ € [2,5/2) implies 5g/(5 — 2q) > 3¢
the imbedding Theorem 2.2 implies that (u.,¢.) € L3(Q) if ¢ € [2,5/2), that
(ueytpe) € L¥(Q) for all v € [2,00) if ¢ = 5/2, and that (uc, ;) € L=(Q) if
g > 5/2. Moreover, since g is a polynomial of degree three with coefficients in
L*(Q) it holds that

I f2llze = llg(ec) — g'(we)pellue < CllgellLse < Clleelly2 -

Inserting this estimate into Theorem 2.4 we obtain the desired result. |
The objective of the quadratic subproblem is given by

"Pl
f f oil, sl Bl —wilend sy =5) ik

+§f0 /‘n‘ﬂff’“—uc)2 + Bl — @) +(f — f.)? dzdt

1 & " oy 2 - s
+§/0./ch9 (pe)(® — e)” dadt . (35

Using standard techniques one can show that a solution (uy, ey, fi) of the
quadratic subproblem (28)—(33), if it exists, satisfies (29)-(33) and

T
-/0fﬂ(pi.(:s,t)+'yf+($,t))(f($,t)—f+(:u,t)) dedt >0 Y fe Fua, (36)

where (p4, ) is the solution of the adjoint equation for the linearized problem
which is given by

Il

-2p KAp + 20 + a(uy — ua)

Loy = in Q x (0,77,(37)
at 23t
E2AD + g'(p )t + Yeg" (we) (4 — @c) + Bleo+ — wa),

with boundary conditions

7] 9

= 0, aw =), on 08 x (0,7),
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and final conditions
plz,T)=0, (z,T)=0 in Q.

Analogously to Theorem 3.1 one can show that if ug, g € L*(Q), p € [2,00),
the adjoint system (37) has a unique solution (py,1.) € W21(Q) x W21(Q)
which obeys

[P+ lwzs + 19+ llwzs < Cllus —ualln + low — @alls + s = elln) . (38)

The constant C depends only on . and can be chosen independent of ¢, if ¢, is
contained in a Wg‘l—bounded set. The parameter v is given by v = min{pu, 5—3%—5}
if g€[2,5/2) and n =3, and v = p if ¢ > 5/2 or n = 2. Here ¢ is determined
by the control fi € L9(Q). Note that fi € L=(Q) if Fuq is bounded and
f+ € L?(Q) otherwise.

Since v > 0, then (36) is equivalent to

fi(z,t) = Pe(—y"'p4(z,1)). (39)

If q. is convex, then the first order conditions are not only necessary but also
sufficient. In the following we will establish the existence of a unique solution
of the quadratic subproblem. This will be done by showing that the objective
function g, is strictly convex on the null space of the linearized constraints if v,
is close to a point v, at which the second order sufficient optimality conditions
are satisfied. The following lemma shows that the positivity of the Hessian of
the Lagrangian (25) is preserved if (v.,\.) is replaced by a sufficiently close
point (ve, Ac).

LEMMA 4.2 Let the assumptions (A1)—(A3) be valid and let vi = (s, pu, fu) €
V' satisfy the second order sufficient optimality conditions. Then there exist
€ >0 and o > 0 such that

Loy (ve, A)[v,v] 2 o ([[ullf2 + el + [1£172) (40)

for allv = (u, ¢, f) € V satisfying
.Q_u + L8 — A +

ot see = whutf in Q x (0,T), (41)

e = §Dp+g(pc)p+2u,

with homogeneous initial and boundary conditions and for all ve, A, with ||v. —
vellv + 1A = Aulla < e

o~

Proof: Let v = (4, @, f) satisfy the linearized state equation (26). Then, by
Theorem 2.4,

Hﬁnwfl P ||‘:5|lw,fl < C”.ﬂ'L? . (42)
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The definitions of the Lagrangian and g give

T
va('”cs/\c)['ua 'U] = jo or||u||2 + ﬁ”(PHQ ‘*’f}(Hf”2 + ((2b e 66‘9:)‘92:1{)& dt,

see (15), (16). Thus,
I»C‘u'u('vm )\t) [6,7{‘-)\ = Ly (vc-; Ac)las ﬁ}l

T
= | [ elve = 001 ) + (25— 607, (e — i) |

< O(llpe = @ellzall@Zoligelize + 125~ Gcpellz2I@le e — Bellzs )

If @, is in an neighborhood of ., then |[2b — 6ep,||r2 < C. From this bound
and (42) we find that

|£u‘u (U*s )\*)[6; ’3] ==L (Uca Ac)[ﬁs EF]l
< O(llge = pullzalgllzs + e = pullzs )1 12 -

Thus, there exists ¢ > 0 such that
o~ 3 =112 112 12
Loy (Ve Ac)[0,7) 2 ZJ*UIHIIL:: + 118122 + 11 £1IZ2) (43)

for all v = (4, &, }?) satisfying the linearized state equation (26) and for all v, A,
with [[ve = vellv + |]A = Acfla < &

Let v = (u, ¢, f) satisfy (41). Then ¥ — v satisfies (14) with f; = 0, fo =
(9'(0x) = g' () s B = 0, B2 = ¢'(.), and homogeneous initial and boundary
conditions. Hence, Theorem 2.4 yields

=@l + llp — Pl

Cll(g'(ee) — g' ()l 22
Cllg'(¢e) = g' (@)l Lallell Lo .
Cl12b(pc — @x) + 3c(@e + @) (e — )l Lall Fll 22

C(llpe = @ellza + 0e + @allzslige — wallzs ) 1 Fll e
Cllve = wallv I fllz2 (44)

Suppose that ve, Ac obey ||ve — vi|lv + [|A — Acla < & Using (42), (43), (44),
the imbedding Theorem 2.2, and the definition of £, we find that

Evv(ﬂc: )‘c)['ua 'U]
= f—vu(vm/\c)[ﬁ'f'(ﬂﬁﬁ),ﬁﬁ‘(i}—'ﬁ)]
= LywWes A) [T, 7] + 2Ly (vey A)[U, (v — 0)] + Lo (ve, M) [v — T, v — 7]

IA IA A

IA

IA
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3 L 5 -~
2 ou(l@lee + 1120z + 1£1122)
T
—C/G 2[((2b — Bewe) Bl — @), Ye) | + [{(2b — Bepe) (o ~ B)°, ¥e)| dt

3 o L} ~~
> Zou(@lgs + 1813. + 1 713.)

—Cl|2b — 6epel| 2 [[Well s (1Bl zellp — @llze + lo — @llZs)
3

> gou(lalZs + 12l + 1712)
~Cllfllzzllve = vallv 17|22 = Clive = w1712 - (45)
With the equality ¥ = v + (v — v) and the estimate (44) the assertion follows
from (45). i

The definition (28) of ¢. and Lemma 4.2 imply the following result:

COROLLARY 4.3 Let the assumptions (A1)-(A3) be wvalid and let v. =
(e, @y fe) € V satisfy the second order sufficient optimality conditions. Then
there ezists € > 0 such that q. is strictly convex on the null space of the linearized
constraints for all v, A, with ||v. — vy + [|Ae — Ai]la < e

The strict convexity of the objective function on the null space of the linearized
constraints implies the existence of a unique solution of the linear quadratic
control problem. Moreover, one can derive an estimate for the difference between
the new iterate and optimal point:

LEMMA 4.4 Let the assumptions (A1)—(A3) be valid. If v, = (uy, 04, fs) €V
satisfies the second order sufficient optimality conditions, then there ezists € > 0
such that if ||ve — villv + || Ac — Ailla < € the linear quadratic optimal control
problem (28)-(33) has a unique solution vy = (uy, ¢y, f1) obeying

1/2
o4 = vallv < C (llve = vally + Ae = Aulla)/* and A4 ]a < C. (46)

Proof: (i) The existence and uniqueness of v follows from standard arguments
using the convexity of the problem established in Corollary 4.3.
In the following we consider points v., A, with

”'Uc _v*||V + ")‘cu’\*”ﬁ Smin{lsg}: (47)

where € is determined by Corollary 4.3.

(ii) First, we derive a bound for the value of the objective of the subproblem
at the new iterate.

Let (u, ) be the solution of (29) (32) with f = f.. We set v = (u,p, f.).
Since v is a feasible point for (28)—( % we find that g.(vy) < ge(v). Using the
definition (35) of g, the imbedding W3''(Q) € L*°(Q), and Holder’s inequality
we can conclude that

ge(v+) < ge(v) < Cllv — vellv + llv —vell?) - (48)
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Next we estimate v —v,. The pair (u—u., ¢ — @,) satisfies (14) with g, = 0,

B2 = g'(¥c)s 1 = fe—Fx, f2 = g(e) —9(p«)+9' (0c) (x —¢c), and homogeneous
initial and boundary conditions. Using the definition of g, Theorem 2.4, and
the imbedding Theorem 2.2, we can show that

lu—tially2a +lo—@ullwzs < Cllfe=FullzzHlee—ullywza) < Cllue—vallv .(49)

Here, we have used the simple estimate

lo(e) — g(ps) — ' (@a) (@ — @u)llz2 < Cllp — @ull2s < ClIf — ful22.
Thus,

v =velly < [[o = vallv + v = wellv < Cllve = vaflv .
Inserting this inequality into (48) and using ||ve — vy < 1 yields
Ge(v4) < O(llve = vellv + [lve = ve[[}) < Cllve = velly - (50)

(iii) Next we prove the uniform boundedness of the new iterates.

If the set of admissible controls F,4 is bounded, then Lemma 4.1 and (47)
imply the boundedness of the new iterate.

If the admissible set F,4 is unbounded, we can use the convexity of g. on
the null-space of the linearized constraints to establish the boundedness of the
iterate.

Let (ul, %) be the solution of (41) with f = f; and homogeneous initial
and boundary conditions. Moreover, let (u} ¢} ) solve

a £d

U+ e = KAu
= P aat‘P 2 " in 2 x (0,7T].
Tat? = EAp+ g(%} =4 ((Pc)(Pc + 2u,

with initial conditions (32) and boundary conditions (31). Then

(u+,<p+,f+] = (Uiawﬂsﬂ) 3 (uli_,(pi_,(]).

Using Theorem 2.4 we find that
lud llwzs + 0% lwze < Clllwollwz, + lleollwa, + lleclly2). (51)

Using the definition (28) of ¢, the convexity of the Lagrangian (40), and the
bounds (50), (51) we find that with some C > 0 depending on €, but independent
of vy the inequalities

o(lud1Za + o3 IZa + 11 £+1122)

—C(1+ 122 + k122 + llusllze + oz + 1+ ll2)
< ge(vy) £ Cllve —vallv.
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are valid. This gives the boundedness of |[u |22, [[¢%.||22, and || fy[|2.. With
Lemma 4.1 we can deduce the bound

loslly < C(1+ Jlveli?). (52)

This shows that the new iterates are bounded, if (47) holds true.
(iv) The definition of ¢, yields

1
ge(v4) = Ju(ve)(vy — ve) + §£w (ves Ac)[v4 = Ve, v4 — 2]

i e ==Y T s —u %ﬁw(vc, N TE—
F+Lyy Ve, Ae) [V4 — Vi, Vs — v + %Ew(wc, Ae)[Vs — Ve, Va — V]

1
> Jy(ve)(vy — ) + -2-L'w(vc, Ad)[vg = vi, vy — ] — Cllve — vy . (53)

In the last estimate of (53) we used the boundedness of the new iterate, Holder’s
inequality and the imbedding Theorem 2.2. These estimates are analogous to
(45).
We will show in (v) that the estimates
Ju(ve)(v4 — va) 2 =Clve — vallv, (54)
Ly (ve, ’\c)[v+ = Vs UV — U*] z (55)

0. :
5 lvs = vy = C (llve = vallv + [Ae = Aulla),
hold. Using the estimates (54), (55) in (53) yields
Ty
ge(v4) 2 = o+ — v I = Cllve = vellv = CliAc = Aclla - (56)

If we combine (50) and (56) we obtain the desired Holder estimate (46).

(v) For the proof of (54) we proceed as follows:

From the necessary optimality conditions for the nonlinear optimal control
problem we find that

Jo(ve)(v —v.) >0 (57)

for all v = (u, @, f) with f € F,q and

Flu—w)+ 250~ 9. RA(u =) + (f = f2),

T2(p—¢) = in Q x (0,77, (58)
E2A(p — @u) + ¢ () (0 — ) + 2(u — ua),

with homogeneous initial and boundary conditions.

Let v = (4, , f1) be defined by (58) with f = f,.
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The triple vy — vy = (us — Uy, 0 — @4, f1+ — f.) satisfies (14) with 8; =0,

182 - g!(@*), fl = f+ s fﬂ
f2=g(pc) — g(tps) — 9'(pa) (4 — @4) + ' (0e) (04 — @e), (59)
and homogeneous initial and boundary conditions.

The triple vy —v = (v4 —v.) — (V—v,) satisfies (14) with 5; = 0, 83 = ¢'(¢.),
fi = 0, fz given by (59), and homogeneous initial and boundary conditions.
Using

fa=g(pc) — 9(s) — g'(a) (01 — 0x) + 9" () (4 — )
= 9(pc) — 9(0x) — 9'(0x) (e — ©x) = 9" () (P4 — ) +9'(we) (4 — 2c),

the boundedness of v, v., the definition of g and Hélder inequality, we can show
that

If2llzz < Cllve = Pullza < Cllve —villv -
Thus, Theorem 2.4 yields

(s —ve) = (@ —wa)l| = llvg = Vllv < Clive —vallv. (60)
Combining (57), (60) and using (52) yields

Jo(ve) (v — v4) Jo(ve) (4 = ve) + (Ju(ve) = Ju(”*))('”+ — %),

> Jo(va) (s —va) — C |lve — vulv,
= Jy(v)@—v.) +

Ju(vg)(“tu e — (6 = T—’*)) —€ Hﬂc = U*”V!
> Jy(v )0 —v.) = C e — vi||v -

This proves (54).
The estimate (55) can be derived in a similar way. The boundedness of

lvg — villv yields

Loy (Ves Ac)[v4 — vay v — 0] 2

Loy (Vs )\')['U+ = Usy Uy — "-’*] = C(""-’c — lly + [|Ac — '\*HA): (61)
cf. (45). As before, let v = (u, , f1) be defined by (58) with f = f;,i.e. T—w,
satisfies the linearized state equation. Using (25) we can show that

Loy Ve, Ai) [o4 — V4,04 — ‘IIJ*]

= Loyy(Ve, A [T — v, T — v
+2Lyy (Vi M) [U — Vs U — U] + Lo (Vas As) o4 — D, 04 — 7]

> Loyy(ve, AU — vs, T — 1]
—C(I17 = wallvI? = v llv + [los = 3I7,)
> T - vl = C(I7 - vllvl|T = villv + llvs —31)
> o — vl — Clo - vy llv
> oul|t— vl = Cllve = vallv - (62)
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In the last two estimates of (62) we have used the boundedness of v, and the
inequality (60). If we use v = vy + (v —v4), (52), and (60), the inequality (62)
yields

Loy (Ve M) o4 —vivp —va] 2 0uft - "'J*"%f = Cllve = vallv
2 oullos —wll} —Cllve—wllv.  (63)

This lower bound, together with (61) yields the desired estimate (55).
(vi) It remains to prove the estimate for the Lagrange multiplier A,. This
estimate follows easily from (38), (47), and (52). In fact, we find that

o gz + bz <
Clllus — udllzz + ot — @allez + ot —@ellez) < C.
This concludes the proof. |

In the following we improve the estimate (46). We will show that the error in
the new iterate can be bounded even in a stronger norm. The proof is based
on the regularity estimates for the system (14). We have to require that the
iterates, the optimal point and the Lagrange multipliers satisfy v., vy, v, € V
and A, Ay, A € Ay, where V, and A, are defined in (10). The parameter
g>5/2ifn=23and q>2if n =2 The regularity of states and adjoints
can be guaranteed if the initial iterate is sufficiently smooth, if the desired
temperature and phase function obey ug4, pq € L(Q), and if f., f4, f. € L9(Q),
see Theorems 2.1, 3.1 and equations (34), (38). Since v > 0, the conditions
fes f+, f« € L9(Q) are implied by the regularity Ay, A. € A, of the adjoint
variables, see (36), (39).

LEMMA 4.5 Let the assumptions (A1)—(A3) be valid, let Foq be bounded, v > 0,
and suppose that the second order sufficient optimality conditions are satisfied
at Ve = (U, Py fo) E V.

If for q € [2,00) the iterates and the optimal point satisfy ve,vy,v, € Vi
then there exists € > 0 such that ||ve — vi|lv + [|[Ac — Aella £ € implies the
estimates

llos —vally, < C (llve — vally + [ = Aulla) (64)
and
At = Alla, < Cllve = vallv + A — Adlla) 7. (65)

Moreover, ifn =3 and g > 5/2 or ifn =2 and q > 2, then (64) can be replaced
by

llus — U*"wj-l + o+ — ‘P*”Wg-l +1f+ = fellee <

1
C (llve — vallv + [IAe = Aulla) 2. (66)
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Proof: Using (46) and the boundedness of F,4 we can conclude that

T
/o /n'f + = £l | fs = £l 2 dadt < Clfs — ful32
C (llve = vallv + 1A = Aulla) - (67)

The difference v, — v, satisfies (14) with f1 = fi — fi, fo = glee) — g(ps) +
' () (ps — @)y 1 = 0, B2 = ¢'(p.), and homogeneous initial and boundary
conditions. Using the definition of g, the right hand side f5 can be estimated
by

I+ = FellZa

IA

||f2"L'f < Cllge — sl z3a -
Thus, from Theorem 2.4 and (67) we obtain

ey — wallwza + llos — ullwzs < CllAillLa + [ follze)
< C(f+ = Falls + llpe — @xllLsa)
1
< C(Ilve = vallv + Ihe = Alla) Y + Cllge — @l 30 - (68)

Note that W2'(Q) € L?¥(Q) for ¢ € [2,5/2) and W2'(Q) C L*(Q) for arbitrary
v € [2,00) otherwise see Theorem 2.2. If € < 1, then (68) yields

.
lus — sl + llos — @allyza < C(llve = vellv + 1A — Axlla) ' (69)

for all v, As with [jve — v|lv + || Ae — Aulla < e
The adjoints can be estimated in a similar way. In fact, the difference Ay — A,
satisfies

_%p e K,Ap + 21,1’) + a(u.;. = uw)}
g~ $hr = i
EAY+g' ()P + (9 (pe) — 9'(0) )4 + 9" ()04 — 0e) + B(es — ),

in © x (0,7] with homogeneous initial and boundary conditions. Using the
boundedness of the iterates and of the Lagrange multipliers in V and A, respec-
tively, and Theorem 2.4, this yields

4 — P*”W:J + I+ — s Hw,f-l

< OUf— fillzat llws=oullzs)
1
< C(Ilve = vallv + he = Aalla) e + Clige — @ull su
1
< Clllve = vallv + IAe = Aulla)?, (71)

provided ||ve — vi|lv + [|Ae — Adlla £ 1.
Suppose thatn = 3, ¢ > 5/2 or n = 2, ¢ > 2. For the estimate of || f; — f. ||z~
we use the first order optimality conditions. From (24), (39), (69), and the
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imbedding W?’I(Q) C L*®(Q) we can deduce that
|f+(2,t) = fu(z, 1) |Pe(—y ' p4(2,1)) = Pr(—=y " pulz, 1))
7 o (2, 1) — pa(, )]
C(lloe = vallv + e = Aella) . (72)

1A

I

5. A perturbed quadratic problem

In the convergence proof of the Lagrange-SQP-Newton method we will view
the SQP subproblem (28) to (33) as a perturbation of the SQP subproblem at
the strict local minimizer (u., ¢, f«). To obtain convergence estimates we have
to study the dependence of the solution upon the perturbation m = (m,,7,.) €

(LQ(Q))Z. Here 75 will be a perturbation on the right hand side of the linearized
state equation and m, will be a perturbation in the objective function, which
relates to a perturbation in the adjoint equation.

The perturbed quadratic subproblem is given by:

Minimize g.(v) + (g, @) =
1
Jv(ﬂ*)(ﬂ it U,) + Eﬁuv(vn)‘*)[ﬂ Uy, UV — 1’*] + (77(1: tp}LE (73)

subject to the linearized state equation
9 L9

it SHY = KAu+ f
in Q x (0,7, (74)
d
59 = E8e+9(p.) +9(0)(p = 9u) + 2t

with boundary conditions

d d
5-4=0 2-p=0, ond2x(0,T), (75)

and initial conditions

u=1ug, ©®=@ in Q, (76)
and subject to the control constraints

f€Fua. (77)

In the state system (74), the perturbation occurs only in the second partial
differential equation. This is due to the fact that the first equation is linear
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and, hence, a perturbation is not needed there. We recall see (35), that the
objective of the quadratic subproblem is given by

a‘P) + <7ras ‘P)L"‘ =
/]ﬂ(u*—ud U — ) + B(px — @a)(p — ) +7fu(f = fu) dzdt

= o 2 _ 9 T
+2f[,/na(“ u)® + Bp — u)” +y(f — f2)" dedt

T T
+%//¢xg”(<pn)(so_%)2 da:dt-{—//?racpd:cdt. (78)
0J0 0.J0

Since the second order sufficient optimality conditions are satisfied at (w., ¢, fs)
the objective function is strictly convex and one can use standard techniques to
show the existence of a unique solution (ur,@x, fz). Of course, if 7, = 7, =0,
then (ur,©x, fr) = (Us, s, f+). Moreover, one can show that the solution
(tr, @x, fr) of the quadratic subproblem (73)—(77) satisfies (74)-(77) and

T
| [ @) +18:@) (.00~ frlat) dsde 20 ¥ feFoa, ()
where Ar = (pr,¥x) is the solution of the adjoint equation for the linearized
problem which is given by
—aip = rAp+2¢¥ + aluy — uq),
r2p—£2p = in Q x (0,77, (80)
£2A¢ +g ((p*)@,b +9ug" (02) (Pr — 94) + Blpr — pa) + Ta,

with boundary conditions

a a
3np 0, %15’-0, on 90 x (0,7),

and final conditions
p(z,T)=0, %(z,T)=0 in .
If v > 0, then (79) is equivalent to
fx(z,t) = Pr(=7""px(2,1)) . (81)
Using Theorem 2.4 one can see that the solution (ux, @) of (74) satisfies
lurllwz2 + lenllwzs < Cllluollwz, @) + llwollwz @) + Ifxllze + lImslize) ,  (82)

provided fr,ms € L9(Q). Moreover, if m, € L9(Q), then the solution of the
adjoint equation (80) satisfies

IPallza + lballyza <
C(llur — ualln + llon = @ullyza + lw = Gallon + Imallza) - (83)

where the parameter v is given as in (38).
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LEMMA 5.1 Let the assumptions (A1)~(A3) be valid. Iftur, ., or, 00 € W2H(Q),
then there exists a constant C' > 0 such that

Ax = Adlla, < C(llur — usllyzs + lox — @ullwza + lImalla) -

Proof: The difference (p,¥) = A = (Ar — A.) satisfies the system

—ﬁp KADP + 29 + a(ur — uy),
—rdy—£2p in 2 x (0,77,
I s ﬁ(eow — ¢u) T Uug" (0a)(0r — ps) + T,
with homogeneous initial and boundary conditions. The assumptions on .,
Usy Pry P iDLy ur,u. € LI(Q) and, since 5¢/(5 — 2q) > 3q for q € [2,5/2),

ll9xg" (u)(Pr—@x)llLa < [¥ullLoallg” (@)l L3 lor — sl L2a. Thus, the assertion
follows from Theorems 2.2, 2.4. | |

The next statement is rather standard for linear-quadratic control problems.
Therefore, we skip the proof and refer again to the full version of the paper,
Heinkenschloss and Troeltzsch (1998a).

LEMMA 5.2 Let the assumptions (A1)—(A3) be valid. There ezists a constant
C > 0 such that

v = vellv < Climl|(z2)
for all m € (L?(Q))2.
The next result is an immediate corollary.

LEMMA 5.3 Let the assumptions (A1)-(A3) be valid, let Foq be bounded, and
suppose that the second order sufficient optimality conditions are satisfied at
Ve = (Us, 0x, fo) EV.

If for q € [2,00) the solution of the perturbed problem and the oplimal solu-
tion satisfy vy, ve € Vg, then

e = vallv, < Climll(Lay2

for allw € (L9(Q))*.
Moreover, if v > 0 and if n = 3 and ¢ > 5/2 or if n = 2 and ¢ > 2, the
previous estimate can be replaced by

i = wallwza + lom = @ullyza + 1 = fellooo < C gy
Proof: As in the proof of Lemma 4.5 we can conclude that

”ffr - f*HL'I E C”?T”(LZ)R .
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After establishing the linear system for the difference v = v, — v, we can appeal
to Theorem 2.4 to show that

lur — a2 + lkpr — @allwzs < C(llfx = fullza + Inllzae) < Cllmllwaye

This gives the first estimate. We can use this inequality and Lemma 5.1 to
conclude that

Az = Aullag < Climllzaye -

The desired estimate for |[fr — fillL= can now be proven analogously to
Lemma 4.5. |

As we have mentioned at the beginning of this section we interpret the SQP
subproblem (28) to (33) as a perturbed quadratic problem about the solution
v.. The relation between the SQP subproblem (28) to (33) and the perturbed
subproblem (73) to (77) is exploited in the following lemma:

LEMMA 5.4 Let the assumptions (A1)—-(A3) be valid. If v, = (us, 05, fu) €V
satisfies the second order sufficient optimality conditions, then there ezists € > 0
such that if |[ve — va|lv + [|Ae = Aul|a < € the solutions of the SQP subproblem
(28) to (33) are solutions of the perturbed subproblem (73) to (77) with

Ts = g(pe) — 9(pe) + 9'(pc) (4 — pe) — 9 ()4 — ¥4) 5 (84)
Ta = 9 (0)¥s+ +%eg" (0e) (P4 — @) — 9" (0 )V — ug” (i) (04 — 1) . (85)

Proof:  From Lemma 4.4 we know that there exists € > 0 such that if
[lve = vellv + [|Ac — Aslla < € there exists a unique solution (w4, ¢4, f4) of the
SQP subproblem (28) to (33) which can be characterized by the linearized state
equations (29)—(32), the adjoint equations (37), and the conditions (36), or (39).
From a comparison of (29)-(32) and (74)—(76) one can see that (w4, ¢4, f1) sat-
isfies the perturbed system (74)—(76) with 7, given in (84). Moreover, one can
see that (u4,@y,ps,1)y) satisfies the perturbed adjoint system (80) with 7,
given in (85). This implies the assertion. |

LEMMA 5.5 If the assumptions of Lemma 5.4 are valid, and if @c, 04, ., .,
by, 0s € W2A(Q), then

||7Ts[[L‘? < C("‘Pc = ‘Pt”i]rq?J + [loc — s ”W'f'l loy — ¢*||er'1) ) (86)
I7allze < Cllloe — @u ilf,pqz.l W4 llwzr + 14 = ullwzalloe — @l
'f'(”'{bc = 'Jr)*"w,f-l stz ”‘Pc - Ps ”w{f-‘)(“‘P+ = '10*“14"?»1 EE “‘Pc R ‘P*"n-‘rf-‘ )] - (87)

The constant C depends on @, @4, @u, Ve, Ui, Vs, but is uniformly bounded if
Oy Pots Puey Yoo Ui, Y are contained in a bounded set in qu'](Q).
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Proof: From (84) we find that

Ts = glpe) — 9(ps) + 9 ()04 — @c) — ' ()04 — 1),
= g(pe) = 9(px) — g'(0a)(0c — 1) + (9'(0c) — 9'(1)) (04 — c) -
Using the definition of g, Hoélder’s inequality, and the imbedding W‘?’I(Q) C
L31(Q) which holds true since 5q/(5 — 2q) > 3q for g € [2,5/2) or for ¢ > 5/2,
this gives the first estimate.
Similarly, (85) can be written as

Ta = g'(0e)P+ +Veg” (0c) (0t — 9e) = 9'(u)bs — ug” (0a) (04 — 1)
[9'(c) = 9 () — 9" (@) (Pe — 0)] ¥4 + 9" (02) (B4 — %) (e — #4)
+[¥eg” (pe) = Deg” ()] (04 — @c) -

Applying estimates analogous to the ones above gives the assertion. [ |

6. Local convergence of the SQP method

As we have described in Section 4, the Lagrange-SQP-Newton method solves
the nonlinear, non-convex optimal control problem (5), (6), (1), (2), (3), (4)
through a sequence of linear—quadratic control problems. Given current approxi-
mations for control, states, and Lagrange multipliers (ve, Ac) = (e, ey fes Pes Ye)
the new approximations for control, states and Lagrange multipliers (v, Ay) =
(w4, @4, f+,p+,%+) are computed as the solution of (28)—(33). In the previous
section we have shown that this subproblem can be viewed as a perturbation
of the linear quadratic optimal control problem (28)-(33) at v, = v,. This
observation and the Lipschitz continuous dependence of the solution of the per-
turbed problem upon the perturbation can be used to establish the quadratic
convergence of the Lagrange-SQP-Newton method.

THEOREM 6.1 Suppose that the assumptions (A1)—(A3) are satisfied, v > 0,
and that for g € [2,00) the desired temperature and phase profiles satisfy uq, pq €
L9(Q). Moreover, let the current iterate satisfy (ve, Ae) € Vg X Ag.
(i) If ¢ =2 and 7y > 0, then there exzists € > 0 such that ||ve — vi|lv + || Ac —
Adlla < € implies
2
lve = vellv + 1A+ = Aulla < C (llve —vallv + A = Aclla) ™
(i) If ¢ > 2 and if Faq is bounded, then there exists € > 0 such that ||v. —
ve|lv, + [[Ae — Aslla, < € implies
2
o4 = vallv, + A4 = Alla, < C (lve = vallv;, + 1Ac — Aslla, )™
(iii) Ifn =3 and ¢ > 5/2 or if n = 2 and ¢ > 2 and if F.q is bounded, then
there exists € > 0 such that |[v. — vy|lv, + ||Ac — Aslla, < € implies
s — vl + lox = @ullgzs + 1Fs = Follzm + A — Adlla, <

C (Ilve = vallvy +11he = Alln,)? -
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Proof: By Lemma 4.4 there exists ; > 0 such that for all v, € V, A\, € A with
lve —vallv + | Ae = As|la < € there exists a unique solution vy € V of (28)—(33)
with corresponding Lagrange multiplier Ay € A. Moreover, the assumptions
Udypd € LI(Q), (vesAc) € Vg X Ag imply that (vy, Ay), (vs, Ax) € Vg X Ay, see
Theorems 2.1, 3.1, Lemma 4.7, and equation (38).

(i) Lemma 4.4 guarantees the existence of €3 € (0,¢;) such that |jvy|v,
[[Atlla < C for all v, € V, A € A with |[v. — v|lv + [|Ae — Aslla < €2. The
constant C' depends only on €.

If we define the perturbation « = (7s,7,) as in (84), (85), then Lemma 5.5
and the boundedness of the iterates and Lagrange multipliers imply that

”"Ts”.[ﬂ + ”'ﬂ'-c:HL2 <
2
C[("”c —vllv + [|Ae = )\*”2!\) + llve — vallv + |Ae — )‘*"A] .
Since [|ve — vu|lv + [[Ae — Aslla < €g this gives the estimate
Imellze + lmallze < C(lve = vellv + 2e = Aulla) (59)

Lemma 5.4 shows that v is the solution of the perturbed problem with pertur-
bation 7w = (75, m,) given by (84), (85) and corresponding Lagrange multiplier
At. Hence, the estimates in Lemmas 5.1, 5.2 and (88) show that

v = vully < Cllve — willy + A — Aslla)
and
A4 = Adlla < Ol = wully + 26 = Aulla).
Inserting these estimates into (86), (87) gives
2
I7sllz2 + Imall 2 < C(llve — vallv + 1A = Aulla)” (89)

Using the estimates in Lemmas 5.1, 5.2 and (88) again we derive the desired
inequalities

2
lvs — vallv < C(llve — vallv + [[Ae = Aulla) (90)
and
2
A = Aulla £ C(llve = vallv + [|Ae = Aulla)” (91)

(ii),(ili) These assertions can be proven analogously. We have to replace
Lemma 4.4 by Lemma 4.5 and Lemma 5.2 by Lemma 5.3. |

The previous theorem shows a quadratic reduction of the error for a single
iteration. Standard induction arguments can now be used to show that all
iterates (vk, Ax) satisfy |lvg — vs|lv, + [[Ax — Aslla, < € which implies the local
quadratic convergence of the SQP method.
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Appendix

Proof of Theorem 2.4: Again, C' denotes a generic constant independent
of u and ¢.

(i) An a—priori estimate:

Suppose that u, ¢ € {v | v € L*(0,T; H'(Q)), Zv € L2(0, T; (H'(2))")} solve
(14) together with the associated lmtml and bouudary conditions (4), (3). Mul-
tiplying the first equation in (14) by u(t) + 2(,o(t) and the second one by ©(t),
using integration by parts, and applying the Sobolev imbedding H'(Q) c L5(Q)
yields

33 [ @+ 2o dﬂfgnwu )|2d3:+—/\7u OVt

[ BOu) e+ 5e0) do+ [ )+ o) ile) do
||ﬁ1(t)||L3(n)||u(t)||1,=(m|l“(f)

2o + 100 + S0y + 31Oy
Cl16: (t)ﬂm(n)J|u(f)||m(n)||u(t)

£ 1
+5 e@)m@) + 5"“@) ( Nz + 5 ||f1 220

C"Z
< —||ﬁl(f)||1,3(n)ﬂu( 220

I

IA

IA

+—||V(u(t)+Qso(tnum(m1 % Ju(®) + 50Ol + 31O
< §||V(u(t) + 590(0)"1,2(9)

+O(1+ 18 ey) (1t8) + 50Oy + IO )
+CIA Oy (62)

and

T8 5 5 9
- dz + V d
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= /nﬁz(t) d$+2/ 3}dl+/f2

< 1B@lz3@lle@ Lz @lle(t)] Ls )
+Qf (u(t) + 299( t))(t) dz + Clle() 1720y + Cllf2() 720

IA

—Q*HV‘PU) 1720

+C(1+ 182125 () (lu(t) + eﬁP( )22 + IOl F2))

+CI (OB (93)
Multiplying (93) by A and adding the result to (92) yields

535 L (u)+ 5ol + T Ap(t) do

2
C(1+ 15 (f)"i?(n) + [182(2) ||L-"(ﬂ))

¢
(lue(t) + "P(ﬂ”i?(n) + ||u(f-)||i=(g) + ||<P(t)||?[,2(n))
+C | i) Z20y + CllF2)I72(0)- (94)

If we choose A > 2(k2/4 + 1)/£2, then (94) implies

2
+%];-‘i[vﬁ(t)|2+( f——i)lv (&) do

IA

251 | (4 )+§w(t))2 +TAp(t)? du
fn KIVu(t)? + V() d
C(1+ |14 (f)"%ﬁ(n) + ||»82(t)||%3(m)

(lu(t) + 5 <P( Wz + @)l 20y + le®)lZ20))
+C|lfi(t )||L 2i) + Cllf2()72(q)- (95)

Integration over ¢ and by parts gives

IA

S(®) + 50y + S le Ol

1

t
+5 [ KlIVu(s) 22y + IVe(s) 72y ds
2J)o

1 L
5 (Iu(0) + 50(0)32(0) + T Alle(0) 20y
+C| Aillf2eq) + CllfallF2(g)

IA
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t

40 [+ 18 + 18206 o)

(l() 122y + ()| 2()) ds- (96)
If A> (1/2+€2/4)/7, then a + £b/2)? + TAbV? > a?/2 + b*/2 for all a,b. Thus,
for A > (1/2 + €%/4) /7 equation (96) gives the estimate

L
o) + IOy + | #IV0() e+ IV s
< () Zaa) + IO 3aq) + 1fia0) + 1 f2l3a())

t
+C /0 (1 + 1) sy + 182() 2 )

(||U(S)||i=(n) + llo(s)l172(qy) ds- (97)

Now we can use the Gronwall-Bellman inequality Brezis (1973, L. A.4) to derive
the inequality

a2y + el Z2e@) <
C(Hu(o)lliz(n) + le () 220y + /111220y + Hfz"%’—’(cz))-

Inserting this equation into (97) yields the a—priori estimate

t
a2 @) + le®OlL20) +f0 Kl Vu(s) 2y + IVe(s) 1 72(q) ds

< C(Ju)Zag + leO@Za@ + Iilhag) + 1fallag).  (98)

(ii) Uniqueness of the solution: If (u;,¢;),7 = 1,2 are solutions of (14), then
(u, ) = (u1,1)—(ug, p2) solves (14) with f; = f2 = 0 and homogeneous initial
and boundary conditions. The a—priori estimate (98) implies that © = ¢ = 0.

(iii) Existence of the solution: From the a—priori estimate (98) we can deduce
the existence of a solution

(u, ) € {v | vie L*(0,T; H(R)), %v € }.32(0,T;(Jr'-}rl(ﬂ})"’)}2
c (e, L?(Q)))2

using the Galerkin method. This proof uses standard techniques, see e.g., pp.
509ff in Dautray and Lions (1992), § 23.9 in Zeidler (1990). We omit the details.

(iv) Regularity of the solution: To establish the regularity result, we first
consider the second equation in system (14) with given v € L*(0,7; H'(2)) on
the right hand side. From the LP theory of linear parabolic equations in p. 341
of Ladyzehnskaya, Solonnikov, Uraltseva (1968) we find that the solution ¢ is
in Tszz’l(Q). Using this regularity estimate, i.e. that :%90 € L*(Q), in the right
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hand side of the first equation in (14), we can show by the same arguments that
u € W3(Q).

Now we can apply the same arguments to show the desired regularity result.
In the second equation of the system (14) we view G+ 2u+ f; as given. Since
v € L'9(Q), see Theorem 2.2, it holds that

B2l L3013y < 182l L3 (@)llell o) -

From this we deduce that ¢ € IV??[',}B(Q) C L3%(Q). Inserting this into the first
equation gives u € 14’?6}13(@) c L3(Q). Hence,

B2l 52y < IB2llLs(@)llell (@)

and u, € W2(Q) with p = min(q,5/2). If 5/2 < g we can use the imbedding
W,}zf’é C L*(Q) for all 4 € [1,00) and repeat the previous steps to show that
u,p € W2(Q). u







