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A bstract: T he pmpose of thi s pnpcr is to det.ermi1w O i l\ ~ I'<IC
tor wh ich represents the whole Tn arlwt. behavior on Llw b<~ s i s of clw 
rates of return of a ll eq uiti es traded 011 t hi s rna rlwi. i11 t. he se JJJi 
nal Sharpe model the facLor is an e:-.:ogcJHliiS vari<lble whi ch is not 
determined by the model itself. T hi s paper e:-.:tcnds Sharpe's idea. 
a.s it assumes that the factor is a liJI P<l r combinat ion of <I ll I he rai(~S 
of return of all Lraded ecpti Li cs . To deienn illC Lhe ('Odficiell iS or t.IJi s 
linear combin a tion we minimi ze t.hc loss i'utJction whi ch ex presses 
the weighted mean square deviation of a ll rates of n~L lll'IJ l'ro JJI Lht'ir 
predict ions, having given the linea r combin ation forrn oft he 111<1Jket 
index . lt is found that t he vector of linear c:oefficicllts liils co lw cl 
nonzero eigenvector associa. t.cd wit.h t he max irna l Pigt' II V<duc of t. hc 
appropriately transformed and est irn nted covariance nw t ri x. 

The optimal market index for the Warsaw Stock ]-;;xcil<l.ll f,!;<' W<JS 
com pared with the standard index. It occurs tl mt. Ll1 en· i:; o11l y <I 

very small d ifference between the st.andard index of tl1i s rn urkH () li d 
the opt i rna! index. 

Keywords: portfoli o analys is, Slu.1rpe model, markt'l iJI(h ~:-.:. litl 
ear regression , prin cipal components 

1. Introduction 

The theory of portfolio selection was ori gin all y developed by r-11 arkow i l. z ( I %2, 
1959). V/hen analy?. ing finan ci<:d .rn arket belli1v ior M<lrkowiLz m1cl Sh arpe~ found 

1Th is paper is a par t of master thesis w r itt.cn by the au thor under supcr v isi<HI of Pro fessor 
K arol I<rzyzewski at t he Facu lty of :\·fat ll cJnaL ics, il Jf(mnat. ics and l'vlcckw ics, l ' n iw !rsiLy oi' 
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that the majority of traded equities uell ave in the sanlP fashion. T hat. is, they 
are consi stent with the whole of the market behavior. T his fi mliug resulted in 
a very simple and frequent ly used market behav ior model cnllccl Sharpt~ tn odel 
(Sharpe, 1 963; Alexander and Francis, I 079; Elton and Gruber, I !)!) I ) . l t is 
assumed that the rate of return on t he i-th equity behaves in t lw l'ollowing way: 

Ri = ai + (3)~' + Ei for i = 1 , .. . , !.: 

cov(F, c:i) = 0 ldi, cov(Ei , Ei) = 0 Vi f-. j 

E(c:i ) = 0, Var(c:i) = a'f , Var(F) f-. 0, 

where: 
Ri - the random variable whi ch represents the rate of return of the i-th equity, 
F - the random variable which represeuts common n1arkct r isk, 
Ei - the random di sturbance of the i-tb I'<Jtc of return. 

In the Sharpe model it is assumed th<lL t.here exists one cotmnott rnarkeL ri sk 
for all rates of return . The ruarket ri sk is, however, an exogc tt ous variable whi cl t 
is not determined by the model itself. The eornrnou ri sk ol' a market. F is often 
measured by market indices like S&P or Dow Jones. Parameters o; and {i.; are 
usually estimated from data using the method of least squares. Let me remind 
the procedure of estimation using this tcchnirJl.t e because these rcsnlts will be 
used la ter on in the text . Assuming that we hnvc the histori cal rates of rct.urn of 

k equities (RD ~: ~:::: :~ and the histori cal rates of retum of the ccmJntotJ market 

risk (Ft)t=l, ... ,T , the estimators o.i and b;. have to minimi ze the fo ll ow in g loss 
funct ion: 

T 

Li(ai, bi) = l)R: - ai - biF'tf , 
t = l 

T 

which, after substitution e'i = R !, -a; - hiFt, ta kes the f'onn V(a; , /J;) = 2)e~f . 
f. = I 

The functions Li for any 'i are convex, hence, the neccss<l i'.Y condi t ions for 
the minimum are also sufficient . They can be expressed in t he form of tl te well 
known system of normal equations: 

T T 

I>~Ft = 0, I>;= o. 
t=l t = l 

:r 
Solving the above system and assuming that L)FI. - F )2 f-. 0, we geL the 

t = l 

classical linear regression estimators a i and h;: 

T · - i -

h .. = 2.:::!- t (R~ - R )(Ft - F) . -R' 1. -" a; = 1. - u; F, (] ) 
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l -R'i J "T Ri l -1, 1 "'}' 1'' vv 1ere . = T L..t= 1 ·t a nc1 • = T L..!.= 1 '1 . . 

The estimator of t he variance of t he cl istmba ncc term af is ~iwn by the 
mean square error as 

T 

'2( ;) 1 """'(R; . 1 }" )2 a E = T - 1 L..- t - a., - ri ' . 
i = l 

which after substit u tions R;, - !? = rJ., }{_- F = f t and ( I) , t<1kcs the fo ll ow ing 
form: 

T he purpose of t his paper is to determ ine one factor whi ch reprcst~n ts the 
whole market behavior on the basis of the ra tes of re tum of a ll eq11iti es traded 
on this market. I t assumes that the factor is <l liuea r combinat ion of I li e r<Jtcs of 
return of all traded equities . This extends the Sharpe model where the market 
ri sk is t he exogeuous vari able whi ch is not determ ined l>y t. hc rn ocld itself (it 
comes into the model from nowhere). T il e paper a lso generali;:es <llld cla riG es 
the results obtained by vVierzl>icki and Mnich ( 1995). To cleterrniu e coeffici ents 
of this linear combination we mini mi ze t l1 e loss i'UJJ ction wh ich ex p n~sses t l1 c 
weighted mean square deviation of a ll rates o f return from t heir predi ctions, 
having given the linear combination form of the market index. It rch~rs t.o the 
method of components (?vlorrison, 1976), however, t he idea appli ed here is not 
the same. The result similar to that of the method of p rincipal corrl pOlJ ents is 
derived in the case of li nea r regression rnoclel and it is used to cons t ruct. t l1 e 
stock market index. 

2. The endogenous common risk model 

lu the Sharpe model , it is assumed tha t the factor F is given cxogeJI Ously, 
which means that it is a random vari able t hat. comes in to t. he rnock·l from the 
outside and is not determi ned by the rn ocl el itself. Le t us make t he ass JJ1npLi o11 
t hat the facto r F is a linear combination of t he random vari ables R' for -i = 
1, ... , /r; with the nonzero vector of combimil;ion coeffici ents y = (y 1, ... , vx.f'", 
i. e . F(y) = 2::'=1 Riy.;. Let us denote by F1,(y) the estimHt.or of th e l'ii(Jor F(:u) 
c:a.lculatecl on the basis of the sa mple Ri, for i = I , ... , lo:. for the JJJOTII CJi t s of 

t imet = 1, .. . , T: Ft(Y) = 2::·~ 1 R}y;. 
From now on, having given positive weights w 1, w 2 , •. , , w~; > U, um !:ask will 

be to find such a vector y and such vecto rs a = (n 1, ... , a1,}~' , u = (IJ 1, .. . , f,~o)T 
which m inimize the foll owing loss fun ct io 11 : 

lo T 

L(a, b, y) = L r
1
,
10

i 
1 
'J:[R~ - a;- l!; Ft(y )f'~ where W; > 0 Vi . 
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This is an extension to the idea of 'Wierzbicki and l\1nid 1 ( I DD:, , I !)fJr,ii, llJ!lSb), 
introduced, without any formal proof, for the c~1 ses when either <ill \Wights 
w; = l or w; = l / &1.; for ·i = ·1, ... , A:, where fJ .;.; is t.IH.~ es timator or vari <Jn c:e of 
the i-th rate of return. 

The minimization problem min L( a. IJ, y) can be consiclerecl ns Lhc it erated 
a,IJ,y 

minimization. First, for any y, we find such vector functious a(y) and h(y) that 
L(a(y), b(y), y) = mip L(a, b, y). ln order to do it, we need to solve t l1 e sequence 

a,u 

of classical regression problems. l11 the next step, we have to find such a V<'c:t.or 
y for which the loss fu nction L(y) = L(a(y), li(IJ) , y) is rninimizl~d. 13ecmJsc the 
random disturbance term is now the funct ion of y, denowd by ~ ~ (y). sec t h<l t 

k 

L(y) = L 'W;fJ2(Ei(y)). (2) 
i = l 

Hence, L(y) can be t hought of as an estimator of weighted sum oft l1 c• varianc-.es 
of disturbance terms. 

After the same substitut ions like in the previous section, we ge t.: 
') 

_ 1 k T _ ·) I " (L. ;~ ] .,.ut(Y)r 
L(y) = T- l ~ {; w;(1·:} ~ - T- l ~ w ; 'I:,~= I Ut(Y))2 (3) 

where: !t(Y) = Ft(Y) - F(y) = L.7=
1
(Ri, - If)y; and F(y) = t 2:,;:=1 Fi(y). 

From now on we wi ll assume that the cst irrmtor of covariance nt at.rix C is 
nonsingular. The first term of the right hand side of ( :~ ) does 11 01 d ~o· pcncl ou 
y. Hence, minimization of function (2) can be reduced to maxirni zMiou of the 
second term of (3) which , after substitution of the appropriav• ronn ul as ill plc1ce 
of ft and rf can be expressed as follows: 

I , (~ ,;f,(y))' 
T - 1 L W; _:_::_T=----'--

i = l L Ut(Y))2 
t = l 

k 

L iJ;j)JiY.i 
i.,j = l 

( C'y )'~' H' ( Cy) 

:y "~'6:u 

where 6 = (8-ij)i,j=l, .. ,k - estimator of covariance matrix, 11 · = diag(w 1, ... , wA) 
and 

T 
A - 1 '\"'(R'i -Ri)(Rj -Rj) 
a ;j - T - 1 L.... t - . t. - t . 

t=l 

Thus, the minimization problem bas been fiun ll y transformed into tlw fol lovv ing 
maximization problem: 

(4) 
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THEOREM 2.1 The solution of the Tl/.a.Tirnizo.ti.on problem (4) (,.) II /Wi:lor u* 
such that y* = HI~ z*, ·where .3* is 11. non.uTo c·u;cnvccl.or wrn :.'/'ondi.'II(J to the 
ma:rirnal e-igenvalue of the nwtri:r H· 16w !;. 

P roof. After substitntion z = 1F!; Cy, probl em (4) l<lkes th e form: 

. z'~'Az 
F'or any symmetric matrix A, rrnn-

7
-,- rnin 17; and !liP lllillinllllll is 

z/0 .. 3 Z IJ;E>'pec(A} 

exa.ctly attained at an eigenvector whi ch corn~spcmds lo the lllini1md eigt:nvalue 
of the matrix A. JV[oreovcr, if matrix A is noJJ :i ingul ar awl (Jositivtc)ly clelinecl, 
then 

rnin 'l]i = min I / A; = J I 111ax .A, . 
7J ;.Espcc(A ) .\;Es pec (rl - 1 ) ,\, Eopcc(A- 1 ) 

Any eigenvector associated with rninirnal eigenvalue of matrix A is an eigen
vector which corresponds to th e maximal eigenvalue of the inverse A- 1

• Hence, 
tlw optimum is attain ed at the uon;oero eigenvector z* assoc iated with the max
imal eigenvalue of the matrix ndcwb = (w-bc-lw-~)- 1 • After simple 

transformation we get y * = 1Y} z* , which completes the proof. • 

COROLLARY 2.1 It is possible that there e:J:ist m.any opt-imal fa ctoTs - as many 
u.s the nurni!C'r of nonzero cigen:ucctors which corTcspond to the highest eigenvalue 
of the matriJ: W 16w b . 

H follows from Coroll a.ry 2. 1 t hat the length of tbe vector y is not im portant 
and we can normalize it to equali ze tile snrn of coordinates to one, provided th at 
they do not sum up to ;;.ero. The i-th coordin ate of the vector ca.11 be interpreted 
as the percentage contribution of the i-th <1Sset in t he portfolio associated with 
the optimal factor , assuming tl1e possilJilit.y of short sale (y.; can be negative). 

Tf the weights have the form 'W.; = 1/a,;, fori = !, ... ,/.: , tlwn n ·i; (·lr b = 

k. where k is th e estimated correi<1 t.ion nwtri x. Th erefore, ~ " is a ll CJ II ZCro 
eigeuvector of the es timated con ela t.ion nwtri:; k, and y' = 11 ·} :: ' . :\oil' tl1at 

Ll1i s resul t is diiTerent from that sugges ted by Wi er;.hick i <I lid :\IJJi ch ( I CJtg·~. 
1095a., 1995b) . 

Assuming that the weiglr ts w; = I for i = J, ... , k, we g(' t 1l' i;cn ·1 =C. 
Hence, y * = z* and y * is a nonzero eigcJJ vccLor of the cstiJIJ<l tc~ cl covariance 
matrix c:. Then, the est im ators b; allC! a"(F) take the simpl e forJ\I S: 

b, and rna:; /\11 t!' li ~ . 
\ · i== ;.; l)(' f' ( ( ' ) -
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3. Const ruction of the optimal index and the dynamic 
market portfolio 

Let Ct be the estimated uonsingul ar covari ance mat ri x of reLmn s of eq ui ties 
until time t (inclusive). Tt. is possible to llncl the seque1Ke of opt.in wl factors 
associated with the sequence of vectors {:t/}t= l .... ,n· whi ch are e i gl~ ll vectors as
sociated with t he maximal eigeuvalues of t he sequence of es ti rrt il Led covari auce 
matrices { Ct}t=l , ... ,n · Vectors yt for t = I , . . . , n can be norrnnli zecl Z7=l yf = 1 

for any t , to represent the investment por t foli os , provided that 2:::7"'" 1 yf =/=- 0 for 
any t. Such a norm ali zed sequence oJ vectors will be called herenfter t he dy
namic market portfolio. VIe can compu te, for any t , the va lue of t he above 
port folio Vi (y) = Z 7=l Pf'y~ and the rate of return , assuming tha.t ' ·~ (y) =/=- 0: 

R. ( ) _ 'if+ l(Y)- Vi(y) 
t y - Vt(Y ) ' 

where: 
p it - the price of the 'i-th asset at t ime t, 
yf- the percentage contribution of t he i-th asset in t he dy nan Ji c market 

por tfolio at time t , 
Vi(y) - t he value of por tfoli o at timet, 
Rt (y) - the rate of return of t he portfolio y between t ime moments t and t + 1. 

This approach has one serious cli sndvanta.ge. \iVe must assert tJmt the rna
trices {Ct} t=l, ... ,n have to be nonsingul a r. The necessary conditi on for the 
nonsingularity of the matrix is th at for any i = I , .. . , k t he 11urnber of observed 
returns Rl must be stri ctly grea ter t han the degree of t il e rn c1 Lri x. Hettce, it is 
impossible to construct such a factor in the case of emerging nwrkd s, where 
t he historical time series are not long euough. 

4. Illustrative exam ple 

In order to illustrate the optimal index we analyze the data frorn t.he Wa rsaw 
Stock Exchange from the period J anuary 1996 - A pril 1997. Due Lo t he fact that 
during this period new equit ies appeared on t he market , t he number of excnninecl 
equities is restricted to t hese which were traded on Lh e market for ~~ lung enough 
period of t ime. Otherwise, the t ime series would have em pty pl<1ces or would 
not have an appropriate length of t ime to asser t nonsingul ari ty of t he covaria nce 
matrix . Moreover , the analysis takes into accoun t a one day in ves tnwnt hori zon 
period , which mean s that only dail y rat es of return are considered. T he dy namic 
market portfolio is buil t on 65 equi t ies. Th e totn l length of the t irne seri es of 
daily rates of return is 324 and the number of moments of t ime for whi ch t he 
optimal factor is compu ted is 175. We waut to compare the op tim al index with 
WIG (Warsaw Stock Exchnnge Index). T his is clone in Tab le l and shown in 



Common optimal market. index 785 

O pt.imal index W IG 

Expected rate of return 0.003396 0.003456 
Standard deviation 0.01 5997 0 016080 

Table 1. The comparison of WIG and the opt imal index. 

WIG Returns 
([) 

0.-~~~~~~--~~--~--~----~--~--~ 
0 

Optimal factor· returns 
!0 

0~--~~--~~--~----~--~~--~--~--~ 
0 

<!! 

0~--~--~--~----~--~--------~--~--~ ?o 20 40 EiO 80 100 120 140 160 180 

Figure .1. The rate of return of the optim al index associated with t he dynami c 
market portfolio and the returns of the WTG index. 



786 

One can eas ily notice that the lw lmviur of t.hc op l. imal index w\Ji cll coJTC
sponds to the dynamic market portfoli o {:t/ }1= 1,. ,11 is a lmost tlH' saJ1 1e <IS Ll1 c 
behavior of 'WIG. There is very little diff(~re n ce between t.l1 e nwan n1t.e or rl'tum 
and the risk measured by the standard clevia tioll. T ill iS, we can conclude that. 
WIG is very close to th e optimal index for th e nwrket. 

5. Concluding remarks 

Vl/e assume that there exists one common ri sk for the whole rrwrkeL whir-.! 1 C<~ll be: 
represented by the linear co mbi nation of t he rates of return of a llli t> l('d equiti es. 
The loss function (2) which represents the weighted sum of Llw ('SI.ilnalors of 

the variances of disturban ce terms is minirni t;ed . Ot!Jcr typt:s of loss ri!I IC'tion s 
(i. e. absolute error loss function) arc JeJt for fur ther rese;m ;h. I t, occurs thai. 

the vector which minimi zes the loss fuu ct iou is a twnsfonned eigen vector of 
the transform ed estimated covarian ce rnatrix , c:orrespouding to the mnx irna.l 
eigenvalue, assuming that this estima ted covariance mat rix is !Jot. sin gular. It 
would be interesting , particul arly from Lhc pract ical point or view. t.o n' l<IX t he 
assumption about nonsingulari ty of tl1 e estirn<ltecl cova riance' matrix. Thi s is 
proposed for further research. 

Next, the dynamic market portfolio \V I JOse: va l11e represc 11 ts t. \J c opt i rncil in dex 
of the stock market is constructed as t. he seq ucJJ Ce of nonTI<li ized (' ige JJ Wc t.ors 
assoc iated with the sequence of estinwtcc\ cov<Jri <mc:e JWI t.riccs . T li ('S(' ma t.ri ccs 
are the nonsingular estirnated cova.ri a ll ('(~ ITI ~I Lrices of the r<l tl~S uf n •t. mll Oil 

equi ties until the particular poi11ts of tinH~ for which t l1 e c\ y rmmi c portJolio is 
created. The optimal market index computed fo r the v\'ars<l\1' Stock Excha nge 
behaves very similarly to the existin g market inc\ ex callccl W fG (Wa rsaw Stock 
Exchange Index). Further research is S11gges ted to create t. hc opt.irn;i\ indi ces ror 
other markets and to compare them >viti! the ex ist.iug indic<"s 011 tl1cse lll<lrkets . 
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