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A bstract: Changes in spot. rates, U11kuow11 i lJ lpr iori tu ill -
vcstors, induce umwtici pnJecl r ntcs of r C't1 tr11 on <i l l lil l<I IJC"i ;li 1narkel 
iustrum ents. ]u t his paper II'C' introduce and in vcst iga t·c <l COIJ U:' !Jl 
of the rest of a bond . T he COII C:Cpt is r elated to I he T<i_,· lor ser i<'s re
mainder <mel gives a betLer approximation to <..lll IIIJ<Jil t icipa l<·'d rat . < ~ 
of return of uxecl income bonds and bond port fo li os. 11 is shmvll 
that t he rest of the portfo lio C:O illposecl of li xecl inconw bo JJ Cis is a 
convex combination of t he r ests of these bonds. A stronger I'Crsion 
of the t heorem on rat r:s of retmn on fi xed ill COnJe boll(] portfolios is 
gi ven. 
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1. Introduction 

Cha11 ges in spot rates, \lllkllOWII appri ori io i ii VPsl.ors, ill cliwc tlll <JII J.i cip<lkd l'< tl.cs 

o f return on all fi nancial rnarkeL ilJ SI.rtlllH'Il!.S. f:or lll <lll.)' .WHI'S t]l(' <ilii' <J I.ioll 

and convex ity of bonds have bee 11 used to i nvest igMc i.IJ C'Sl' (' ]J a ll g<'~ (Brooks ,'\:. 
ALL inger , 1992; DuneLz &: l'vlahoney, HJ88; FuGozzi & FidJoz;, i , I DN!J : \ tJc!Jr<IIJ ,\: 

Homaifar, 1993). Fabozzi & Fcd.JOzzi (Hl8D) observed IIJ<ll the lirsl 1 llrcc l l'l'IJIS 
of t l1 c Taylor expansion series of bond in vcs tnH'Ill vn lul' fuJJcl iu JJ C<JII !H ' tlst•d to 

approximate Lhe changes i11 tile bonds v;tlll(•s: 

(I) 

where J( denotes the YTJH (y ield to l ll <il lll'it.y ) V< il llC' alid R)/ I'V]>I'l'Sl 'IIIS IIIC'il.ll 

illgless com pon ents. 

By div idi ng both sides of alJOvc cq1w t ion hy P we gt'L Li1 c <iJJr<JI.iOII ( t.l ll' lirst 
. .... . . _. \ o L _ __ __ _ __ __ : ..... / ->. 1 • I • 
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bond. Our aim in this paper is to introduce and investiga te a not io11 of tbe 
rest of bond, giving a better approximation to an utw.nticipatecl ratt' of return 
for a percentage change in the rate. 

Let bond A pay a coupon of C1 dollars t years frorn now, where t E T = 

{to , t1, .. . , tn}, with to (tn) being tbe maturity of a shor test (longest) bond. For 
a single bond some, or even most, of C1. are equal to zero. ])'easury bills with 
maturity of less than one year are treated as zero-coupon bonds. T illiS, bond A 
can be identified with a sequence of nonnegat ive coupons C10 , C1.1

, •• • , C1, (for 
simplicity the last payment is treated as a coupon), with each coupon C1. having 
its own investment value C1• • (J + y,_) - t, where ?ll is the spot. rate for Lhe period 
of the nearest t years expressed at the an nualized bas is. 

By the investment value of bond A one un derstands the SIIITI of present values 
of all coupons generated by A, that is the amoun t: 

t, 

PA = PA(Yt0 , Yt 1 , .. · , YtJ = PA(Y) = L C, · (J + Yt )- t (2) 
t=l.o 

where fj = (Yto, Yt 1 , ••• , Yt,.) is called the term. structv:re of interest nltes. Value 
PA can be thought of as a "fair" price of bond A, meaning that if a present 
price is below (above) PA, t hen the bond is underpriced (overpri c:~~d) <l lld t hen 
it pays to buy (sell) it. 

·with each coupon C1 of bond A its weight is assoc i at(~d: 

A Ct·(1 + yt) -t 
xt = for t E {to, t i, ... , tn} 

PA 
(3) 

The sum of all weights of each bond is one. A quest ion ar ises what would 
happen to PA when the spot rates Yt are changed by a centred bank 's decision 
that is apriori unknown to the investors, i. e. Yt --> y1 + h1, (or y __, y + Ti for 
short). We are interested bere in the evaluation of an unant icipat.cd rate of 

return PdP(1.) = PA(y~h~-;A (1/) due to unknown changes in t l1 e spot rat e::;. 
A Y A Y 

2. Rests of fixed income bonds 

Function P A given by (2) may be expanded in the Taylor seri es . Hence, we 
obtain: 

dp - Lt,. [8PA(Y) h 1 82 PA(Y) 12 1 83 F_,l(y + B) / :J] 
A - . 't + - . . It + - ' . l·t 

fJ·y 2 8y2 ' 6 {h'j 3 ' t=to t I. . 1. 

(4) 

for some 8 = (Bt0 ,Bt1 , • •• ,Bt,) , 0:::; Bt :::; h, if ht > 0 and h, :::; e,:::; 0 if 
ht < 0, t E {to, ... , tn} . Thus, 

~ I 
- J: tCt( l + Yt)-t · ~ + 
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] t, -1. h f 
+-L t(t + l)Ct.(l +yt) ·c f-E 

2 I + Yt-
t =to 

where 

By div iding equation (5) by PA and usin g (:3) , we obLa iu: 

t,. A h t I 1, . A hz 
- Lb:L · -. - + :- Lt(t+ l):rt . ( r 

t=to J + Yt. 2 L= l ,, I + :Yt -

] L, lt (( l +:tJd 
-6 L t(t + l )(t + 2):r{\. ( I + Yt + fh)L i<l 

t=t.o 

where 

Formula (6) is further analyzed for fom cas0s . 

Case I. 

79 1 

(5) 

(G) 

This is the most general case. Assum e that shifts h1 satisfy tlw relai. ioltship: 

ht ht0 -- = Dt · -. --, t E {to ,t 1 , ••• , I " } . 
1 + Yt. L + Yto 

(7) 

The situat ion where an iuves tor knows g1. rarely lwppeus ill pn~e t i ce m~<L t here
fore, formu la (7) has a t heoretical rnt.her than a practi ca l va lu e. If, hmwwr, an 
investor is able to forecast g1, with a "hi gh"' degree of acc:nn:tc.Y: t hell he/she is 
a ble to find an approximate va lue of clf2: . i\ote that 

1 + Yt 
ht = .9t . --- . hto. 

1 + Yt o 
(8) 

Replacing in (6) h1 with (8), we obta in : 

t, I I 
1
" ( I ) ·) - L tx~ · Dt 

1 
+1 1~ +:; L t(t + I ):r;4 yf · 11

·c• -
L= l.o Uto - l.=l.o I + lJi u 



792 .J. OLUI\YS 

t, I .I t, ( I ) ·J 

- '\" t:rA . 9t _'~_tn_ + -,- L t(t + I ).rA r?. it.,, -
L...t t . I + Yt :2 . I . t I + 1/t" 
i=to ·o f = l" 

h3 t, . ( :3 ( I + I )'' ·;i 
to 3 L t(t + 1 )(t + 2)J:i1 . . It . . . .IJt t - i. 

6(1 +Yto) t = lo (I +Yt -r flt) f. 

Now, we can rewrite (6) as follows: 

dPA = -D1(A)~ + Cr(A) (~)
2

- R,(A) (~) ;; (9) 
P A 1 + Yt.o I + .1/tn I 1 .1/t.n 

where 

t, 

D1(A) = L txt19t 
t=to 

is the duration of bond A, 

is the convexity of A, and 

1 
1
" ri · (I + t) )t+:3 

RI(A):=-L:t(t+l)(t+2).T[4
(

1 
. , l/f'J 

6 I + .1/1 + 8t) · t=to 
(10) 

is the rest of A. The rest of bond A gives a bel ter approxirnation to t lw rate of 
return on bond A than tbe velocity (see !vlchran ,\z, Hornaifm·, 1993). 

Case II. 
T n thi s case, shifts ht satisfy equation (7) with 9t. = v -t,,' when' L is a gi I'CI1 

(known) constant, 0 < L < I. From 

ht _ t - t0 hto { } --- L · --, t E fo. t1, ... , t" , 
1 + Yt 1 + Yto 

( I I ) 

we obtain the following equation: 

? ] 

dPA ( . ) ht 0 ( htn )- ( ( htn )' ( ) - = - Du A-_-· - + Cu(A) - . -· - - R11 A) --_- 1:2 
PA I +Yto 1 -T Ytn I + .l}t,, 

where Du(A) is the duration of A, C 11 (.4) is tlw convexity of A, ;md 

] t., , .\ ([I - to r\1 + .IJd I :\ 

RIT(A) := 6 L t(t + 1 )(t + :2)l:i (I + l) +f) )1 ·1-:) 
t=io . I. t 

( 13) 
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Case III. (Proportion al shifts in spot ra tcs) . 
Til t his case, shifts h1 satisfy equaLi011 ( II ) with L = I <I li d. lnm1 

ht. 

1 +Yt 
( II ) 

we obtain t hat: 
2 3 

dPA ( ) ht 0 C ( ) ( ht0 ) . ( htn ) ( ) -p = - Dnr A--·. - + III A --·. - - R11r( A) - .-. - 1;1 
A 1 + Yto 1 + Utu I -t- .1/t.o 

where Du 1 (A) is the cluratiou of bond A, C11 i(A) is the CO JJ vcx ity l>f' A, iincl 

1 t" ' ( 1 -j- u ) t +:l 
Rnr(A) := - "'"'t(t + l )(t + 2).r;,1 

( · 
1 

f) )t-1- 'l 
G i......t I + ·r1 + · · t.=to . t I. 

is its Test. 

C ase IV. 
This is th e simplest case when a ll t he spot rates are icleJJti c<ll (y1 

ht = h. We have: 
? 

dP 4 h ( h ) - -, ) ·1 - · = - Div (A)-- + C1v(A.) -. - - h, v(A (h)· 
PA I+ y I + y 

where D1v(A) is the duration of A, C1v (A) is the convex it .y of A. <JIJ(I 

] La . ( 1 + 'I ) I 

R111 (A) := G L t(t + I )(t + 2):<
1 

( 1 + IJ + ·~:1 yn 
t=to . t. 

is the res t. 

3. Rests of bond portfolios 

( I (i) 

y) and 

(17) 

( 18) 

Whil e considering bond portfoli os we <lssum e Lh<il: shifts h1 snl.isfy cqwJl ion (7). 
Therefore , we focus on Case T. However, since Case I (7) is Lll L' JlJ ost. p;(' Jwr;d one, 
the statements preseuted bel ow are valid for ( :asc·s IT , TTT , IV, wi til ii\J!J l'Op ri<J t ely 
modified coeffici ents g1, . 

A bond portfolio P = (01 , 0 2 , .. . , 0, ) is a collectiolr of sir1 gle hmrds Ok. l t.s 
in vestment value P* is defiu ed as the sttrn of the in vesl'.ITWIIL V<il u c~ ur ;111 bCli Jds 
0~.: (k = J , 2, ... , r) present in P, tlwt is, 

T 

P* = L Pk, P,, = akPoJjj), ( 19) 
k= l 

where ak is the number of bonds OA present in P. 
The concept of duration (convexity) for bo11d portfoli os W< Js cldir1r'd sirnil <lrly 
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portfolio P = ( 0 1 , ... , Or) is a convex cmnbi nation of durations (convexit ies) of 
bonds ok (k = 1, 2, ... , r), t hat is 

r 

D1(P) = 'L_xkDJ(Ok), 
k = l 

r 

CI(P) = L XkCI(Ok), 
k=l 

pk 
X-

k - P*' 

where Pk is the investment value of bond 0~.: and P* = I:~.,_ 1 Pk. 

(20) 

(21) 

Proceeding in the same way, we introduce the concept of t.hc rest of a bond 
portfolio. The rest of portfolio P is given by: 

THEOREM 3.1 If P = ( 01, 02, ... , Or) is a bond portfolio. then ds rest is a 
convex combination of the rests of bonds Om .· rn. = 1, 2, ... , r, t;/w.t 'is 

r 

R1(P) = 'L_xkRI(O,J, (22) 
k = ] 

where Pk is the investment value of bmui 0 1, .· while P* = I:;, ~ 
1 
P~c. 

Proof. Let Ct denote the coupon of bond 0~.: payi'i ble at t.irne t. ·using (I 0) , 
we obtain: 

P . 1., ('3 ( 1 + ·y )1.- l.:J c'· 
_k "'f(f + 1 )(f -J- :2) ·"l t I 

6P* t~ (1 + y1 + fJZ)' I·:J Pk(l + y1. )
1 

~ ~ t(t + 1)(t + 2) g/(1 + :'h_r jt+3 c;· 
6 L.,., ( 1 (;'lk) P*( I + :t'/1. )

1 
t= to + Yt + 71. 
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f. · R (P) b P " .,. c~ or 1 , ecause x 1 = L.k= l P•( L+ vt.l' · 

k = l 

(23) 

where 

r 1 Ck 

!; (1 + Yt + flt)t+3 . P*( I ~ Yt)t 

1 [ C
1 

c" ] 
(1 + Yt. + et)t-f:> P *(l ~ YtY + . .. + P *( l ~ Yt )1 

Note that for a ny fixed t E {t0 , . . . , t.,}, W1.(th ) is a continuous am! diil()J'Ctt tinble 
function, and 

c' c' 
where C = P*(l -~vt.l' + ... + P·(l~y.)' is a. constant . 

One may notice that W1 is a decreasing fnn clion for Bt E (0, ht) if ht. > 0 or 
for ()t E (ht , 0) if h1 < 0. By t he Darboux property there exists B1• such thfl.t.: 

Wt(O) > Wt(81. ) > w,(ht) for ht > 0 

or 

and 

where 

1 ~ I q 
A = (1 +Yt+ B), )t.-t3. P*(l + YtY + .. . + (1 + :ut+ Brlti :J . P*( l + y, )t. · 

Therefore, for any t E {to , ... , tn} 

(2tl) 
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Substitu ting (24) in to (2:3) we get: 

r 1 t ,. . . r J( 1 +? )t-!·3 . ' I >k · Rr(Ok) = G L t (t + l)(t + 2) · Ur. Yt_ t+3 · :t:{ = R 1(P) 
k=l t= to (1 + Yt- + Bt-) 

which completes the proof. • 
Theorem 3.1 can be used Lo exten d t he tl 1eorem on un anticipated rates of 

return on bond portfolios (Zaremba, I 005) . 

THEOREM 3.2 If P = ( 01 , 0 2 ... . , Or) is a bond portfolio, then the v.nantic
ipated rate of retum on P du e l.o sh·zfts h1 in spot rates '!/t that satisfy the 
rdationship {7) is given by the jonn1Lla: 

~ 3 

dPp = - D 1(P) . ~ + C1 (P) · (~. )~ - R,(P) (~) (25) 
Pp 1 + Yto I + Yt o I + Yt.0 

where Pp stands for the investrnent value of th e bond pm ~j'oi-io P, while Dr(P) , 
C1(P), R1 (P) denote the d?tmt·ion, conve.rily a:rul Test of P. respective ly. 

T 

Proof. From Pp = L Pk , where P1,, is t he invu::;L rn e lt t \·aluc~ o l' 0 1, we ob L ~1i11 
k = l 

T 

dPp = L dPk. Further , beca use C'qlwti oll (9) holds f(Jr I'<H:II llo iHI O,,, Lhc 
k = ! 

unanticipated rate of return ou P sal is ri cs L il t~ lollowing: 

t dP~c .. . Pk = t. P~c (cLP,,) 
P,. Pp Pp P1 k = l ' 1.- = 1 . ,. 

dPp 

~ P~o hto ~ P,. ( It, ) ~ 
- ~ Pp · D,(Ok) · I + '.1/

1
" + f;; p;, · Cr(OJ.) · I + :;It" 

-t P, · R!(O~;) (~)
3 

Pp 1 + Y1.o 
k = l 

( ht" ( ) ( hto ) 
2 

( ) ( ht0 ) 

3 

-Dr P) · --· -. +C, P · -- -Rr P -. --
.1 + Yt o 1 + Yto I + Yto 

where D 1 (P) is the duration of P given by (20) , and C 1(P) is t he convex ity of 
P given by (21 ). • 

4. Conclusions 

lu this pa per, we used the Tay lor series remainder to introd uce and amdyzc 
the notion of the rest of fixed income bonds and bond portfolios. F irst , we 
showed that the rest of a bond portfolio, bein g a coll ect ion of' single bonds, is a 
convex combination of the rests of these bonds. Fm t her, a s tronger version of 
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