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Abstract: We consider a general combinatorial optimization
problem in which the set of feasible solutions is defined as a given
and fixed family of subsets for some finite ground set. To any element
of the ground set the so-called weight is associated. The problem
consists in finding a feasible subset for which the sum of weights of
its elements is the minimum.

When the weights of elements vary or are estimated with some
accuracy, then the solution of the problem obtained for some initial
weights may appear non-optimal. In this paper we consider the
quality of a given solution in the case of weights perturbation or
inaccuracy. Namely, we study the relative error of a given solution
as a function of particular weights perturbation. We also calculate
the maximum perturbation or estimation errors of weights which
preserve the optimality of a given solution of the problem.

Keywords: combinatorial optimization, sensitivity analysis, ac-
curacy function, stability function, accuracy radius, stability radius.

1. Introduction

Let E = {ej1,...,en} be a finite set. Assume that for e € E the so-called weight
¢(e) > 0 of element e is given. Denote by ¢ = (c(e1),...,c(e,))T € R? the
vector of weights. For a given vector ¢ and a subset S C E, the weight w(c, S)
of subset S is defined, where

w(e,S) =Y cle). (1)
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Let G be an arbitrary family of subsets of E. Define

m(e,G) = min{w(c, S) : S € G} (2)
with a standard convention that m(c,G) = 400 if G = 0. Similarly,

M(e,G) = max{w(c,S) : S € G} (3)

and M(c,G) = —o0 if G =0.

Assume that there is a specified family of sets F C 2€. Elements of F are
called feasible subsets or feasible solutions.

For a given set F and the vector of weights ¢ the combinatorial optimization
problem is defined in the following form:

Find F € F such that w(c, F) = m(c, F), (4)
or
Find F € F such that w(c, F) = M(c, F). (5)

Most of the discrete optimization problems can be stated in the above form. In
the following we will consider mainly the minimization problem (4) and we will
use also a more standard notation for this problem:

min w(e, F'). 6

min w(c, F) (6)
Tt is assumed that the set F of feasible solutions of the problem is fixed, but the
vector of weights may vary or is estimated with errors. Moreover, it is assumed
that for some originally specified vector of weights ¢ > 0 an optimal solution

F° € F of the problem (4) is known. The main question considered in this
paper is the following:

What is the quality of the solution F° when the vector of weights changes?

The quality of an arbitrary feasible solution F € F for a given vector of
weights ¢ may be measured by the value of the so-called relative error e(c, F) of
this solution, where

_ wle, F) —mile, F)
e(e, F) = T :

(7)

In fact, we will be interested in the maximum value of this error when the vector
of weights ¢ belongs to some specified set. Two particular cases are considered
in the following.

In the first case we assume that the weight of any element e € E may be
perturbed by no more than some given percentage of its original value ¢°(e).
This leads to a concept of the accuracy function. The value of the accuracy
function for a given § € [0,1) is equal to the maximum relative error of the
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solution F' under the assumption that the weights of elements are perturbed by
no more than § - 100% of their original values.

In the second case we are interested in absolute perturbations of weights of
elements and then the quality of a given solution is described by the so-called
stability (or sensitivity) function. For a given o > 0 the value of the stability
function is equal to the maximum relative error of a given solution under the
assumption that no weight of element is increased or decreased by more than .

The accuracy and stability functions are introduced in (Libura, 1999). In
this paper we give some extensions of the results presented in (Libura, 1999).
Namely, we study the case when changes of weights are restricted to some
arbitrary subset X C E of elements. We also introduce the concept of the
so-called accuracy radius of the optimal solution F°. The value of this radius
corresponds to the maximum percentage changes of weights which preserve the
optimality of F°. Similarly, for the stability function we have the so-called
stability radius which corresponds to the maximum absolute deviation of weights
which preserve the optimality of F*°.

The paper is organized as follows. In Section 2 we give general formulae
for calculating the accuracy and the stability functions as well as corresponding
radii. Section 3 describes a method of approximating these functions and radii
using the so-called k-best solutions of the problem.

2. Accuracy function, stability function and
corresponding radii

Let ¢° be the original vector of weights for which F'° is an optimal solution of the
problem (4), i.e., w(c®, F°) = m(c°, F), and assume that m(c®, F) > 0. Denote
by X the set of elements of E for which weights may change. Let

C°(X)={ceR":c(e) =c’(e),e € B\ X}. (8)

For a given 6 € [0,1) and X C E we will consider vector of weights restricted
to the set

Ts5(c®, X) ={c e C°(X) : |e(e) — c°(e)] £ d-c°(e),e € X}. (9)

This means that elements of the set Ts(¢?, X) are obtained from the vector
of weights ¢® by increasing or decreasing any weight ¢°(e),e € X, by at most
4 - 100% and keeping all weights ¢°(e),e € E'\ X, unchanged.

For an optimal solution F°, an arbitrary set of elements X C E, and § €
[0,1), the value of the accuracy function a(F°, X, d) is defined as the maximum
of the relative error of the solution F° over the set Ts(c?, X), i.e.,

a(F°,X,0) =CETE:'1(E§3{X)€(C, F°). (10)
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In a similar way the stability function s(F°,p) is defined. Let o(X,c°) =
min{c’(e) : e € X}. For g € [0, o(X,¢°)) and X C E define

K,(c°, X) = {c € C°(X) : |e(e) — ¢°(e)| < o, e € X}

The stability function provides the maximum relative error of the solution F°
over the set K,(c% X), i.e.,

s(F°, X,0) = Ceéna)‘f X)e{c, Fe) (11)

In (Libura, 1999) the general formulae for calculating values of the accuracy
and the stability functions in the case of X = E were given. The following theo-
rem extends these results for an arbitrary subset X C F. Denote for §', 8" C E,

S} ® SH = (S} \SH) U (SH \ S!)
Theorem 1 For an optimal solution F°, X C E, and § € [0,1),

w(c®, F°) — w(c®, F) + & - w(c®, (F° @ F) N X)

o{F5 X, 8) = max w(e, F) — 6 -w(e, FN X) (12)
For an optimal solution F°, X C E, and p € [0, o(X, ¢?)),
(e} oy __ (e} . (e} n
S X ) = g L) W@ P ko (FP O OX]

FeF w(e®, F)—o-|FNX|

Proof. We will prove only the first part of the theorem; the proof of formula
(13) is analogous and will be omitted. From (10) and (7) we have:

o w(e, F°) — m(e, F)
c€Ts(e?,X) m(e, F)
w(e, F°)

—1
ceTs(omX) (m(c, 7) )
c€Ts(co, X) \ minper w(c, F)

max ma wie, ) -1
cemc}.xwe; w(c, F)
w(e, F°) —w(e, F)
= max max
FEF c€Ts(c?,X) w(e, F)

[
— : , 14
?ea}( ce‘]'.'{?(?:‘)’(,X) w(e, F) 1)

a(F°, X,0) =

where

l=w(e, (F°\F)NX)—wle,(F\F)YNX)+wle, (FP\F)\X) —wle, (F\ F°)\ X).
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The maximum over ¢ € T5(c® X) in (14) is attained when c(e) = ¢°(e) +
d-c’(e) for e € (F°\ F)N X, and c(e) = c°(e) — & - c°(e) for e € F N X.
Observe that for all other elements of the set E' the weights remain unchanged,
i.e., c(e) = c°(e) for e € E\ X. Thus, finally, we have

JJ’
FX.0) =
ao(F, X, 8) = B N T w(@ PR X)’

where

' = w,(F°\F)NX)+6-w(c (F°\F)NX)—w( (F\F)nX)
+ 6 -w(c,(F\F)NX)+w(c® (F°\F)\X) —w(, (F\ F°)\ X)
= w(c®, F°\F)—w(c’, F\F°) +¢ -w(c (F°\ F)NnX)
+ 6 -w(c®, (F\F°)NX)
w(c®, F°) —w(c®, F) + 8§ - w(c®, (F°® F) N X).

As a simple corollary to Theorem 1 we obtain the formulae derived in
(Libura, 1999) for the accuracy and the stability functions in the case of X = E:

Corollary 1 For an optimal solution F° and 6 € [0,1),
w(c®, F°) —w(c®, F)+ 6 w(c®, F°® F)
F2.H.0) = :
bR 0) = 0 = 6)u(e, F)
For an optimal solution F° and p € [0, o(X,c?)).

w(c®, F?) —w(c®, F)+ 0 |F°® F|

s(F°, E, o) = max

eF w(c’, F) — o |F|
Let
. w(e®, F°) —w(c®, F) + 6 - w(c, (F° ® F) N X)
bl FaXad) = w(c®, F) — 6 -w(co, FN X) (15)
and
SF(FO,X,Q)zw(c,F)—w(c,F)—l—g-](F ®F)ﬂX|. (16)

Theorem 1 states that the accuracy function can be computed for a given
F° and X C FE as a pointwise maximum of || functions ap(F°, X, §). Observe
that due to the fact that ap.(F°, X,d) = 0 for § € [0,1), only these functions
ap(F°,X,8) which are nonnegative for a given § must be considered in formula
(12). Moreover, it is easy to see that any function ap(F*, X, ) is a continuous
nondecreasing function of 4 in an interval of § € [0,1) in which ap(F?, X,d) > 0,
i.e., for these values of § we have Mg;éx,é) > 0. One can also easily show that

dap(F°,X,0) 2w(c®, FN X) dap(F°, X,0)

052 = w(e, F) - 6-w(e, FNX) 2
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which means that if ap(F°, X,8) > 0, then also a—’s‘ﬂa%rﬁl >0for F € F,ie.,
all functions ar(F?°, X,d) are convex for any § € [0, 1) for which ap(F°, X,§) >
0.

Similar arguments can be used for the stability function s(F°, X, g). It can
be expressed as a pointwise maximum of |F| functions sg(F°, X, ¢). This leads
to the following corollary:

Corollary 2 For a given optimal solution F° and X C E, the accuracy func-
tion a(F°, X,0) is a nondecreasing convezr function of 6 with the number of
breakpoints not bigger than |F| in the interval 6 € [0,1).

For a given optimal solution F° and X C E, the stability function s(F°, X, o) is
a nondecreasing convex function of g with the number of breakpoints not bigger
than |F| in the interval o € [0, o(X,c°)).

The formulae (12) and (13) can hardly be regarded as efficient tools to com-
pute exact values of the accuracy and the stability functions for a given solution
Fe°, but they appear useful in calculating upper and lower approximations of
these functions (see Section 3). They can be also used to introduce the so-called
accuracy radius and the stability radius as well as to derive formulae to calculate
exact and approximate values of these radii.

Observe that if F° is an optimal solution of the problem (4) then, obviously,
a(F°,X,0) = 0. It is of special interest to know the maximum value of § for
which a(F°, X,8) = 0. This value is called the accuracy radius of the solution
F?° with respect to the set X and is denoted by r*(F°, X). Formally

r*(F°, X) = sup{d € [0,1) : a(F?°, X,8) = 0}. (17)

The accuracy radius can be introduced in an alternative way in the frame-
work of the so-called “tolerance approach” described in Wendell (1982, 1984),
Labbé et al. (1991).

The practical importance of the accuracy radius consists in the fact that
given the value r = r*(F?°, X') we know that the weight of any element e be-
longing to the set X may be perturbed (increased or decreased) arbitrarily by
7-100% (or less) without destroying the optimality of F°. Similarly, if we know
that the weights of elements in X are estimated with the accuracy r - 100%,
then we can guarantee that the solution F°, calculated for the estimated vector
of weights ¢?, is also optimal for the actual vector of weights.

In an analogous way the stability radius r°(F°, X) of the solution F° with
respect to the set X can be defined. Formally,

r*(F°, X) = sup{s € [0, o(X, %)) : s(F°, X,5) = 0}. (18)

Observe that the value of stability radius gives the maximum absolute deviation
of any weight of element from the set X which does not destroy the optimality
of the solution F°. The stability radius is a standard object studied in the sensi-
tivity analysis for combinatorial optimization problems . It is typically derived
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from the so-called stability region of the optimal solution (see e.g. Sotskov et
al., 1995, 1998, Libura, 1996, Greenberg, 1998). Let

Fx ={F € F:w(, (F°® F)nX) # 0}
and
Fx={FeF:(FP®F)NX #0}.

The following theorem gives the general formulae for calculating the accuracy
radius and the stability radius of the solution F° with respect to the set X.

Theorem 2 For an optimal solution F° and X C E,

a( o " : w(c",F) _w(co,Fo)
PR ”m‘“{ LA e, e F)nX) } (193
and
s(o — o : w(c",F) _w(CGlFa)
r*(F°, X) —mm{ o(X,e%), Frgglk (FeFo)nX]| } (20)

Proof. We will prove only (19); the proof of (20) is analogous and will be
omitted. Consider first the case Fx = 0. Then, according to a standard con-
vention, minpes, %52 = 00, so we have to prove that in this case
r%(F°,X) = 1. Indeed, observe that when Fx = 0, then for any F € F we
have ap(F°, X,8) < 0 for § € [0,1). From (12) it follows that in this case
a(F°,X,0) = apo(F°,X,8) = 0 for any € [0,1), and from (17) we have
LX) =1

Assume now that Fx # 0 and for any F' € Fx consider the value of ratio
Op = %&‘m—% If 6p < 1, then it gives the maximum value of ¢ € [0,1)
for which ap(F°,X,d) < 0. Otherwise, ap(F°, X,§) < 0 in the whole interval
0 € [0,1). From (12) it now follows that if 65 > 1 for any F € Fx, then
a(F°,X,6) =0 for § € [0,1). In this case we have r*(F°, X) = 1. Otherwise,
the maximum value of § for which a(F?,X,d) = 0, is equal to the minimum
value of dp over the set Fyx, which proves (19). [ |
Example

As an example of the combinatorial optimization problem (4) we will consider
the well known symmetric traveling salesman problem defined on the graph G
shown in Fig. 1. In this case the ground set E is the set of all edges of the graph,
i.e., E = {e1,es,es,e4,e€5,e6,€7,€8,€9,€10,€11 }. Weights of edges are given by
respective elements of the vector ¢® = (3,4,3,2,2,6,4,0,3,5,1)7.

The set of feasible solutions F is equal to the family of all subsets of edges
which form the Hamiltonian cycles in the graph G. There are only 10 such
subsets for this small example of the traveling salesman problem. They are
listed below together with their weights for the vector ¢*:
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F° = {e;, es,€s,€10,€11, €4}, w(e®, F) = 13,
F! = {e;, es,€5,€7,€11,€4}, w(c®, F!) =13,
F2 =, {31;87} €11, €9, €8, 32}} w(canZ) == 153
Fs = '{el;eﬁa €g, €g, €11, 33}) w(cD! FS) = 161
F4 = {e;,er,e10,6s,€9,€4}, w(c?, F*4) = 17,
F® = {e3, 7, ¢6, s, €9, €4}, w(c?, F°) = 18,
F¢ = {ey, e5,e9,€11,€10, €2}, w(c®, F%) =18,
F? = {62185165!893 811163}1 ’UJ(CQ,F?) — 191
Fﬁ — {82,810,67,85,89,64}, W(CO,FB) = 20,
F® = {e3, 10, €6, €5, €9, €4}, w(e®, F®) = 21.

Consider an optimal solution F° = {ey, es, €5, €10, €11, €4} with w(c?, F?) =
13. Let X = {eq,e9,€11}, i.e., the set of edges, for which weights may change,
contains all of the edges incident to the vertex 6 of the graph G.

The accuracy function a(F°, X, d), computed according to Theorem 1 and
drawn with the Mathematica package, is shown in Fig. 2.

From the plot of the accuracy function a(F?, X, §) one can read, for example,
that if weights of edges e4, eg, €17 are perturbed by no more than 60% of their
original values, then the relative error of the solution F° may not exceed 8%,
approximately. Moreover, if perturbations of these weights do not exceed 40%,
then the solution F'° remains optimal.

The first breakpoint of the function a(#°, X, §), i.e., § = 0.4, gives the value
of the accuracy radius. The same value can be calculated from Theorem 2
without computing the accuracy function in the interval [0,1). To use this
theorem it is necessary to find the set Fx. One can easily check that w(c?, (F°®
PYX) = 0for i = 1 aod w(c®(F° @ FYN X) & 0for § =2,8,:0:%
Thus, we have Fx = {F" : i = 2,3,...,9}. By calculating values of ratios

.0 oy o o . P
0p = Zé;fr_ﬂg;;ﬁ;) for F' € Fyx we can verify that the minimum of d over
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0.2 0.4 0.6 0.8 1

Figure 2. The accuracy function of the solution F°.

the set Fx is achieved for the solution F? and r%(F°, X) = ifc(f;oc_;pc)miu) =
w(e® FH)—w(e®, F°) _ 15-13 _ 0.4
c?(ea)te?(es) T 243 T T

In an analogous way values of the stability function and the stability radius of
the solution F° can be computed. We have

o(X,c’) = min{c(e4), c(es),c(e11)} = min{2, 3, 1} = 1.
From (13) it follows now that s(F°,X,p) = 0 for p € [0,1). This means that
r%(F°,X) = 1. The same value of the stability radius can be computed from
formula (20). From the fact that »°(F°, X)) = 1 it follows that the weights of
edges incident to the vertex 6 in G' may be perturbed simultaneously (increased
or decreased) by at most 1 without destroying the optimality of the tour F°.

The combinatorial optimization problem considered in this example is rather
small and it is possible to use directly Theorems 1 and 2 to calculate the exact
values of the accuracy function, the stability function as well as corresponding
radii. For larger instances of difficult combinatorial optimization problems for-
mulae (12), (13) and (19), (20) lead to intractable computations. On the other
hand, specially for these problems it would be desired to have practically efficient
methods to calculate at least approximate values of the accuracy and stability
functions as well as accuracy and stability radii. In the following section such a
method is described.
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3. Envelopes of functions and bounds for radii

A method of approximating the accuracy and the stability functions and the
corresponding radii described in this section is based on the so-called subsets of
k-best solutions of the problem (4).

Let k be an integer, k € {1,...,|F|}. For ¢ € R} the set F(c,k) C F is
called the set of k-best solutions of the combinatorial optimization problem (4)
if and only if the following conditions are fulfilled:

() |7(c, k)| = k,

(i) M(c, F(c, k) < m(c, F\ F(c,k)).

In other words, F(c, k) is the set of first k elements from a list of feasible solutions
of the problem (4) ordered according to nondecreasing weights. Observe that
such a subset is not, in general, uniquely determined. Thus, we will assume in
the following that for a given integer k and ¢ = ¢° some particular set F(c°, k)
is considered.

Let
Li(c) = M (e, F(c, k) —m(e, Fle, k)). (21)

Observe that for given ¢ and k the value Lg(c) is uniquely determined. This
value gives the difference between “the worst” and “the best” solution in any
set of k-best solutions.

The idea of using sets of k-best solutions in stability analysis was exploited
in several papers (see e.g. Piper and Zoltners, 1976, Wilson and Jain, 1988,
Libura et al., 1998). This approach is motivated by the fact that calculating k-
best solutions is relatively inexpensive if one compares the time necessary to find
a single solution and the time needed to compute some set of k-best solutions
(see e.g. Lawler, 1972, Piper and Zoltners, 1976, Hamacher and Queyranne,
1985/6, Wilson and Jain, 1988, van der Poort et al., 1999). On the other hand,
the information provided by the set of k-best solutions allows to derive useful
evaluations of various parameters studied in the sensitivity analysis.

In this section we will follow the approach used in Libura (1999) to calculate
lower and upper envelopes of the accuracy function in the case of X = E. We
will state analogous results for arbitrary subset X C F and both functions
considered. We will also give lower and upper bounds of the accuracy radius
and the stability radius with respect to the set X.

Assume that for some integer £ > 2 and ¢ = ¢° the set F(c% k) of k-best
solutions of the problem (4) is known. Let

k(Fe X, 8) = F°. X,6), 22
(I.( y 3) FE?%:}‘S,E)GF( 3 a) ( )

where, as defined before,

w(c®, F°) —w(c®, F) + & - w(ce®, (F° ® F)N X)

ap(F°,X,0) = w(e®, F) — 6 -w(c®, F N X)
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Denote for g > 0,

w(e’, FO)+6-w(e, F°nX)

A X 00 = w(c®, F°) + Ly(c®) — 8- q g (23)
and let

Tmin = min{g1, ¢2, 43}, (24)
where

@1 = w(c®, F°) + Li(c®), g2 =w(c® X), g3 =maxper\ F(ce k) w(c’, FNX).

Observe that in the definition of ¢,,;,, two first components, i.e., ¢; and ¢, are
easy to compute. On the other hand, the evaluation of g3 may lead, in general,
to a difficult optimization problem. However, it is important to stress that in
the following we will not need the exact value g5 ;,, but only an upper bound
of this value, which can be easily determined from q; and g;. Nevertheless, we
would be interested in using possibly small upper bound of ¢2,,,., because this
leads to a tighter evaluation of the accuracy function and the accuracy radius.
Therefore, in some cases, calculating the value of g3 or some its upper bound
may be considered (see e.g. the example in this section).

The following theorem gives lower and upper bounds for the accuracy func-
tion based on k-best solutions.

Theorem 3 For X C E, § €[0,1) and arbitrary g € [¢%;n, w(c®, F°) + Li(c?)]
the following inequalities hold:

a*(F°, X,8) < a(F°, X,6) < max{a*(F°, X,0), A*(F°,X,6,q)}.  (25)

Proof.  The inequality a*(F°, X,8) < a(F° X,8) is a direct consequence
of the fact that for any X C E and § € [0,1) the optimization problem (22)
defining a*(F°, X, ) is a restriction of the problem (12), which gives the value
of a(F°,X,8). Indeed, in both problems the objective functions are the same
and for the sets of feasible solutions the relation F(¢°, k) C F is fulfilled.

To prove the upper bound of a(F°, X,6) in (25) observe that

a(F°, X,0) = max{ max ap(F° X,0), max
FEF(co,k) FeF\F(c" k)

GF(FGsXséj}' (26)

Moreover,

¢, F°) —w(c®, F)+ 6§ -w(c®, (F°® F)NX)
w(c®, F) —d-w(c’, FNX)
w(c®, F°) —w(c®, F) + 6 - w(c®, FPNX)+ 6 -w(c’, FN X)
w(c?, F) — 6 -w(e?, FN X)
26 -w(c’, FNF°NX)
Cw(e?, F) —6-w(e’, FN X)

ap(F°, X,8) =
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w(c®, F°)+6-w(, F°NX) ] — 26 - w(c®, FNF°N X)
w(e®, F) — dw(c?, F N X) w(e®, F) —§-w(c?, FNX)

w(c®, F°)+6-w(c®, F°NX)
w(e®, F) — 6§ - w(ee, FN X)

=1L

Thus we have

w(c®, F°) + é -w(c®, F° N X)

Q s -

FEFI{}%O,A-.)GF(F X,0) < Fe??%éak) w(e®, F) — dw(e®, FN X)

_ w(c®, F°)+ 6 -w(e®, F°N X)
minpejr\}-(ca‘k)[w(c”,F) -4 '-'.U(CD,F n XJ]

1 AR X0

To prove the last inequality observe that for i = 1,2, 3,

FGF\F(cok)Ew(C y F) = dw(c’, F N X)] = w(c®, F°) + Li(c®) =6 - . (27)

Indeed, we have
[w(c’, F) =6 - w(c®, FNX)>(1—-46 min w(,F)
FEF\F(c" k) FEF\F(c* k)
2 (1 =8)(w(c®, F°) + Li(c%)) = w(c®, F°) + L (c®) = 6 - .

Also

: o A o > : 0
Fefr{i}r{lﬁk)[w(c JF)=6-w(c®, FNX)| > Feyr\nél(lco'k)[w(c JF) =6 -w(c®, X)]

w(c®, F°) + Li(c®) — 6 - w(c®, X) = w(c®, F°) + Li(c®) — 6 - go.

Similarly,

peon, k)[w(c JF) =68 w(c®, FN X))

> min ~ w(c®,F)—4d- max w(c®, FNX)
FEF\F(c* k) FEeF\F(c k)

> w(c® F°) + Li(c®) — ¢ - g3.
Obviously, from

F°, X,8) < AR¥(F°, X, 6
s link ot ) < A Gmin)

it follows that

o k(o
Fefn\‘l%”,k)aF(F 3X36) < A (F !Xrés Q)
for any q € [¢%n, w(c®, F°)+ Lk (c?)], and, finally, from (26) we obtain the upper
bound of a(F°,X,d) in (25). &
Theorem 3 easily specifies for the case of X = E. Observe that when X = E,
then ¢%;, = q1, because g2 > ¢ and g3 > ¢;. We have thus the following
corollary (see Libura, 1999):
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Corollary 3 For an optimal solution F° and § € [0,1),
d*(F°, E,$) < o(F°, E,6) < max{a*(F°, E, ), A*(F°, E,6,q1)},

where

- B w(c?, F°) —w(c®, F)+ 6 - w(c®, F° ® F)
BBl FeR(ee k) (1 —d)w(ce, F)

and

(1+39) w(c®, F°)

Ak(Fana 4, ‘h) = (1 = 6) w(CO,FO) +Lk(C°)

=1

In a similar way bounds for the stability function based on k-best solutions
may be derived. Let

k o - o
e A) = e e , X, 0), (28)

where
w(c®, F°) —w(c®, F)+o- |(F°® F) N X|

sp(F°, X, 0) = w(c®, F) — o |[FNX|

Define for ¢ > 0,
w(e?, F) +o-|[(FPNX)|

Sk(F°, X, 0,q) = 1 29
FXe)= oo P+ Inle) =2 g (=)
and let
Imin = |F'n X|.

max
FeF\F(c® k)

The following theorem holds:

Theorem 4 For an optimal solution F°, X C E, p € [0, 0(X,¢°)) and
arbitrary q € [ ¢5in, Eﬁ?f%k)—iﬂé’fic—l ) the following inequalities hold:

s*(F°, X, 0) < s(F°, X, 0) < max{ s*(F°,X,0), S*(F°,X,0,q) }. (30)

Proof. The proof is analogous as in Theorem 3, so we will omit some details.
Observe that

o - ° X, o), Fe. X, . 1
s(F°, X, e) max{FErga{gMSF(F, ,0) perT%f(c-:,k)sF( : 9} (31)

In a similar way as for ap(F°, X,d) it can be shown that

w(e®, F) + 0+ |F° N X]|
o < _
sr(F X0 S e F)— o [FNX|
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Thus,

w(c®, F°) + o |F° N X]|
min pem\ Feo k) (w(e?, F) — o+ |[F N X])

sp(F°,X,0) < —1.

max
FeF\F(c k)
But

i CEFY—o-|FNX]|) <w(c® F°)+ Li(®) — g,
FefI{lg(lc",fc)(w(c )—el % (e, F2) 4 Lale") = tinin
which leads to inequality

max sp(F° X, 0) < S*(F°, X, i )
FeR\F(co k) F( 3 x.) L ( » 0. ( ;n)

Finally, taking into account that (28) is a restriction of (13) and using (31) we

obtain (30). [ |
Theorems 3 and 4 can be used now to derive simple lower and upper bounds

of the accuracy radius r*(F°, X) and the stability radius r*(F?, X).

Recall that

Fx ={F € F:w(c, (F°®F)n X) # 0}

and let

min{ 1, MiNperynF(ce k) Sy } if Fx NF(c k) #0, )
e — 32
k

1 otherwise.

Denote for g > 0,

- Li(c?
ri(e) = w(c? F,‘:(ﬂ ?X’) +q' (35)
Theorem 5 If X C E and q = ¢%;,,, then
min {r¢(q), Rk} < r*(F°, X) < R}. (34)

Proof. The bounds for the accuracy radius correspond to the envelopes of
the accuracy function formulated in Theorem 3. The upper bound in (34) is
determined by the inequality

a*(F°, X,6) < a(F°, X,6). (35)

Observe, as in the proof of Theorem 2, that the maximum value of é, for
which ap(F°, X, 6) <0 is equal to dp = %ﬂ}"—&:% for any F' € Fx.
If FxNF(e® k) =0o0rdp > 1forany F € FxNF(c, k), then from (35) we have
the upper bound r*(F°, X) < 1. Otherwise, from (35) it follows that the maxi-
mum value of §, for which a(F°, X,d) = 0, does not exceed minpe . nx(co k) OF,
which proves that »*(F?, X) < Rj.




Quality of solutions for perturbed combinatorial optimization problems 213

The lower bound in (34) is determined by the inequality
a(F°, X, 8) < max{a"(F*, X,0), A*(F°, X,6,q)}, (36)

which, according to Theorem 3, holds for any q € [¢%,..,w(c?, F°) 4+ Li(c?)).
From (36) it follows that r*(F°, X) is not less than the minimum of two val-
ues: r’ — equal to the largest value of 6 € [0,1) for which a*(F°, X,6) < 0,
and " - equal to the largest value of & for which AF(F°, X,8,¢q) <0, q €
(@8 ns w(c®, F°) + Lg(c?)]. From the proof of the upper bound of r¢(F°,X)
we have r' = R{. To determine r” observe that from (23) it follows that the
largest value of & for which A*(F°, X, 6, ¢) < 0is equal to ri(g) = %,
where g is taken arbitrarily from the interval [¢2,,,,,w(c?, F°) + Li(c®)]. The
best lower bound of the accuracy radius is therefore obtained for g = ¢%...., but
the inequality

r(F°, X) = min{ri(q), Ri}

holds, obviously, for any ¢ = ¢2 ... m
Consider now the case X = E. We have then ¢%;,, = 1 = w(c®, F°)+Lk(c°).
Let F* = {F € F(c°k) : w(c®, F° ® F) # 0} and define

R, = { Minpers wle Aulen ) if FR£ 0,
1 otherwise.

Using this notation we obtain from (34) the following bounds for the accuracy
radius r*(F°, E):
Corollary 4 For an optimal solution F°,

: L (c?)
i { 2w(c?, F°) + Li(c®

7 Ry } < 1r%(F°,E) < Ry. (37)

Analogous bounds may be derived for the stability radius. Let

R; = min{ o(X, ), w(c?, F) — w(c®, F°) }

min
FeF) m}(cf-,k) [(Fe® F)N X]
Denote for g > 0,

Ly (c®)

0= X

Theorem 6 If X C E and g > ¢,,,,. then

min {rj(q), Ri} < r°(F°, X) < Ry, (38)
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Proof. The lower bound for the stability radius r*(F°, X) corresponds to the

upper bound of the stability function in (30). The upper bound is a consequence

of the lower bound for s(F°, X) in (30). The proof of these facts is quite

analogous as the proof of Theorem 4 and therefore the details omitted. [ |
From (38) the bounds on the stability radius of the solution F° in the case

X = FE can be easily obtained.

Let

m=max{|F|: F € F}.
Obviously, the inequality ¢3,;,, < m holds. Denote

w(c®, F) —w(c®, F°) }
min
FEeFLNF(co k) |Fe @ F|

R}, = min { o(E,c%),

Using this notation we obtain from (38) for X = E the following corollary:

Corollary 5 If F° is an optimal solution and ¢ > min{m, n}, then

(e}
min{ ﬁ%%, R} } < r*(F°,E) < R;. (39)
Example (continued)

Consider again the symmetric traveling salesman problem defined on the
graph G from Fig. 1. On that small example it is easy to demonstrate the effect
of applying various values of k in approximating the accuracy function and the
accuracy radius of F° using k-best solutions of the problem. Observe also that
if, as before, X = {e4,e9,€11}, i.e. X is the set of edges incident to the same
vertex 6, then it is easy to calculate an upper bound of the value g3 for any k.
Indeed, for any feasible solution of the traveling salesman problem exactly two
edges incident to any vertex appear in the solution. Thus, we obtain an upper
bound of g3 by taking two edges from X with largest weights, which leads to
inequality g3 < 5. Observe also that ¢z = w(c®, X) = 6 does not depend on k.
On the other hand, the value of ¢; = w(c®, F°) + Li(¢®) depends on k, but for
any value of k is larger than g» and available upper bound of g3. Thus, for any
k the best choice for ¢ is the upper bound of g3 equal to 5.

Figs. 3 and 4 show lower and upper bounds of the accuracy function for
g = 5 and k = 4, 5, respectively, obtained from Theorem 3. The shadowed
regions indicate the gap between these bounds. From these figures it is also
easy to read the bounds for the accuracy radius. Observe that for & = 5 these
bounds are tight and we obtain the exact value of r%(F°, X). For k = 4 the
lower bound is smaller than the upper bound and we have only the interval
which contains the value of the accuracy radius.

The same bounds for the accuracy radius can be obtained directly from
Theorem 4 without calculating the accuracy function. From (32) it follows that
for k =4, 5,

e = RS =0.4.
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Figure 3. Bounds for the accuracy function a(F*°, X, §) for k = 4.

Figure 4. Bounds for the accuracy function a(F°, X, ¢) for k = 5.
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From (33) we have for ¢ = 5,

Ly(c?) 3
o, FoNnX)+q 345

ri(q) = o = 0.375,

and r¢(g) = 0.5. Thus, for k£ = 4 from (34) we have bounds
0.375 < r*(F°, X) < 0.4,

but for k = 5 we obtain from (34) the exact value r*(F°, X) = 0.4.
In a similar way the envelopes of s(F*°, X') and bounds for r*(F°, X') can be
calculated from Theorems 5 and 6. We have

o(X,c®) = min{c’(eq), c’(eg),c’(e11)} = min{2,3,1} = 1.

Observe that due to the fact that edges e4,eq,ey; are incident to the same
vertex of G, the cardinality |F M X| for any solution F' of the traveling salesman
problem is equal to 2, which implies that g2, = 2. Fig. 5 shows the lower and
the upper bounds for the stability function obtained from (30) for k = 5 and
q = 2. As before, the shadowed region indicates the gap between these bounds.

0.2 0.4 0.6

Figure 5. Bounds for the stability function s(F°, X, o).

To evaluate the stability radius of the solution F® with respect to X observe
that
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For g = 2 we have

Ly(c?) 3
FonX|4+q 2+2

ri(g) = I = 0.75,

and r£(¢) = 1. Thus, for k = 4 we have bounds
0.75 < r*(F°,X) <1,

but for £ = 5 we obtain the exact value r*(F°,X) = 1. This means that the
weights of edges e4, eg, €17 may be perturbed simultaneously and independently
by at most 1 without destroying the optimality of the tour F°.

4. Conclusions

The accuracy and the stability functions describe the quality of solution ob-
tained for some original vector of weights in the situation when these weights
are perturbed by some amount or only some estimations of actual weights are
available. The accuracy radius and the stability radius give the maximum per-
turbations which still preserve the optimality of given solution. For difficult
combinatorial optimization problems calculating the exact values of these func-
tions may lead to intractable computations. Observe that finding the accuracy
radius or the stability radius in the case when only single weight is allowed to
vary, i.e., when |X| = 1, is equivalent to determining the so-called tolerance of
this weight. But the latter problem is known to be NP-hard for any NP-hard
combinatorial optimization problem (see e.g. Ramaswamy and Chakravarti,
1995, van Hoesel and Wagelmans, 1999). Thus, for this type of problems it
is of special interest to have methods which give some approximate values of
considered functions and corresponding radii. In this paper one such method,
based on the notion of k-best solutions, is described. Given a set of k-best solu-
tions of the problem one can determine in an easy way envelopes of the accuracy
and stability functions as well as bounds for the accuracy and the stability radii.
The quality of such approximations depends on the parameter k and grows with
k, but experiments performed in Libura el al. (1998) on similar approximation
problems for the traveling salesman problem suggest that for practical purposes
it is not worth to increase the number k too much, because the improvement of
approximation decreases substantially with k.

In this paper as a measure of quality of a given solution the relative error
of this solution is considered. In some cases studying the absolute error of the
solution and its dependence on perturbations may appear more adequate. This
case was considered for the minisum facility location problem in Labbé et al.
(1991).

In this paper we concentrate on describing the quality of an optimal solu-
tion of the problem in the case of weight perturbation. All results concerning
the evaluation of the accuracy and stability functions might be stated quite
analogously for an arbitrary feasible solution of the problem.
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