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Let a(t) be a nondecreasing function mapping the interval [0, +o0) into the
interval [0, 4+o00] such that «(0) = 0 and
lim sup oz_(ﬂ < +0o0. (1)
t—040
Let (X,] - ||) be a normed space. Let € be a convex subset of X. Let
f(-) be a real valued function defined on 2. We say that the function f(.) is
a(+)-paraconvex with a constant C > 0 if for all z,y € Q and 0 < ¢ < 1

fte + (1 =t)y) < tf(x) + (1 - 1) f(y) + Ca(llz — yl). (2)

We say that the function f(-) is a(-)-paraconvex, if there is a constant C' > 0 such
that the function f(-) is a(-)-paraconvex with the constant C > 0. For a(t) = ¢
this definition was introduced in Rolewicz (1979a) and the t?-paraconvex func-
tions were called simply paraconvex functions. In Rolewicz (1979b) the notion
was extended of the case a(t) = t7,1 < v, and the t¥-paraconvex functions were
called y-paraconvex functions.

We say that the function f(-) is strongly a(-)-paraconvex with a constant
Cr>0ifforall z,y e Qand 0 <t <1

f(tz + (1 —t)y) < t£(@) + (1 = ) f(y) + Comint, (1 = Doz - yl). ()
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If there is a constant C; > 0 such that the function f is strongly a(:)-
paraconvex with the constant C; > 0, we say that the function f is strongly
a(-)-paraconvex .

Of course every function f(-) strongly e(-)-paraconvex with a constant C; >
0 is also a(-)-paraconvex with the constant C; > 0. It was shown in Rolewicz
(1979a,b) that for a(t) =t7,1 < v < 2, any a(-)-paraconvex function is simul-
taneously strongly «(-)-paraconvex.

In this short paper properties of a(-)-paraconvex and strongly «(-)-paraconvex
functions are investigated.

Similarly as in Rolewicz (1979b) we can demonstrate

PROPOSITION 1 Let f(-) be an «(:)-paraconvex function defined on a convezr set
Q of a normed space X. Suppose that for each straight line L the function f(-)
restricted to the intersection LN, f|rna is absolutely continuous. If

a(t)

g 5 =0 @

then f(-) is convex.

Proof. Observe that the consideration can be restricted to the set LN, since
convexity of a function on all such sets implies the convexity of the function on
the whole set 2.

Thus, without loss of generality we may assume that we consider an af-)-
paraconvex absolutely continuous function f(-) defined on the interval [a, b] C R.

By (4) there is a sequence {t,,} tending to 0 such that

lim &) _

e 2

0. (5)

Since the function f(-) is a(-)-paraconvex there is a constant C' > 0 such
that for every k > 0 such that (k + 1)t, < b — a we have

flatktn) < 3{f(a-+ O+ 1)tn) + @+ (k = 1ta)] + Ca(2ty)
and for every k > 0 such that (k + 2)t, < b— a we have

fla+ (k+ 1tn) < %[f((H— (k +2)tn) + (@ + ktn)] + Ca(2tn).

Adding this two inequalities and multiplying by 2 we get for every k > 0
such that (k+1)t, <b—a

2f(a+ktn) +2f(a+ (k+ 1)tn)

< [fla+ (k4 1)tn) + fa+ (k — 1)ta)]+
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[fla+ (k+2)tn) + fa+ ktn)] + 2Ca(2t,).
Hence,
[f(a+kty)— fla+(k—1)t,)]~ [fla+(k+2)t,) — fla+(k+1)t,)] < 2Ca(2t,).(6)

Thus, by adding inequalities (6x), (6x+1). ..., (6x+m—1) for m such that (k+m +
1)t, < b— a we obtain

[(fla+ktn) = fla+ (k= Dtn)] = [fla+ (k+m+1)t,) — fla+ (k+m)ty)]
< 2C(m — 1)a(2ty). (7)

By our assumptions the function f(-) is absolutely continuous. Thus it is
differentiable almost everywhere. Let 73 and 7 be two arbitrary points in which
the function f(-) is differentiable. Let a < 7y < 7 < b. Let k, and m, be two
sequences chosen in such a way that k,t, tends to 7 and (k, +m,,)t, tends to
t.

Dividing both sides of (7) by t,, and recalling that m,, < @;—_a) yields

flatkty) —fla+(k—1)ts)  fla+ (k+m+1)t,) = fla+ (k+m)ts)
t tn

<2C(b—a)—F3—. (8)
n
Taking (5) into account and passing to the limit as n — oo we get

f'(m) £ f'(m2)

which shows that the function f(-) is convex. ll
It is not clear whether the assumption that for each straight line L the
function f(-) restricted to the intersection LN, f|r~q is absolutely continuous
is essential.
Proposition 1 can be reversed in the following way

ProrosiTiON 2 If

lim inf a—(tl > 0, (9)
t—0+0 2

then there is an a(-)-paraconver function which is not convexz.
Proof. Suppose that X = R. By (9) there are C,r > 0 such that

a(t)
t—g >
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for 0 <t < r. We put

_ | —C2? for |z| <,
f(z) = {—Cr2 for |z| > .
It is easy to see that f(-) is an «(-)-paraconvex function with the constant C.
This finishes the proof for the case of X = R. In the general case we simply
extend the function f(-) from one-dimensional subspace on the whole space
using the fact that any normed space can be decomposed into a direct sum of a
one-dimensional subspace and a subspace of codimension 1. |
The function constructed in the Proposition 2 is also strongly «(-)-paraconvex.
Under an additional assumption we can construct a function, which is a(-)-
paraconvex and which is not strongly a(:)-paraconvex.

ProrosiTION 3 If (9) holds and

lim inf @ =0, (10)

t—++o0

then there is a function f(-) : X — R such that f(-) is a(-)-paraconver and it is
not strongly a(-)-paraconvez.

Proof. At the beginning we shall prove the Proposition 3 for the case of
X =R. By (9) there is C' > 0 such that

2 >e (11)
for0 <t < 1.
We put
f@)=__max (1 —(z—(2n+ 1))2). (12)

The function f is non-negative and not greater than 1, 0 < f(z) < 1.
Moreover, f(2n) =0, n=0,4+1,4£2,... . It is a(-)-paraconvex with the constant
%. Indeed, if |z —y| > 1, then by (11) and the fact that a(-) is nondecreasing
a(|lz —y|) > C. Thus

fltz+(1-t)y) <1< Za(je —yl) < tf(@) + (1 - 1) f () +éa(|$‘—y|)- (13)

Qf =

If |z — y| < 1, then on the interval [min(z,y), max(z,y)] the function f(-)
is a difference of a convex function and the quadratic function z2. Thus it is
t?-paraconvex with constant 1. Therefore by (11) it is a(-)-paraconvex with the
constant .
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By (10) there is a sequence {t,} tending to infinity such that

lim &tn)
n—4oo tn

= 0. (14)

Now we consider our fuuction on the interval [0,%,]. Let t be an arbitrary
positive number. Let A, . Suppose that the function f(-) considered above
is strongly af(-)-paraconvex w1th a constant C'. It means that

(&) = f(Anta + (1 = A0)0) € Anf(ta) + (1 = Xn)F(0) + A\aCaft,)

SAn+)\nCa(t)—t—+C altn) _, 0,

™ n

by (14). Since f(t) is non-negative, we get that f(t) =0, a contradiction.

This finishes the proof for the case of X = R. In the general case we simply
extend the function f(-) from the one-dimensional subspace on the whole space
using the fact that any normed space can be decomposed into a direct sum of a
one-dimensional subspace and a subspace of codimension 1. m

Proposition 3 can be reversed under an additional assumption in the follow-
ing way.

PROPOSITION 4 Suppose that

/M a(2)dE < o5, (15)
1 i
If

jmjaf % > a9

then each a(-)-paraconves function f(-) : X — R is also strongly o(-)-paraconvez.
The proof is based on the following lemma:

LEMMA 1

+o0 1
/ a(=)dt < +oo,
I t

if and only if

22" ) < +00. (17)
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Proof. Indeed, since «(-) is non-decreasing we have

iy ] i g T o
22 2ﬂ Zz /| a(;)dtSQEC\'(g)‘ (18)

Proof of Proposition 4. By (16) there exists K > 0 such that
a(t)

— > K
i
for t > 1.
Let 0 < A < 1. Suppose that Allz —y|| > 1. This implies that [z — y|| > 1.
Since f(-) is a(-)-paraconvex there is a C' > 0 such that

fQz+ (1= Ny) <Af(2) +(1=Nfy) + Calllz —y) <
Af(z) + (1 =N f(y) + Ca(l)

<A (@) + (1= Nf(y) + Call) H "

Af(z) + (1 =N f(y) + C‘f(l)-};;)ﬂ(llzf‘u‘—yll)- (19)

Suppose that Az — y|| < 1. Let = # y and let Fyy(t) = f(z + t7=%),
0 <t < 1. Of course F,,(0) = f(z) and F,y(/|lz —yll) = f(y). Observe that
the function f(-) is a(-)-paraconvex (strongly a(-)-paraconvex) if and only if
Fyy(t) are a(-)-paraconvex (strongly af(-)-paraconvex) for all z,y.

Since Fy y(-) is a function of a real variable it is enough to restrict ourselves
to the case when X = R.

We shall start our proof with the case of z = 0 and y = 1. Let g(t) be
an arbitrary a(-)-paraconvex function defined on R. Let g(t) = g(t) — g(0) —
tlg(1) — g(0)]. It is easy to see that §(0) = g(1) = 0 and that g(t) is a(-)-
paraconvex (strongly af-)-paraconvex) with a constant C' if and only if g(t) is
a(+)-paraconvex (resp. strongly a(-)-paraconvex) with the constant C.

Recall that we have assumed that (15) (hence (17)) holds. Now we shall
show by induction that

; 2‘ —) (20)

For n = 1 it trivially follows from the fact that g(t) is a(:)-paraconvex.
Suppose that (20) is true for certain n. Then by the fact that g(¢) is a(:)-
paraconvex we have

1 1 1 4 41

8(m) < 5(600) +3(57)) + Calzz) < Calzr) + 03 2" a(z)
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. o g 1
=Gy 2! +1JQ(F) (21)
i=1
Now let A = 5. By (20)
30 a1 '
— - < ) i
= _0220(%)“6';2&(2‘_)(00 (22)
Let A < % Let EL <A< ﬁl“:r, n=2,3,.... Since §(t) is a(-)-paraconvex
we have
. s 1 O o ol a1 .
§0) < max[§(55), 45l + Cal57) € oy D 2ed(zp) + Cel). (23)
i=1
Hence
800 (€ P piacdy 4 Gal
=4 (ZR_IEQQ(THCQ(QH)

In a similar way we can show that for <A<l

g—)‘i\3; ) < +o0.

It means that
§(A) < LCmin[A, (1 — A)),

where

L=3 ZQ‘@(%).
i=1

(25)

(26)

Thus we have proved sufficiency in the case of x = 0 and y = 1. Now let =,y
be arbitrary. Let h(t) = g(z + t(y — ). Observe that g(Az + (1 — N)y) = h(A),

in particular h(0) = g(z) and h(1) = §(y).

Suppose that the function §(z) is a(-)-paraconvex with a constant C' > 0

0z + (1= XN)y) < Aj(@) + (1 = M) + Callz — y)).

Thus
R(A) < AR(0) + (1 — MA(1) + Callz — ).
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Applying (26) to h()) we get
h(X) < min[), (1 - A)]LCa(|z - y)).
Therefore
gz + (1 = Ny) < min[), (1= A)]LCa(|z - y)). (27)

Now we shall apply (27) to §(t) = F,4(t) and recalling the definition of
F, 4(t) in the case of ||z — y|| < 1 we get

FQz+(1=2A)y) < Af(z)+ (1= M) f(y) +min[A, (1 - A\ LCa( ||z —y|)(28)
and finally combining (28) and (19) we obtain

f()\a: +(1- )\)y) < min[A, (1 = A)] max(a(])%,LC’)a(Hx —yl)).

COROLLARY 1 (Jourani (1996)). Let (X.| -||) be a normed space. Let 1 <
v < 2. Then every y-paraconvez (i.e. t¥-paraconvez) function is simultaneously
strongly ~y-paraconvez if and only if 1 < 7.

Since a(-) is a non-decreasing function, condition (15) implies

aft)
lim == =0. (29)

There are also non-decreasing functions «(-) different from ¢, 1 < «, such that
(15) holds. Indeed let 1 < < 2 and let

i 1
a(t):{}l?i?ff‘ro<t5§’
;fot*";(t.

It is easy to see that «(:) is a nondecreasing function and that (11) holds for
1 < v < 2 and does not hold for v = 1. Thus, we have

COROLLARY 2 . Let (X,| -|) be a normed space. Let 1 <y <2 and let

t 1
atty = { o 17575
;for;(t,

Then every a(-)-paraconver function is simultaneously strongly o(-)-paracon-
vez if and only if 1 < 7.

Repeating the consideration of Jourani (1996) we shall prove
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ProPOSITION & Let (X,| - ||) be a normed space. Let a real-valued function f
defined on a convex set ) C X be strongly a(-)-paraconver with constant C.
Suppose that it is locally bounded. Then it is locally Lipschitzian.

Proof. Let xg € § be arbitrary. Since f is locally bounded, there are r,a > 0
such that for any z € £ such that ||z — z¢|| < r we have

[f(z)] <a.

Let z,u be two arbitrary elements of Q) such that ||z —=zo|| < 5, [lu—z0| < §.
Let £ be an arbitrary positive number, let § = € + ||z — u|| and let

z=u+ %(u—x). (30)
Observe that
llz — zoll < llu— ol + %nu | <Z+ %%
and so
|f(2)] < a.
Let A = ;_—f_g—ﬁ Observe that u = Az + (1 — A)z.

Since the function f(-) is strongly a(-)-paraconvex with constant C,

flu) = f(Az+ (1= Nz) < Af(2) + (1 = N)f(z) + Cra(llz —2]).  (31)

Thus,
fw) — f(z) < A(f(2) — f(z)) + CAa(||lx — 2[)). (32)
Since M|z — z|| = |jlu — z|| we get
£(w) ~ £(z) < MJ(2) — @) + ra( D), (33)

Recall that 0 < XA < 1 and thus

fw) = f(z) < Mf(2) = f(2)) + Cha(]|z — 2||) < A(2a + Ca(2r))
26
¢

< —(2a+Ca(2r)) < L(e + |lu—z|),

where L = 2(2a + Ca(2r)).

=
Exchanging the role of z and u we get

|f(u) — f(2)| < L(e + [lu— ).
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The arbitrariness of € implies

|f(u) = f(=)| < Lju—=z|. (34)

|
As every continuous function is locally bounded we get the following conse-
quence:

CoROLLARY 3 Let (X,| - ||) be a normed space. Let a continuous real-valued
function f(-) defined on a convex set  C X be strongly a(:)-paraconver with
constant C. Then it is locally Lipschitzian.

ProPOSITION 6 Let (X, - ||) be a Banach space. Let a real-valued function
f(:) defined on an open convex set @ C X be strongly a(-)-paraconver with a
constant C. Then it is locally Lipschitzian.

Proof. Let £ be a closed convex set with non-empty interior. Let Q,, =
{z € Qo : |f(z)| < m}. Using the category method we can show that one among
those sets contains an open ball, B(zg,7) C Q.. Take an arbitrary point = € Q.
Since (2 is open there is y € © and ¢t > 0 such that z = (1 —¢)y+txo. Let z € Q
be such that ||z —z|| < rt. Then we can represent z in the form z = tu+ (1 —1t)y,
where u € B(zg,7) C Qpm,. Thus

f(z) <tf(y) + (1 = t)mo < max(f(y), mo),

i.e. the function f(z) is majorized on B(z,rt). Thus by Proposition 5 it is
locally Lipschitzian. |
As a consequence of Propositions 1 and 6 we obtain

PROPOSITION 7 Let f(-) be a strongly a(-)-paraconvez function defined on a
convez set £ of a normed space X . If

. o oo(t)
mjaf S =0 @9

then f(-) is conver.

Proof. Take an arbitrary straight line L and let Q; = QM L. Now let f1,(-)
denote the restriction of the function f(-) to the set Qp, fr(-) = fla.(-). By
Int,$;, we shall denote the relative interior ( with respect to the line L) of the
set €2r. By Proposition 10 the function the function f(-) is locally Lipschitz
on Int,Qp. Then, it is absolutely continuous on every closed interval [a, b]
contained in Q7. By Proposition 1 it is convex on [a,b]. The arbitrariness of
[a,b] implies that fr is convex on Int,Qp. It finishes the proof in the case
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of Qf, = Int, Q. Suppose that ¢ € Q7 and ¢ ¢ Int,. Since [y is a(-)-
paraconvex, we trivially obtain that

lim f(z) < f(c).

e,

Therefore the function fy, is convex on §2;. The arbitrariness of L implies that
() is convex. m
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