Control and Cybernetics
vol. 30 (2001) No. 2

An algebraic analysis approach to 2-D discrete problems
by

Danuta Przeworska-Rolewicz! and Hubert Wysocki?

nstitute of Mathematics, Polish Academy of Sciences
Sniadeckich 8, 00-950 Warszawa, Poland
E-mail: rolewicz@impan.gov.pl

2Department of Mathematics, Polish Naval Academy
Jana Smidowicza 69, 81-103 Gdynia, Poland
E-mail: hwys@amw.gdynia.pl

Abstract: A model of algebraic analysis for the 2-index se-
quences (of the type 2-D) is considered. For difference operators
of the form

D{xm.u} = {33m+1,n+1 = am,uxm,n}

the right inverses and the corresponding initial operators are con-
structed. Having already known the initial operators, one can de-
termine solutions of the corresponding initial value problems.
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1. Foundations of algebraic analysis

Let X be a linear space over a field F of scalars (of the characteristic zero).
Let L(X) be the set of all linear operators A whose domains dom A and sets of
values range A = Adom A are linear subsets of the space X. Write

Lo(X):={A e L(X):domA = X}.

An operator D € L(X) is said to be right invertible if there is an operator
R € Ly(X) such that RX C domD and DR = I, where I € Lo(X) is the
identity operator. The operator R is a right inverse of D. Denote by Rp the
set of all right inverses of D. Clearly, Rp C Lo(X).

An operator F' € Ly(X) is said to be an initial operator for D corresponding
toan R € Rp if

F?=F, FX =kerD and FR=0,
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It can be shown (cf. Theorem 2.2.1 in Przeworska-Rolewicz, 1988) that F is
an initial operator for D corresponding to R if and only if

Fzr =2 - RDz for € dom D.

We therefore conclude that the family Rp = {R,}-er of right inverses of D
induces a family Fp = {F,},er of initial operators for D, where

F,=1-R,Dzon domD, yeT.

EXAMPLE 1 (see Example 5.3 in Przeworska-Rolewicz, 1998) Let X := (s)r be
the space of all’sequences * = {z,}, where z,, € F, n € N, with the usual
coordinatewise addition of sequences end multiplication of sequences by scalars
- belonging to F.
Consider the forward shift

D{.ﬁ':ﬂ} = {In+1}, {E,.} e domD = (S)]?,

which is right invertible. Indeed, ker D = {cé : ¢ € F} # {0}, where § := {61}
and 6 is the Kronecker symbol, i.e.

5 = 1 forn=1,
1710 forn#1.

A right inverse of D is the backward shift:
Ri{zn} = {zn-1}, where z¢:= 0,
which determines the initial operator
Fi{z,} = z:16.
Let i € N and let
F{zn} == (14 +5)b, 1> L
Observe that every operator defined by the following formula:
Rz =Rjz-F,_1z, ze X, 1>1,

1s a right inverse of D, since F;_, X = ker D, i > 1. Moreover, F;, i > 1, is an
initial operator for D corresponding to R;, 1 > 1. Indeed,

z— R;Dx=z— (R Dz — F;_;Dz) = (x — RiDz) + F;_1 Dz

= F1$+F'_.1D$=$16+($2 +"'+${)§

=(z1+---+z)d=Faz, i > 1,

for every x € X. Hence, to the family {R;}ien C Rp of right inverses of D
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2. Formulation of the problem

The set (s)g of all sequences £ = {x, n}, where z,, , € F, m,n € N, with the
coordinatewise addition and multiplication by scalars

T4y i= [Bma + Pmn}i A2 = {A8an}s

where = {Zmn} € (82)F, ¥ = {ym,n} € (s2)F, A € F, is a linear space over the
field F. Moreover, if for 2,y € (s2)r we define the coordinatewise multiplication

Iy = {mnx‘ﬂy?n;ﬂ}w

then (s2)p is a commutative algebra over F with the unit e = {e,, .}, where
emn =1forallm,n e N.

Suppose therefore that X := (s)g is an algebra with the structure operations
defined as above. Suppose, moreover, that there are given sequences a, f € (s)r
and a € (s)p with the property

amn # 0 for every m,n € N.

The second author of the present paper posed in the paper Wysocki (2002) a
problem, which can be presented in the algebraic analysis approach as follows:

Determine for the operator

D{xm.n} = {-’Bm-i—]..n-i—]. s ﬂ-m,nxm,n} (1)

a right inverse R € Rp and the corresponding initial operator F' induced by
the following conditions:

Tmng = Umy Tmg,n = ﬁne m,n € N, (2)

where a,,,, = I, and mg, ng are fixed positive integers such that mg # np.!

3. Solution of the problem

We shall solve the problem posed in Section 2 in the case when instead of
Conditions (2) the following conditions are imposed:

Bl = 0Ly Zm2=0%, .00y T, =02, mEN 3)
and

Tin = ﬁplu To2n = ,6,2;1 sy By S G AEN, (4)
where given sequences

o ={al,} € (s)r, j € T,m0 %,

B ={Bi} € (s)r, i € T,mo,

!The case mg = np has been considered in Wysocki (2002).

i e
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This implies

T

Thn— &
Zm,n Z ZEnmmE  form < n,

1 “kn—m+k
Ymn = et m,n € N, (11)

Ton—nl,1
Zm,n Z Lk for m i,
=1 Zm—n+i,l

Finally, we get
(I == RIRQA)—'I{-Tm,n} = {ym.n}s

where the sequence {ym,,} is given by Formulae (11).

5. Algebraic description of 2-D systems in control theory

The generalized 2-D model considered in control theory is the state-space model
with deviating arguments, Kaczorek (1993),

Em+l‘n+l.wm+l.ﬂ+l == A?ﬂ.ﬂxﬂl.ﬂ # A}r:+1.nw'“+l.ﬂ + A?}]_n+lmirl,??+l

T B(r]n,umm—k,n-f + B,1n+1_"mm—k+l.n—i o= B,zn‘"+1mm—k.u—f+1

“+ Cﬂ;,t:um.u + C}n-}-i.num+l.u + C,z,,‘n+1um.n+ls (12)
Ynn = G‘m.nmm.n -+ Hm.num,rn (13)

where x,, ,, € R? is the local state vector at the point (m,n) € Nx N, u,,, € R
is the input vector, y,, , € R" is the output vector and the variable coefficients
0 1 2 0 1 2 1 2 .
Em-" 1 Am,n ] Am.n 1 Am,u' Bm‘n 1 Bm.u L] Bm.n' C?n.n 1 Cm,u 1 Cm.n * G'N LUk Hm‘ﬂ fOI
each (m,n) € N x N are the real matrices of appropriate dimensions.
Upon admitting

@ = [2,], 2,4 € (s2)r, 1€ TL,p,
u:=[u,), u, € (s2)r, v E€1,q

we get © = {mm,n}| u= {um.n}-
Using the operators considered in this paper, the state equation (12) is trans-
formed into the vector-matrix ‘partial integro-differential equation’

D\ Dy(Ex) = Agz + Dy (A z) + Do(Asz)
+ BoRYRhx + Dy (B, RYRix)
+D2(32Rfﬂé$) + Cou + Dy(Cu) + Da(Cou), (14)

where operators D;, R;, E, Aj, B;,C; are defined in the following way

D;:B = [Djﬂ"".,l, R{:I: = [Rimﬂlg = 1, 21 Ez = Em.,nzm,nu
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Applying the form of the operators Ry, Ra, Fl(m"), Fé""}, (I-RyRy)~1, we finally
obtain

(m(m+1)(3n —m+1)
6
_(p—m+ 1)(m'2° =D+ &) for m < n,
m(m+1)(2m + 1)
6
—_— (mo —1)(mo+2) (ng—1)(no+2)
man = 2 - 2
L (mo = 1)(mo + 22(??-0 L usic) S
n(n+1)(3m—-n+1)
6
- = 7.
_(m-n+ 1)(?;0 1)(no +2) for m > n,
¢ 2

where m,n € N.
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