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1. Problem formulation, first existence results

Existence theory in optimal control, which started from classical works by Filip-
pov (1959) and Roxin (1962), has been successfully applied to various problems
governed by ordinary differential equations, see Cesari (1983) or Mordukhovich
(1977) for a survey. This theory is essentially based on convexity of the sets
of admissible velocities, so-called orientor fields. Such convexity is often neces-
sary, as demonstrated by Brunovsky (1968) and, as Biftner (1994) remarked, it
seemed to be the reason why no direct generalization to integral processes was
available. Actually, Schmeling (1979, 1981) gave a sophisticated example for
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nonexistence of optimal solutions for a control process with Volterra equation
of the type y(t) = yo(t) + f; ft, 7 y(r),u(r))dr, u(t) € S, with the orientor
field f(t,7,r,S) always convex and compact, see (5.2) below, though for some
rather special problems of this kind the existence can be proved, see Schmeling
(1981) or Roubicek and Schmidt (1997).

Nevertheless, the Filippov-Roxin theory was extended for the nonlinear in-
tegral equations of the Fredholm (sometimes also called Urysohn) type that are
of Hammerstein type with respect to control by Balder (1993), Bennati (1979),
Cowles (1973) and, for less general equations, also by Zolezzi (1972). For the
Volterra-type equations, even some more references exist; see Remark 2 below.
Besides, the Fredholm case was also addressed by the authors, Roubicek and
Schmidt (1997), but in completely different situations, via the Bauer’s extremal
principle.

In this paper, we want to present the Filippov-Roxin theory for this special
class of Fredholm equations that are of Hammerstein type with respect to con-
trol, similarly as already done in Balder (1993), Bennati (1979), but by using
an auxiliary relaxation by Roubicek (1998) similarly as proposed in Muiioz and
Pedregal (2001) for problems governed by ordinary differential equations and
in Roubicek (1999) for general situations. This provides a deeper insight and
enables us to refine the existence results to cover also problems with nonconvex
orientor field like it was done in Gabasov and Mordukhovich (1974), loffe and
Tikhomirov (1974), Mordukhovich (1988, 1999), Munoz and Pedregal (2001) for
problems governed by ordinary differential equations.

To pursue this goal, we will treat the following isoperimetrically constrained
optimal control problem:

Minimize /xp(n:,y(:r:},u(:z:))dm (a cost functional)
Q

subject to y(z) = sa(x) + | K (e & u(EDFEv(E),u(e) dé
(state equation) > (P)
Wz, y(z),u(x))dz <0, (state/control constraints)

Q
u(z) € S(z) for a.e. ¢ € 2, (control constraints)
y € LY R™), w e LP(R™), )

where 2 is a subset in a Euclidean space with a finite Lebesgue measure and the
functions K : @x QxR" = R™!, f: QxR"xR™ —» R, ¢ : QxR" xR™ — R,
?: QxR" x R™ — R* with R* ordered by a closed convex cone (to give a sense
to “9 < 0”), yo :  — R™ and the multivalued mapping S : 2 =2 R™ will be
subjected to the following basic data qualification:

w, K, f,9 are Carathéodory mappings, i.e.
measurable in z, £ € £ and continuous in the other variables, (1.1a)
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lo(z,7m1,8) — @(@, 72, 8)|
< (agy(q—1y(x) + blry |97 + bl + c|s|"("_”"“’)lr1 - 19/, (l.1c)
(2,7, 8)] < as(@) + clr|?/? + clsP/?, (1.1d)
|f(z,r1,8) = f(,72,9)]
< (aq.r,(q_ﬂ(a:)+b|-r1|('?““f)f“f+b|r2[{‘f‘ﬂ/'f+c|s|f’(‘f““f)/(‘”’)|r1 —75],(1.1e)
K (z,€,7)] < 6%,y (€) + €7|r|7OD, (1.1f)

J
1K F)(a,6m8)| € 3 agi(@)ari(€) + ag(@)(Irl™ +1sPP~%),  (L1g)

j=1
LK F)(z,&,71,8) — (K £)(@, €, 72,8)] < @, €)lry — 7, (1.11)
[z, 7, 8)| < ar(z) + e(|r]? + [s]P %), (1.1i)
|0z, 71,8) — D(a, 2, 8)|
< (@a/(a-1y(@) + Ura [ + bjralt= 1+ [P D/1) |y — 1), (1.1j)
S§:Q =3 R™ is measurable and S(z) is closed for a.a. € §, (1.1k)
yo € LY(Q; R™), (1.11)

where n,m,l,k,J € N and p € [1,40), ¢,v € (1,40), ¢ > 7, b,c € R,
£ e LI(Q; LY=D(Q)), € > 0, and a, € L¥(Q), i.e. the lower indices in a’s
indicate integrability. The assumptions (1.1a,b,g,i) ensure existence of all three
integrals appearing in (P) and together with (1.1c-fh) make possible to do a
correct relaxation by using Roubitek (1998) and also to rewrite the relaxed
problems in terms of Young measures.

We will confine ourselves to the case when, for every admissible control %, the
existence and uniqueness of the solution y = y(u) to the involved integral equa-
tion is ensured by the Banach contraction principle, which can be guaranteed
by the assumption

€]l o (@;Lara-1 0y < 1 (1.2)

with £ referring to (1.1h), though other principles which are standard in integral-
equation theory can be used, too. Of course, we need also a feasibility and
coercivity of the whole problem (P). For simplicity, we can assume

I(u,y) € LP(R™) x LT(Q; R™) /ﬂ(m,y{m),u(x})dm <0, u(z) € S(z),
Q

(o) = wla) + | K&y EHOME) € ac, (1.30)
w(z,7,8) > ¢|s|’ for some € > 0. (1.3b)
It turns out that the relevant orientor field has the form

Q(z,7) := {(q0, q1,2) € RMHH¥;
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for z € Q and r € R", see also Balder (1993), Bennati (1979), Zolezzi (1972).
From the assumptions (1.1a) and (1.3b) it follows that Q(z,r) is closed for a.a. =
and for all 7. A solution u to (P) will be called stable if any sequence of controls
converging to some optimal control is minimizing asymptotically feasible, i.e.

klim [ler — ullLr@mrry =0 = klirn ‘/ Wz, yr(z), ur(z))dz| =0
— 00 —+00 Q

& limsup/ w(z, yr(z), ur(z)) dz < inf(P), (1.5)
Q

k—oo

where yj. is a response to the control wy, i.e. the solution to yi(z) = yo(z) +
Jo K (2,6 y1(8)) £ (&, ya(€), ux(§)) dé.

Now we can formulate the generalization of the Filippov and Roxin theorem,
which follows directly from Propositions 1-3 given further on:

THEOREM 1 Let (1.1)-(1.3) hold and let
Q(z,7) be convex (1.6)

for a.a. x € Q and all ¥ € R". Then (P) has an optimal solution. Moreover,
any solution to (P) is stable in the sense (1.5).

REMARK 1 The above statement is similar to the existence theorem by Balder
(1984, 1993) and Bennati (1979) where, however, no isoperimetric inequalities
constraints are considered (in fact, Balder, 198/ and Bennati, 1979 consider the
state constraint of the type y(x) € A not involving explicitly the control) and,
because of weaker assumptions used in Balder (1984, 1993) and Bennati (1979).
no stability is obtained. Yel, having not guaranteed that a perturbed control is
e-optimal in a suitable sense seems to have a little practical usage, although the
existence of a (possibly unstable) optimal control is theoretically interesting.

Let us also mention that Cesari's Q-type property, i.e. Q(z,r) =
né-)-u CICOUHr-ané Q(z,7), is valid because of (1.6) and continuity of the data
with respect to r-variable as assumed, in particular, in (1.1a).

REMARK 2 This convezity imposed on Q(z,r) is trivially satisfied if p(z,r,-)
is convex, f(x,r,-) is linear, 9(xz,r,:) is convex (with respect to the ordering
of R*), and S(z) is conver for a.a. * €  and all v € R". Then, however,
the standard direct method based on weak compaciness can be applied. In such
linear/conver case, other classes of integral equations can also be handled, see
Pelczewski (1989), Yusifov and Karagezov (1990), etc.

REMARK 3 (Volterra integral equations) The special case (of the Volterra type)
of our integral equations has been already investigated by Angel (1976), Balder
(1993), Carlson (1990) and Yeh (1978); they used 2 :=[0,T), I :=2, K(t,7,y)
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constraints, and ensured existence by assuming converity of an orientor field
like (1.4). For some special Volterra case see also Schmeling (1981).

Moreover, for the even more special case of n =1 and K(t,7,y) = identity
matriz for t > 7 otherwise K = 0, we can cover basically the original results by
Filippov (1959) and Roxin (1962) but here with isoperimetrical state constraints;
in this case the existence of a unique response of the controlled system is ensured
without (1.2).

REMARK 4 (Semilinear elliptic equations) For the special case of Q0 being a
smooth domain, K = K(z,£) the Green function of the Laplace operator —A
on 2, and yo a harmonic function, i.e. Ayg = 0 on §2, our integral equation
represents the Dirichlet boundary value problem for the semilinear equation

—Ay(z) = f(z,y(z),u(z)) for a.a. x € £, (1.7a)
y(z) = yolzx) for a.a. x € IQ (the boundary of ), (1.7b)

as pointed out already by Pachpatte (1987), see also Stuart (1974) for the Neu-
mann boundary conditions. Our assumption (1.2) then bounds Lipschitz con-
tinuity of f(x,-,s) in correlation with the integrability of Green's function K
depending on the dimension of 2, and Theorem 1 gives then existence of an
optimal control of (1.7) under integral state/control constraints. For such sort
of results we refer also to Papageorgiou (1991a, 1991b) and a one-dimensional
illustrative Example 5.3 further on.

2. Auxiliary relaxed problem

In this section we will construct and analyze a continuously extended (so-called
relaxed) problem. Essentially, we can use directly the results from Roubicek
(1998) modified to our special case or, if K(z,£.-) is constant like in Re-
mark 3, we can even directly use Roubi¢ek (1997), Section 4.6. We first con-
struct a suitable convex locally (sequentially) compact envelope of the Lebesgue
space LP(§;R™) of controls. To do this, we take a suitable linear space of
Carathéodory integrands containing all possible nonlinearitics, e.g. one can con-
sider

H :=span{poy+a - (foy)+djo0y+hs;

a€ LYOV(QRY, ye LY(YGRY), j=1,...,k}, (2.1)
where foy : @ xR™ — R' is defined by [foy](z,s) := f(2,y(z),s) and similarly
also poy : Qx R™ = Rand doy:Qx R™ — R*, and moreover

hg(x,s) := max(1, min |o — s|). 2.2
s(z.,9) 1= max(1, min |o s (22)

Note that hg is a Carathéodory function because S is measurable, see (1.1k).
In view of (1.1b,d.i), it is natural to equip H with

P |
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which is a norm, see Roubiéek (1997), Example 3.4.13. Sincey > 1 and q < 400,
both LY(=1(Q) and LI(Q) are separable, and thus also H is separable if
equipped with the norm (2.3). For a ranging C({; R'), this separability was

shown in Roubicek (1999), Lemma 1. Here however, instead of the obvious
7/ (v=1)
+

inequality [la - hl|g < |la]| Lo (ollhllz, we must use |ja - Ay < ““”Lﬂh"')(m

11217 &, which allows us to estimate

la-(foy)—a-(fod)lm <8ulllf oyl Nl + Cslla—al’ "

L-r!h—l)(n;R‘)
- -1 =
+6aflall 0 i+ Calll(f ow) = (ol

=hLh+hLh+I3+1 (2.4)

with 81, 62 > 0 arbitrarily small and Cjs, , Cs, depending on §'s. Then, for a given
>0, ae LY0-D(Q:R') and y € LI(Q;R"), one can take §; small enough so
that I; < €/4, then take a from a (chosen fixed) dense countable subset close
enough to a so that Iy < e/4, further take §; small enough so that Iy < e/4,
and finally ¢ from a (chosen fixed) dense countable subset close enough to y so
that Iy < /4 by using (1.1e). This proves the separability of the set {a-(foy);
a € LYO-D(QRY, y € LY(Q;R")}. From this, the separability of the whole
space H follows easily by using also (1.1¢,j).

Furthermore, we define a (norm,weak*)-continuous (possibly not injective)
embedding 7 : LP($; R™) — H* by

(i(u), h) :=Lh(2:,u{1‘})dz. (2.5)

Of course, if h is valued in R™ (or in R¥), then (i(u),h) is defined by (2.5)
component-wise. Let us abbreviate also K*(£,7) := K(z,&,r). Then if K*f :
2 x R*"xR"™ — R" and (K*f) o y defined by [(K*f) o y)i(&,s) =
Z;=1 Kij(z, & y(€))fi(&y(€),s) belongs to H™ due to (2.1) with (1.1f). We
can rewrite the original problem (P) in the equivalent form

Minimize (i(u), o y)
subject to y(z) = yo(x) + (i(u), (K*f) oy) for a.a. x € §,
(i(u),doy) <0, (i(u), hs) =0,
y € LI R™)), uw e LP(Q; R™).

(P)

Note that, as S(z) is closed (see (1.1k)), we have hg(z,s) > 0 for s € R™\ S(z)
while hg(z,s) = 0 for s € S(z), and therefore (i(u), hs) = 0 is indeed equivalent
to u(z) € S(z) for a.a. z € Q.

Furthermore, we define the set of the so-called generalized Young functionals
by Y (€ R™) := w*-cli(LP(Q; R™)). It is known from Roubicek (1997) that, as
a eanseanence of (2.1 with (1.3). Y2(0:R™) is a convex locallv (seauentially)
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us remind that poy € H, (K*f)oy € H" (for a.a. z € Q), Yoy € H*, and
hs € H because of the choice (2.1) and (1.1f). Then, in view of (P’), we can
define the relaxed problem as follows:

Minimize (1, ¢ o y)
subject to y(x) = yo(z) + (n, (K*f) oy) for a.a. z € Q,
(90y) <0, (n,hs) =0,
y € LI(R™Y)), n € Y (2 R™).

PROPOSITION 1 Let (1.1)-(1.3) hold. Then the relazed problem (RP) always
has a solution n € Y} (Q;R™). Moreover, min(RP) < inf(P).

(RP)

Proof. It just follows from Roubitek (1998), Proposition 4.1, together with Re-
mark 3.2. Note that it can be explicitly seen from Roubicek (1998), Remark 3.3
that Roubicek (1998), Condition (10) is indeed fulfilled. |

Let L22(Q;rca(R™)) denote the space of weakly measurable essentially
bounded functions on  with values in the space of Borel measures on R™,
and rcaj (R™) the set of all probability measures on R™. Further, let us define
the set of the so-called LP-Young measures as

YP(Q; R™) := {(1 — vy) € L2 (Q;rca(R™));

v,y € rcaf (R™) for a.a. z € Q and / [ |s]? ve(ds) dz < +oo}. (2.6)
Ja Jgm

The natural imbedding LP(; R™) — YP(; R™) is then defined by u — v with
Ve = 8y(z), Where &, denotes the Dirac measure supported at s € R™.

We will also need a relaxed problem written in terms of LP-Young measures,
which looks as follows:

Minimize [ / el y(x),s) v.(ds)dx
J0 m
subject to y(z) = yo(2)

+ [ K@euo)( [ reuo.ome)as, | —

HNa,y(x),s) ve(ds)dz <0,
s} RF“
supp(v,) C S(z) for a.c. z € 0,

y € LY R™), ve V(O R™). J

We call n € Y} (€% R™) p-nonconcentrating if it is attainable by a sequence
{uptren € LP(S;R™) (ie. i(ug) — n weakly® in H*) such that {|ux|?; k € N}
is relatively weakly compact in L(Q). Since H is separable, any such 7 possesses
at least one LP-Young measure representation » € Y?(€; R™) in the sense that
forall h e H:

W A
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and, conversely, any v € YP(Q;R™) determines by the formula (2.7) some p-
nonconcentrating 7 € Y} (©; R™), see Roubicek (1997), Proposition 3.4.15.

PROPOSITION 2 Under the assumptions of Proposition I, any solution n €
Y (G R™) of (RP) 15 p-nonconcentrating and any LP-Young-measure represen-
tation v € YP(S;R™) of such 1 solves (RP'). Moreover. min(RP’) = min(RP).

Proof. The p-nonconcentration of any 7 solving (RP) follows from Roubicek
(1998), Propositions 4.2 with 4.1. Thus we do not change the set of minimizers
by restricting (RP) only to p-nonconcentrating functionals in Y (2; R™).

By using LP-Young measure representation of these functionals, we can
equivalently write this modified relaxed problem in the form:

Minimize / / oz, y(x), s) ve(ds) dz
n m
subject to y(x) = yo(z)

b [ [ I (@) ) () for ma z €,

QJR™

3 (RP")
/ Iz, y(x), s)ve(ds)dz <0,
2 Q R“l

f / hs(z,s)v,(ds)dz = 0,
!} "
y € LI R™), v e YP(Q;R™).

In particular, min(RP”) = min(RP).
As K(z.£,y(€)) is simply a constant in terms of s for a.a. £ € Q, we get

// (K" F1(€,y(£), 5) ve(ds) A€

JO JRm

= LL"I I(J(gqy(g))f(ﬁ,y(ﬁ)‘g) -U.f(dS] d&

= [ Kaew@)( [ rev.m)ds

Also, [ Jgm hs(z,s) ve(ds)dz = 0 is equivalent to the condition supp(v.) C
S(x) (for a.e. @ € Q) because it holds hs(z,s) > 0 for s € R™ \ S(x) while
hs(z,s) =0 for s € S(z).

Altogether, we can see that (RP”) is equivalent to (RP’). =

3. Proof of Theorem 1

Now we are ready to give a quite simple proof of Theorem 1, following Roubicek
(1999), Lemma 2. Let us remark that the optimal Young-measure solution
and the measurable-selection technique has already been used in Munoz and
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but in a bit different arrangement relying on the maximum principle. Inspired by
Munoz and Pedregal (2001), it will be more suitable for the proof and especially
for further modification in Section 4 to reformulate the convexity condition (1.6)
into the form

colp x f x I)(z,r,S(z)) C Q(z,7). (3.1)

Indeed, (3.1) implies (1.6) because, taking ¢*, ¢* € Q(z,r), one has s!, s? € S(z)
such that ¢¢ > o(z,7,s'), ¢ = f(z,r,s%), and ¢§ > o(z,r,s') for i = 1,2,
and then (3.1) guarantees existence of s* € S(z) such that il %(cp(:v, r,st),
f(@,r,8), (z,7,5")) €Q, which eventually results in -, _, , 3¢'€Q(z,r). Con-
versely, (1.6) implies (3.1) because always co[p x f x )(z,r, S(z)) C coQ(z,r).

PROPOSITION 3 Assume (1.1)-(1.8) hold. Let v be the solution to (RP') and
let also (1.6) hold for a.a. x € Q and all v € R". Then there is u € LP(Q;R™)
such that

o) € Uo)i= {5 € ) ploaao) < [ ploata)o)us(do),

m

Sy = | S y()0)veldo),

Iz, y(z), s) §/ Wz, y(z),0) I/w(da)}, z € Q, (3.2)

m

and any such u is an optimal control for (P).

Proof. For a.a. z € Q, v, can be approximated weakly* by a sequence {vJ};en of
convex combinations of Dirac measures supported on supp(v,). Then me [p x
fx9)(x,y(z),s)vi(ds) € co[p x f x 9)(z,y(z),supp(rz)), so that by passing to
the limit and using (1.6) in the form (3.1), one gets

/m [0 x f xI)(z,y(z),s)vs(ds) = jli{n /'n [ x f x 9)(z,y(x),s) vi(ds)

€ cleofp x f x I](x,y(z), supp(vz))
C cleo[p x f x I(z,y(z),S(z)) C Qz,y(z)); (3.3)

this limit passage is indeed correct at each x € Q for which [p.. |s|P v (ds) is
finite, see Roubicek (1999), Lemma 2 for details.

This enables us to show that the set U(z) defined by (3.2) is nonempty.
Indeed, because of definition (1.4), for any (qo,q1,q2) € Q(z,y(z)) there is
s € S(z) such that qo > ¢(z,y(z),s), @1 = f(z,y(x),s) and g2 > V(z,y(x),s).
Hence, for the particular choice

f
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the inclusion (3.3) implies that qo > (2, y(z),s). ¢ = f(z,y(z),s) and g2 >
I(z,y(z), s) for some s € S(x).

Moreover, by Aubin and Frankowska (1990) the multivalued mapping U :
Q2 =3 R™ defined by (3.2) is measurable because S is measurable, v is weakly
measurable, and ¢, f and 9 are Carathéodory mappings, see, again, Roubicek
(1999), Lemma 2 for details.

Obviously, U(z) is closed for a.a. z € Q because S(x) is closed and ¢(z, 7, ),
flz,r,) and 9(z, 7, -) are continuous, see (1.1k) and (1.1a), respectively. Then,
by Aubin and Frankowska (1990), Theorem 8.1.4, the multivalued mapping U
possesses a measurable selection u(z) € U(x).

In particular, u(z) € S(z). Moreover, in view of (3.2) with (3.4),

/ Wz, y(z), u(z))dz
Q

< /qu(x)da: = /Q/R"‘ Wz, y(z),s) va(ds)da <0 (3.5)
and also
(@) ) = ma)= [ Fo o), )l (36)

for a.a. x € §2, so that

o) =w(o)+ [ K &w@)( [ H6n0.9w(an) de
. ]ﬂ K(o,&,5(6)q(€) dé = /ﬂ Kz, 6, y(€) (6. y(E)u(€)de.  (37)

By using also Propositions 1 and 2, we get

L(p(x,y(x),u(a:)}dmSfﬂqg(:c)dx

= / é(z,y(z), 8) ve(ds) dz = min(RP’) = min(RP) < inf(P). (3.8)
Q JR™

In particular, (3.8) and the coercivity (1.3b) together with (1.3a) and (1.1b)
imply that

e/ |u(z)|P dz < / o(z,y(z),u(z))dr < inf(P) < 400 (3.9)
Q Q

so that u € LP(Q; R™).
Altasether (25) (3.7). and (3.9) show that the nair (. ) is admissible
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REMARK 5 (Zero relaxation gap) Under the assumptions (1.1)-(1.3) and (1.6),
Proposition 3 implies that the first term in (3.8) equals to inf(P), so that (3.8)
gives min(RP) = inf(P) = min(P), i.e. there is no relazation gap. Let us em-
phasize that this is a nontrivial fact for problems involving state constraints.

Proof of Theorem 1. By Proposition 1, we get some 7 solving (RP). Then
Proposition 2 yields its Young-measure representation v solving (RP). Finally,
using this v, Proposition 3 gives a solution u to (P). The stability (1.5) of
any solution to (P) is a consequence of zero relaxation gap (see Remark 5) and
the correctness (in mathematical sense) of the relaxed problem, see Roubicek
(1997), Sect. 4.1. i

4. Refined existence results

The method used above allows easily to refine the existence results on condition
that one has some a priori information about the support of the Young measure
representing some optimal relaxed control. Such information can be obtained
sometimes by analyzing the maximum principle. In the context of optimal
control of ordinary differential equations, we refer to Gabasov and Mordukhovich
(1974), loffe and Tikhomirov (1974, Sect. 9.2.2, Proposition 1 with Theorem 3],
Mordukhovich (1988), Sect. 20 or Mordukhovich (1999), and also to Muioz and
Pedregal (2001).

To use the standard maximum principle, we must still assume certain smooth-
ness of the data with respect to the state variable to ensure the relaxed problem
to be smooth. Namely, we assume that, for ¢ > 2, the data K, f, ¢, and ¢
satisfy, beside (1.1)-(1.2), also

ol K], f., 9. are Carathéodory mappings, (4.1a)
Il (z,71,8) — @l(z,72,8)]
< (ag/(q-(@) + BIra P2 + Uralt2 + cls PO Dy — o, (410)
(K f1;(2,€ 71, 8) = [K flo(, &, 72, 8)| < a(@,€)|r1 — 72l (4.1c)
|97(z,71,8) — I, (2,72,8)|
< (tg/(a-(®) + Blra |72 + bjraf 12 + clsPT=D/0)ry = 1| (41d)

with €; € LI(Q; L~2)(Q)); here ¢. denotes the differential of f(x,-,s), K. is
the differential of K(z,¢,:), etc., and the remaining notation is as in (1.1).
Moreover, (1.1f) is to be strengthened a bit:

1K (2.8,7)] < a(x,8) + |7V (4.1e)

for some a* € LO-D/7(Q; L9(Q)) with a*(z,€) = a(€,z); equivalently, this
requires [o,(Jf,, [a(¢,z)7d¢)Y/@=D) dz < 4o0.

PROPOSITION 4 Let the assumptions (1.1)-(1.3) and (4.1) hold. and let the
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and v € YP(;R™) be a Young-measure representation of n in the sense (2.7).
Then, for some multipliers Ag > 0 and Ay > 0 not vanishing simultaneously,
the following mazimum principle holds

Hao 1, 09(2,8) ve(ds) = max Hyy i, ay(T,8) fora.a. z€Q, (4.2)
R™ SES(I)

where the Hamiltonian Hy, z, a,y 5 defined by

Hao g (@:8) = [p MK (&, z,y(2)) d¢ f(x,y(),s)
~ Moz, y(z),s) = ATz, y(2), 5) (43)

and X € LY/ @~1D(Q;R"™) solves the adjoint linear integral equation
M) = [ [ UK€ m ), N v de
e OB PACE R M ACRTE R PAC D R
R™ R™

for a.a. x € Q with ()T denoting the iransposition. Moreover, the following
transversality condition holds:

XL L /R'" Wz, y(z), ) ve(ds)dz = 0. (4.5)

Proof. Let us enlarge H from (2.1) so that also
(¢ op)i € H, (9 00)j € B, ((Kfl.oy)i € H"

for all y, 7€ L(Q; R™). Moreover, (4.1¢) ensures that z+— [ A(€)K (€, z,y(x)) d€
belongs to L/ (=1D(Q;R") for any A € LY@ 1(Q; R") so that also Ha, a0y
€ H due to (2.1). In such a way, we get a refined relaxation scheme yielding a
smooth relaxed problem (RP). Moreover, we can assume H separable; it just
suffices to modify the arguments of continuity (2.4) and to use (4.1a-d) and the
separability of L7(2; R"™). Then, our assertion just follows as a special case from
Roubiéek (1998), Proposition 5.1 with Remark 3.2. |

Now we can state a rather strong existence principle which does not require
the orientor field @ to be convex. The usage of such result for nonconvex @ is,
however, not straightforward because it requires a cerfain information about at
least one solution of the relaxed problem and the corresponding adjoint state.
Yet, in particular cases a relevant information can sometimes be isolated, see
Section 5 below.

TurOREM 2 Let the assumntions (1.1)-71.8) and (4.1) hold. and let the cone
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with corresponding A’s from Proposition 4, and let the following condition hold
for a.a. x € §2:

colp x f x 9)(z,y(x), M(x)) C Q(z,y(x)). (4.6)
where M(x) C S(x) is an estimate of the set of mazimizers of the Hamiltonian
Higid xas T8

M(@) > (s € S(a); Hagaau(e.8) = max Hagaag(md)). (47)
Then (P) has at least one solution and, moreover, every solution to (P) is stable
in the sense (1.5).

Proof. Let v denote some Young-measure representation of the optimal relaxed
control 1 in question. By Proposition 4, for a.a. z € Q, 1, must be supported
on M(xz). Then, Proposition 3 gives a solution u to (P) if used in a refined
way, namely (3.3) can simply exploit M(z) and (4.6) instead of S(x) and (3.1),
respectively. The stability (1.5) is again the consequence of zero relaxation gap
(by arguments as in Remark 5) and of the correctness of the relaxed problem. B

REMARK 6 There are two extreme situations. First, the mazimum principle
does not give any specific information, see Section 5.1 below, or the particular
problem often is so complicated that one is unable to ertract such informa-
tion; then we can say that M(z) = S(x) only, and (4.6) coincides with (3.1),
t.e. with the Filippov-Roxin-type condition (1.6). Second, sometimes it may
happen that one can a priori guarantee, by a specific analysis, that the Hamil-
tonian Hy, x, ay(2, ) is mazimized only at a single point for a.a. x € Q, see
Remark 7 below, i.e. the set on the right-hand side of (4.7) is a singlelon for
a.a. v € Q, and by choosing M(z) equal to this set we make the condition (4.6)
trivially satisfied.

5. Examples

In this last section we present three concrete, rather simple, illustrative ex-
amples.

5.1. Schmeling’s example of nonexistence in Fredholm equations re-
visited

To present the example by Schmeling (1979, 1981) in our context, we must
modify it slightly. For example, we consider the following problem:

T
Minimize/ (2y(t) — t2)* dt
0
t

subject to y(t) = / (T = 7)u(r) + (¢ = T)u(r)?] dr, (P1)
uft) € [-1.1] for ?I..[?)l. tel0.7.
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As usual for Volterra equations, we put © := (0,7") and write ¢ and 7 instead
of 2 and &, respectively.

For reader’s convenience, let us remind the slightly modified arguments from
Schmeling (1981) to show the nonexistence of solutions of (Py): Taking a fast os-
cillating sequence {uy. : (0,7) — {1, —1}}ren converging to 0 weakly in L?(0,T),
we get a sequence of corresponding states {yx}ren converging to y(t) = 12
in C(0,7), which shows inf(P;) = 0. Therefore, if there exists a solution (u,y)
to (Py), then inevitably y(t) = 3¢* would hold. By differentiating the Volterra
equation involved in (P;), one would get

t = (T — t)u(t) — tu(t)® + 'c% /f tu(r)*dr
0

t
= (T — t)u(t) +f u(r)?dr (5.1)

0
for a.a. t € [0,7]. Note that, since u is bounded, ¢ fﬂr[(T = 7)u(r) + (t -
7)u(r)?]dr is Lipschitz continuous and thus a.e. differentiable. If possibly (5.1)
does not hold just for ¢ := T, we can pass to the limit with ¢ — 7" in (5.1), which
gives T = fUT u(r)?dr. This would be possible only if |u| = 1 a.e. on [0, 7).
Coming back to (5.1), we would get ¢ = (T —t)u(t) + ¢, which would give u = 0,
a contradiction showing that a solution (u,y) to (P;) cannot exist.

Of course, (P1) must somehow violate the assumptions of the above presented
theory. We consider n = m = 1, p,q arbitrary, ¢(t,r,s) = (2r — t2)? (we
can add the term like e max(|s|P,1) to satisfy formally (1.3b)), ¥ := 0, and
S(t) :=[—1,1]. Then, we can think of choosing [ = 1 and thus have to put

1 ift>T,

0 ift<r. 92

ft,7,7,8) := (T = 1)s + (t = 7)s%, K(t,7,7) = {
This makes the orientor field f(t,r,r, S) always convex compact, but evidently
such f does not have the form required in Theorems 1 and 2 because it depends
also on t. Alternatively, we can choose [ = 2 and then put

forutys= (5 Kl = { 4= B2n (5.3

It has already the above considered form, but the orientor field
Q(t,r) = {(qo,s,5%) € R* o >0, s € [-1,1]} (5.4)

is evidently nonconvex and (1.6) is violated so that Theorem 1 cannot be used.
Analyzing the maximum principle (4.2)-(4.5), we get simply Ag = 1, Ay = 0,
and A = 4(2y — ¢%). For the (unique) relaxed optimal control v, = $6; + §8_1,
one gets y = 5¢2, and hence A = 0 and the Hamiltonian H(t,-) constant for a.a.
+ e In Tl an that necescarilv M) = S(tY and (4 &) thns eaineides with (1 .6)
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5.2. Mordukhovich’s example with a nonconvex orientor field mod-
ified

To present the examples from Mordukhovich (1988), Sect. 20 or Mordukhovich
(1999) in context of integral equations, we consider the following problem:

A

Minimize / y(z)? da
subject ?0 y(a) = yo(x)
+ [ (1 () + Kle. ua(€) d.

w(x) = (uy(z),uz(z)) € {1, -1} x [-1,1] for a.a. 2 € Q,
y € L*(Q), u € L=(Q;R?), J

This is a very special case of (P), withm=1=2,n=1, k=0, ¢(z,r,5) =%,
f(z,r,8) = s, K(z,6,7) = (Ki(z,8), Kao(2,€)) e R"*' = R%, 9 = 0, and S(z) =
{1, -1} x[~1,1] having two disconnected convex components. Our assumptions
are rather trivially fulfilled with ¢ = 2, p € [1,400) arbitrary and £ = £, = 0,
provided K satisfies (1.1f,g), which means here K o(z,-) € LY 0~1(Q) for a.a.
z € Qand |K)9(x,8)| £ Z;Ll ag,j(w)ay ;(§), the growth with respect to s as
well as the coercivity (1.3b) being irrelevant since S(x) is a priori bounded.
As there are no state constraints, we have simply A\g = 1 and A\; = 0, and
the adjoint equation (4.4) then gives A = —2y. Then, the Hamiltonian (4.3)
results in My (z,s) = Hy(x,51,82) = =23, 5 8i Jo ¥(€)Ki(€, ) d€. On certain
conditions, it may happen that the set of maximizers of H,(x,-) is contained
only in one component of S(z). E.g., assuming

<0 ifye(z) >0,

Ki(x,€) { >0 ifye(x) <0

—_
[}
cn

—

for a.a. £ € ©, we have the following chain of implications

ta)l > [ 11,1+ Ko, ]d€ = ly(z)] >0
0
= Vs 1 81 — Hy(z, s1, $2) increasing

or Vsy : 81— H,(z, s1,82) decreasing,

for  fixed (but arbitrary). This ensures that, for a.a. z € €, the set M,(z) :=
{s € S(x); Hy(z,s) = maxH,(x,S(x))} satisfies

M,(z) C {1} x [-1,1] or M,(z) C {-1} x [-1,1].

Realizing that H,(x,-) is affine, we can see that My (z) is convex for a.a. x € Q,
and thus (4.6) satisfied. Then, Theorem 2 with M = M,, yields existence of the
solution to (P2) provided (5.5) holds and [yo] > [ (|K1(-. )| + [K2(-.&)]) d€ is
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Let us emphasize that Q(z,r) = (r* + R™) x S(z) is nonconvex in our case
so that the classical Filippov-Roxin-type condition (1.6) cannot be used. Also,
the cost functional is strictly convex with respect to state and thus the relaxed
problem to (P2) has no concave structure, so that also the results from Roubitek
and Schmidt (1997) relying on Bauer's principle cannot be used. Moreover,
contrary to the original example Mordukhovich (1988, 1999), M, (z) need not be
a singleton so that we cannot apriori say that the Young-measure representation
of the optimal relaxed control is a.e. a Dirac measure, which would yield the
existence of an optimal control of (Ps) straightforwardly. Besides, nontriviality
of this example relies also on the fact that the solution to (P2) indeed does not
exist if, e.g., yo = 0 and Ky > 0 does not vanish, which in fact covers also the
well-known Bolza example.

To obtain the original Mordukhovich’s (1988, 1999) example, one can put
simply Q := (0,7T), Ka(t,7) =0, K (t,7) = 1 for t > 7, otherwise K,(t,7) = 0,
and yo constant.

5.3. Example with a boundary-value problem and an isoperimetric
inequality

This example illustrates a simple, but rather nontrivial application of Theorems
1 and 2 to optimal control of elliptic equations (as announced in Remark 4).
Let us consider the following problem:

b

1
Minimize / u*(x) dz
0
subject to y(z) = a(l — z) + bz
+ [ (1= a)etsinu(e) - ey(e)) dg

1 ; (P3)
+/mu~mmma~wmma

1
y(z)*dz L0,
o
y € L3(0,1), u e L%(0,1).

s

This falls into the previous considerations if k =1l =m =1, p = 2 (determined
by the growth of ¢(x,7,+)), ¢ = 3 (in agrcement with the growth of 9(z, -, s)),
vo(z) = a(l — z) + bz, f(z,r,8) = —cr +sins, p(z,r,8) = 8%, Iz,7,8) = r3,
S =R, and the kernel K is symmetric:

; L J(1=8=z forx<E, _
Kl 6r) = {&(_l —z) forz>¢&. (5.6)
The constant ¢ should satisfy

1

Nl e o7
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in order to fulfill (1.2). However, using the monotonicity argument instead of
the Banach-fixed-point one, we can admit arbitrary ¢ positive, too.

The integral equation is then equivalent to the two-point boundary-value
problem for the 2nd-order linear elliptic ordinary equation:

d%y
dz?

which can be checked just by direct calculation, if the short-hand notation
w = sinu — ¢y is used:

: . .
g{% = dd% <a(1 —x)+ bz + ./o (1 —2)éw(&)dé +/L z(1 = &)w(€) df)

%(1?~a—/:6lv(§)d€+/:(l—f)w(f)d€>

= —zw(zr) - (1 - )w(z) = —w(z).

+ cy =sinwu on (0,1), y(0) =a, y(1) =10, (5.8)

Let us mention an illustrative interpretation of (5.8) as a deflection of stretched,
homogeneous, elastically supported (¢ determines the linear response of the
support) string with fixed end points, loaded in a perpendicular direction by the
force sinw. This also shows that the solution y € L?(0,1) is, in fact, smooth,
namely y € W2°°(0,1) if one uses the standard notation for Sobolev spaces. It
is an interesting observation that, although f(z,r,-) is nonlinear, the condition
(1.6) is valid, i.e. Q(z,7), here independent of (z,7), is always convex. Thus
Theorem 1 yields existence on an (unspecified) optimal control.

Let us now modify (P3) by restricting the admissible control values to the set

S(z) = [-3m, =27 U [-m, 0] U [27, 3]. (5.9)

Then Q(z,7), again independent of (z, r), is no longer convex so that Theorem 1
does not apply. Let us analyze the optimality conditions. The adjoint equation
(4.4) now looks as

1
M) = —¢ /0 K (2, £)M(€) dE — 321y(£)? (5.10)

for K(x,&) = K(x,&,r) defined by (5.6) and for some Ao, A; non-negative, Ag+A;
> 0. We claim that

B s Al K(€,2)A(6)d€ < 0 for aa. z € [0,1]. (5.11)

For ¢ < 0, we can see directly from (5.10) that even A < 0 as a consequence of
non-negativity of K and \;. Using again K > 0, we get (5.11). For ¢ > 0, we
must use finer argument: A defined by (5.10)—(5.11) solves, in fact, the adjoint
two-point boundary-value problem

A2 A
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and then (5.11) follows from the maximum principle (in the sense used in theory
of 2nd-order differential equation) by use of a contradiction argument, saying
that, if max,ep,j A(z) > 0, then at some € [0, 1] there must be A(z) > 0 and

d‘—ng(fr) < 0 simultaneously, which, however, contradicts (5.12).

Now, the Hamiltonian (4.3) takes the form Hx, x, 2,(%, s) = A(x) sin s—Ags?
(up to a function constant in s-variable) and, having (5.11) at our disposal, we
can see that its maximum cannot be attained for s positive. Thus, from the
maximum principle (4.2), we can see that any solution v to (RP3) satisfies

supp(vz) C [-7, 0] U [-37,—27x] =: M(z) for a.a. z € [0,1]. (5.13)

However, taking this M, the condition (4.6) is satisfied! Therefore, Theorem 2
can be applied even without any specific knowledge about a solution to the
relaxed problem (RP3). Also, let us emphasize that we do not have any specific
knowledge about the adjoint state A (except for (5.11)) nor about the Lagrange
multipliers Ag and A;.

REMARK 7 (Existence in ordinary-differential-equation problems) One can find
in the literature further examples for situations covered by Theorem 2 in context
of systems governed by ordinary differential equations, which can be viewed as a
very special Volterra integral equation. We refer to Gabasov and Mordukhovich
(1974), loffe and Tikhomirov (1974), Sect. 9.2.2, Proposition I with Theorem 3,
Mordukhovich (1988, 1999) or Munoz and Pedregal (2001). A non-academic
example with M(x) a singleton for a.a. x € Q and thus (4.6) satisfied trivially
was presented by Bittner (1998) for a flight optimal control problem.
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