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Abstract: In this paper, the robust asymptotic stability prob-
lem for a class of nominally stable uncertain singularly perturbed
systems with multiple non-commensurate time delays is considered.
A delay-dependent criterion is first proposed in this paper to guar-
antee robust asymptotic stability of the system under consideration.
Based on this result, the range of allowable bounds of the pertur-
bation matrices preserving the closed-loop stability can easily be
found. Moreover, a simple criterion is also proposed to guarantee
asymptotic stability of the nominal system. Furthermore, a simple
estimation of the stability bound &* is proposed such that the nomi-
nal system is asymptotically stable for any € € (0,&*). It can be seen
that the stability bound proposed in this paper is less conservative
than that presented in recent research. Finally, a numerical example
is provided to illustrate our main results.
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1. Introduction

Most of the dynamic systems contain some uncertainties that may arise, to
name a few, from modeling errors and/or linearization approximation (Phoo-
jaruenchanachai et al., 1998). Moreover, the time-delay factors always exist in
various engineering systems, such as long transmission lines, electric networks,
chemical processes, pneumatic systems, or hydraulic systems. Its existence fre-
quently causes the undesirable system responses. Therefore, the robust stability
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problem of time-delay systems has been a main concern of the researchers over
the years (Phoojaruenchanachai et al., 1998, Lien et al., 1998).

Many physical systems contain some small parameters such as capacitances,
small time constants, masses, etc. These small parameters tend to increase
the order of the dynamic systems and thus complicate the system analysis.
Fortunately, the singular perturbation method provides us with a powerful tool
for the order reduction and separation of time scales; see, for example, Hsiao et
al. (1999), Kokotovic et al. (1986), Shi et al. (1998), Xu et al. (1997), and the
references therein. Shao and Sawan (1993) proposed a robust stability criterion
for a class of linear time-invariant singularly perturbed systems, which have
parametric uncertainties bounded by the H,-norm, but in which the time delay
has not yet been considered and the upper bounds of the perturbation matrices
depend on specific system matrices. Shao and Rowland (1995) proposed some
stability criteria for a class of singularly perturbed systems with single time
delay in the slow states. Moreover, the time delays in the fast states and the
uncertain perturbation of the system matrices have not been considered. Pan
et al. (1996) proposed a frequency-domain stability criterion for linear time-
invariant singularly perturbed systems with multiple time delays in which the
uncertainty was not investigated. However, the factors of uncertainties and time
delays do exist in most of the dynamic systems. Consequently, it is crucial to
take them into consideration. This is due not only to theoretical interest but
also to the relevance of this topic for the control engineering applications.

To the authors’ knowledge, the robust stability problem of nominally stable
uncertain singularly perturbed systems with multiple non-commensurate time
delays subject to unstructured perturbations has not yet been well explored.
Consequently, it is the purpose of this paper to investigate the robust stability
problem of uncertain multiple time-delay singularly perturbed systems. More-
over, the range of allowable bounds of the perturbation matrices preserving the
closed-loop stability will be proposed. Furthermore, a simple estimation of the
stability bound €* will be proposed such that the nominal system is asymptot-
ically stable for any € € (0,¢*). It can be shown that the stability bound e* is
less conservative than that of Shao and Rowland (1995).

2. Problem formulation and preliminaries

First, we define some notation that will be used throughout this paper
||A]| := spectral norm of matrix A; ||A| := [Amax(4*A)]*2,
H(s) € S(Cy4) := H(s) is analytic in C, where C is the right-half

s—plane,
|12 (8)lloo := Hoo-norm of H(s); [|[H(s)llec = Sup |2 (jw)]|-

In this paper, we will consider the following uncertain singularly perturbed
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system with multiple time delays:

B(t) = Zn:(Al,; + AA)z(t — hi) + i(Az-a + AAg;)2(t — hi), (la)
=0 =0

Eé’(t) = i(Asi + QAM)Q,"(t — h,‘) -+ Zn:(A;h‘ + &A‘;g)z(t — hi), (lb)
1=0 i=0

.'.t!(t) = gd(t)$ Z(t) = {Pd(t)! te [_T: U])

where Aq;, As;, As; and Ay;, are constant matrices with appropriate dimensions,
hg = 0, h; are non-negative numbers, 7 is the maximum of h; , and AA;; are the
perturbation matrices, j € 4. The positive scalar ¢ is the singular perturbation
parameter, which often occurs naturally due to the presence of small parameters
in various physical systems.

LEMMA 1 (SHAO AND ROWLAND 1995) If H(s) is an n x n complex matriz,
H(s) € S(C4), and ||H(s)||c < B, where 8 is a constant and 0 < § < 1, then
[I - H(s)]™" € S(Cy) with ||[I — H(s)]'[leo < (1~ B)".
LeMMA 2 Suppose that
_ | di dp | A P
Q_[dg d4:|‘ P_[PS P4:|‘
where P;, i € 4, are constant matrices with appropriate dimensions and ||P;]| <

di, d; > 0. Then we have ||P|| < ||Q]|.

Proof. Let & = [2T 2z1]7. By the definition of the induced norm, we have

BT Pz + Py

LR (el

= sup {||Piz1 + Poza|® + || P31 + Pazo||®}/?
llz]|=1

< ||§1]?1_>1{||P1|[2t|rn1||2 +2/|Pi| - (1Pl - llzal - llwzll + | Pl (2l

+ (| Pl a1 ® + 201 Pl - |1 Pall - Noall - llwall + 1Pl ll2 ]|} /2
< sup {df||z1|*+2drdy ||z ||-|z2ll+di||z2]l* +d [l |1* +2dada- ||z |- |22

Jel=1
+d3l2 ||}
= sup [l + dalfall? + (dallol] + dalfaa] "]
- di dp [ [EA] ]” 5 _
; Hi::llf}:)l [ dy dy ] 22|l 2ll.
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3. Stability of the uncertain system

Consider the following nominal system of the uncertain singularly perturbed
system (1) described as

I(t) = iAliI(t - hi) -+ iﬂggz(t - hi), (2&)
i=0 =0
e3(t) = Zn: Asia(t — hi) + i Agiz(t — hy), (2b)
=0 i=0

z(t) = &a(t), 2(t) = alt), te[-7,0].
Let ¢n(2) = [z(£)T 2(¢)T]F. Then, the nominal system (2) can be rewritten as

an(t) = ZAi¢n(t a hi)! (33)
i=0
where
| Au Az
the= [ Asi /€ AyfE ] ,(8b)

Taking the Laplace transform of (3), we have
n 1
Bo(s) = (sI =5 Aie"""") én(0).
i=0

Obviously, the nominal system (2) is asymptotically stable if and only if

(sr - iA,-e-’M)'l € S(Cy). (4)

i=0

Now let ¢a(t) = [z(¢)T 2(¢)T]7, then the uncertain system (1) can be rewritten
as

$a(t) = Aiga(t — hi) + > Adida(t — i), (5a)
=0 §=0
where
_ AA]_@ &Azg ‘ =
AA,f_[AAsi/g AA4,;/8]‘ i€ . (5b)

THEOREM 1 Assume that the nominal system (2) is asymptotically stable for
¢ € (0,e*). Then, for a given singular perturbation parameter e = gy € (0,€*),
the uncertain system (1) is asymptotically stable if

1

>0 < (=3 aemt) 52
i=0 i=0

o0
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where

di da;
D; =
[ dnifEs. dut)Es ] (65)

with ||[AAjille < dji and dj;, j € 4, non-negative constants.

Proof. Taking the Laplace transform of (5a) yields

D4(s) = [I - (sI - iAie'h"s)—liAA,re"h“‘] .
i=0

(sI - Eﬂ: Aie_"")—lgbd(ﬂ).
i=0

According to (5b), (6b), Lemma 2, and the fact that ||AA4;e || = [|AAi]l0o
(Shao and Rowland 1995), we obtain

(2= i Aseher) iAAie“"“’
i=0 i=0 =
<[ r-3 ) (S0,
i=0 i=0

Due to (6a) and Lemma 1, we have

[I = (sf = iAi-e—h"’) B iAA,;e—’m} e sy

=0 1=0
Moreover, since the nominal system (2) is asymptotically stable, we obtain
i - |
(31 = diehe) e s(cy)

in view of (4). Consequently, we have ®4(s) € S(Cy), i.e., the uncertain singu-
larly perturbed system (1) is asymptotically stable. This completes our proof.
|

4. Stability of the nominal system

In Theorem 1, it is required that the nominal system be asymptotically stable.
In this section, we propose a simple criterion to guarantee the stability of the
nominal system (2). In this section, A4g is assumed to be Hurwitz.
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The slow and fast subsystems of the nominal system (2) are first derived as
follows. By setting e = 0, the slow subsystem of (2) is obtained as

F:(t) = ZAuxs(t - hi)+ Z Azizs(t — hi), (7a)
=0 =0
0= Z Azizs(t — hi) + ZA4iZs(i - hyi), (7b)
i=0 i=0

where x,4(t) and z,(t) are the slow components of z(t) and z(t), respectively.
Taking the Laplace transform of (7) and letting

Ajn(s) = i: Aje ™ jey, (8)
i=0
we obtain
Zo(8) = —Ag (s)Asn(8)Xs(s), Xo(s) = M,(s)25(0), (9a)
where
M,(s) = {sI — [A1n(s) — A2n(5) Az, (8)Aan(s)]} . (9b)

Let zp(t) = 2(t) — 2s(t) and z(t) = z,(t). Note that the slow varying state
zs(t) is almost constant with respect to the fast state zs(¢). Thus, we have
25(t)+2s(t) = 24(t). Consequently, according to (7b), (2b) can be approximated
by

e2(t) =Y Awizs(t — hi). (10)
i=0

Hence the dynamics of the fast subsystem (10) is independent of the slow varying
states z5(t) and zs(¢). Taking the Laplace transform of (10) yields

Z4(s) = My(s,€)ez;(0), M;y(s,e) = [esI — Aan(s)]™". (11)

LEMMA 3 Assume

lI(sI = Ag0) ™ lloo - “ i Agie™hie

=1

=A<l (12)

o0

Then we have
(a) Az (s) € S(Cy).
(b) The fast subsystem (10) 1is asymptotically stable for all e > 0.
(¢) [sI— A4n(s)]* € S(Cy). (13)
(d)  The slow subsystem (7) is asymptotically stable if
IE(s)leo < 1, (14a)
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where

w

(s) = [SI — Agn 5)] 1[Aln 8) — A2n(3)"q41 (8)Azn(s) — A4"(6)]- (14b)
Proof. (a) Making use of (8), we obtain
-1
Azl(s) = (1+ 43 2T ehe) A,
i=1

Owing to (12), we have

n
”AZO]. E :A‘ﬁe—-‘:‘-s
i=1 =

By virtue of Lemma 1, we have (I +Azg Yr, Asie™"#)~1 € S(C4). Hence we
get Az, (s) € 5(Cy).
(b) Based on (11), we have

My (s,€) = [es] — Agn(s)] !

= [I (esl — Aygo)~ (Z/L; ;e his )]_ es] — Ag)™?

i=1

Z 1,

o

< I(sI = Ado) oo - || Z Agie™Me
i=1

Since Agg is Hurwitz and ||[(es] — Agg) ™ |oo = [|(s] — A4g0) ™}||oo, from Lemma 1
and (12), we obtain

(esl — Awo) ™" € S(Cy), [T = (esl - Aw)-l(imie-’m)] e sy,
with

<1 =A, (15)

I—(esI — Ag)™? ; Agie™e

Hence we obtain My(s,e) € S(Cy) for all £ > 0.
(c) The result follows immediately from part (b) by setting e = 1.
(d) From (9b), we have

M(s) = [[=E()]™" - [sI — Aan(s)] 7"

According to Lemma 1, if the inequality (14a) holds, then [I —Z(s)]~* € S(C4.).
Moreover, [sI — A4n(s)]™! € S(C4) in view of (13). Consequently, we have
M,(s) € S(Cy). By the result of part (a), we have A7’ (s) € S(Cy). This
shows that the slow subsystem (7) is asymptotically stable in view of (7), (8),
and (9). ol
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LEMMA 4 (Pan et al., 1996) Suppose that the slow subsystem (7) is asymptoti-
cally stable and (12) holds. Then the nominal system (2) is asymptotically stable

if
[|Hi(s,8)]|eo < 1, (16a)
where
Hi(s,€) = My (5) Azn(s) A7, (5){esles] — Aun(s)] ™"} Aga(s). (16b)

THEOREM 2 Suppose that the slow subsystem (7) is asymptotically stable and
(12) holds. Then the nominal system (2) is asymptotically stable for any e €
(0,€*), where
& 1-A
I8 M (5)Azn(8) Aga (8)lloo I (8T = Aa0)Hlooll Azn(s)]lo

Proof. By Lemma 3, we have M,(s), Az1(s), [esI] — Aan(s)]"" € S(C..). Using
(16b), we obtain

1H1(s,€)ll00
< ellsM.(s)Azn(s) Az (5)lloolllesT — Aan(8)] ™ looll A3 (5)loo- (18)

As a consequence of (8), (15), and the fact that ||(es] — Ag) ™ |eo = ||(sI —
Ag0) Y oo, we get

(17)

1

l|[esI — A411(3)]_1"m < T—a

I(s1 = Aso) " llco- (19)

Consequently, as a result of (17), (18), and (19), if £ < £*, then we have

1 H1(s )l

S7 f ,\||5Ms(5)Azn(8)AIn1(S)Ilooll(sf ~ A40) ool Asn(8)lleo < 1.

Hence the nominal system (2) is asymptotically stable according to Lemma 4.1

REMARK 1 Consider the special system with a single time delay (Shao and Row-
land 1995) described in our notation as

#(t) = Aroz(t) + Anz(t — ha) + Azoz(t),
ez(t) = Aspu(t) + As1z(t — hy) + Agoz(2).

By Theorem 1.2 in Shao and Rowland (1995), the stability bound €7 is given by

1 = [l(s = A40) *loo * (1 430llc + 1431 l0o) - [l8Mis(8)l| oo
[l A20450 [leo] 72
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where
Ms(s) = [.S’I p— (Am - A20A101A3U) - (A]l - AngZ01A31) - euhlsl_l.

Since X in (12) is zero, it is clear that (12) is trivially satisfied. By Theorem 2
of this paper, the stability bound €% is given by

€5 = [lsMi(s)A20 Az llool (8T — Ag0) ™ llooll (A0 + Asre™"*)|oc] 7"
Since

llsMy(5)A20A5q llooll (8T — Aso) ™ lleol|(Aso + Asie™™%) o
< |lsM () llooll A20 A5 ool (8T = As0) ™ loo ([l Asolloo + [l As1e™"*]loo)
= [|sM(8)lloo | A20 A3 ool (8T = As0) ™ loo ([l Asolloo + | A1 1oo),

We have e < 5. Hence, the result of our Theorem 2 is less conservative than
Theorem 1.2 in Shao and Rowland (1995).

REMARK 2 The wutility of our results is stated as follows. First, we may use
Theorem 2 to obtain an £*-bound for the stability of the nominal system (2).
Then we may use Theorem 1 to check the stability of the uncertain system (1).

5. Numerical example

Consider the following uncertain time-delay singularly perturbed system:

2 2
B(t) =Y (Ani + AAv)a(t — hi) + Y (Ai + Adgi)z(t — ha), (20a)
=0 i=0
2 2
ex(t) =Y (Asi+ Adsi)a(t —hi) + > (Asi + AAg)z(t — hy), (20Db)
=0 =0
where
[ —-1.6 0.3 -26 0.8 =13 =151
Aw=| 06 03 ] » An = { 0.8 —12 ] Az = [ 12 -05 |
[ —25 —-15] [ —0.7 08 0.5 —0.7 ]
An=| g5 o7 |'42=]| 03 -0.5]"422=[0.2 13 |
=18 =i4d [ —12 25 =13 223
An=| 03 -03 ¢ Ap = | 03 -1.1 ] » Aoz = [ 0.5 —04 ]
[ —4.6 —1.5] [ —0.6 0.5 —-04 —0.5]
Aw=| 15 _95 ik Au = | —0.3 0.2 ] » Az = [ 02 -08 |’

(21 (0),::5‘1(7‘)) = (22(0), z2(7)) = (21(0), 21(7)) = (22(0), 22(7)) = (2,0),

T € [-0.15,0),

hg =0,

h; = 0.1,

hg = 0.15.
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Since

2
A= |(sI = Ago) oo - H 3 Age™™e|| =05480, [IE(s)llo = 0.6726
i=1 e

the inequalities (12) and (14a) are satisfied. By Theorem 2, the stability bound
of the nominal system is given by £* = 0.2418. Moreover, the perturbation
bound in (6a) is given by

| (s1- 22: Ae™) || = ~0.6370.

(21)

Suppose the singular perturbation parameter of uncertain system (20) is given
by g9 = 0.2316. According to Theorem 1, the uncertain system (20) is asymp-
totically stable if upper bounds of the perturbation matrices d;;, j € 4, satisfy
the inequality (6a). For instance, suppose the perturbation matrices are given

by

[ HE WL, e[ S0 BT,

pu=| BB 00, amn=[ 0% 100,
paa=[ S S ] aam=[ 5% %],
sig=| 08 P |+ dam=| G B0 |,
sa=[ 8 ] ase=[ T 2E]
saa=[ 750 0 | aae=[ G 5

Then we have

lAAso]loo = 0.0396,
|AA1|oo = 0.0683,
|AA12|o0 = 0.0370,
|AAsolloo = 0.0361,

|AAzo||oe = 0.0362,
|AAz|o = 0.0356,
|AAs2|leo = 0.0413,
1A A [|oo = 0.0230,

Choose dj; = ||AA4;i|ls, § € 4, i € 2. From (6b), we have

2
3 IIDs|oe = 0.6352.

=0

lAAso]lcc = 0.0341,
1A Az |loe = 0.0300,
|AAs2]|oo = 0.0383,
[[AA4z]| = 0.0362,

(22)
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As a result of (21) and (22), the inequality (6a) holds and hence the uncertain
system (20) is asymptotically stable. For eo = 0.2316, the time responses of
system (20) are depicted in Fig. 1.

X (t},xj(t); zx(“kzz(t)

3

¥ T ! I T T

Figure 1. Time responses of system (20) for o = 0.2316

6. Conclusions

A delay-dependent criterion has been proposed in this paper to guarantee the
robust stability of a class of nominally stable uncertain singularly perturbed
systems with multiple non-commensurate time delays. Based on this result, the
range of allowable bounds of the perturbation matrices preserving the closed-
loop stability can easily be found. Furthermore, a simple estimation of the
stability bound €* has also been proposed such that the nominal system is
asymptotically stable for any £ € (0,e*). We have shown that the stability
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bound &* is less conservative than that of Shao and Rowland (1995). A numer-
ical example has been provided to illustrate our main results. It is not clear
whether our results can be immediately extended to singularly perturbed sys-
tems with distributed delays or time-varying delays. For these systems, some
other methodologies might be needed. These constitute interesting future re-
search topics.
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