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Abstract: In this paper, the research on discrete descriptor sys-
tems is extended to include discrete multiple time-delay descriptor
systems. The impulse-free and D-stability problem for a class of dis-
crete descriptor systems with multiple time delays is investigated. A
delay-dependent criterion is first derived to guarantee that the sys-
tem is proper. A delay-dependent stability criterion in terms of spec-
tral radius is then presented to ensure the D-stability of the system.
Furthermore, a delay-dependent criterion is proposed to guarantee
that the system is regular, impulse-free, and D-stable. Finally, a
numerical example is provided to illustrate our main results.
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Notation

A~ inverse of matrix A
d: {0,1,2,...,d}
& {1,2,...,d}
|Al: [laij]], with matrix A = [a;]
A< B: ai; < b for all 4, §, with A = [a;;] and B = [b;;]
p(A):  spectral radius of matrix A
deel f(2)]:  deeree of polvnomial f(z)
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1. Introduction

Many practical systems are descriptor systems. They appear in engineering
systems, economics, network analysis, time-series analysis, mechanical systems,
singularly perturbed systems, etc. (Dai, 1989). They endow the systems with
several special features that are not found in classical systems. Therefore, it
is inevitable and challenging to investigate the stability problem of descriptor
systems. Descriptor systems have been studied by many researchers in recent
years (see, for example, Tornambe, 1996, Tarbouriech and Castelan, 1995, Yu
and Muller, 1994, Qiu and Davison, 1992, and the references therein).

On the other hand, it is well known that the time-delay phenomena always
exist in various engincering systems, such as chemical processes, long transmis-
sion lines, pneumatic systems, hydraulic systems, and electric networks. Their
existence frequently causes the instability of the system. Therefore, the stability
problem of the time-delay systems has been a main concern of the researchers
over the years (Lien, Hsieh and Sun, 1998, Phoojaruenchanachai, Uahchinkul
and Prempraneerach, 1998, Sun and Hsieh, 1998).

To achieve the various aspects of system performance, the dynamic respounse
of a linear time-invariant system can be modified by means of placing the poles
in predetermined locations (Fang, Lec and Chang, 1994, Lee and Lee, 1987).
Consequently, the technique of pole-assignment has been considered during the
past years. On the other hand, due to the existence of uncertainties, the loca-
tions of poles cannot be placed at a specific location. Therefore, assigning the
poles at a specific region instead of a specific location is more practical (Hsiao,
Pan and Teng, 1999, Rachid, 1990, Vicino, 1989). For the above reasons, it is
practical to consider the D-stability problem for a class of multiple time-delay
descriptor systems. This is due not only to theoretical interests but also to the
relevance of these phenomena in the field of control engineering applications.

Some recent results concerning this topic have been reported. For example,
Fang et al. (1994) proposed a stability criterion for discrete-time descriptor
systems. Chou et al. (1999) presented a less conservative stability criterion
compared with those of Fang et al. (1994). Lee et al. (1992) proposed D-
stability criteria based on the spectral norm inequality for discrete systems with
a time delay. A sufficient condition based on the pulse-response sequence matrix
of the nominal systems has been proposed to guarantee pole location within a
specific disk for discrete systems (Chou, 1991). Su and Shyr (1994) extended the
stability criterion in Chou (1991) to derive a D-stability criterion for discrete
time-delay systems. However, the evaluation of pulse-response sequence matrix
in Chou (1991) as well as Su and Shyr (1994) is very complicated for the discrete
time-delay system. It is the purpose of this paper to investigate the D-stability
problem of the discrete multiple time-delay descriptor systems by evaluating the
spectral radius instead of the pulse-response sequence matrix. To the authors’
knowledge, the D-stability problem of discrete descriptor systems with multiple
time delays has not yet been well explored.
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2. Problem formulation and preliminaries

Consider the following discrete descriptor system with multiple time delays:

d

Ex(k+1) =" Ai(k - hi) + Bu(k), (1a)
=0

y(k) = Cx(k), (1b)

where (k) € R", u(k) € R™, y(k) € R" are the states, input, and output of
the system, respectively; £, A; € R"*", B € R"*™, C € R"™" are constant
matrices; hg = 0, h;, i € d, are non-negative integers and the matrix £ may be
a singular matrix, i.e., rank(E) < n.

First, consider the nominal delay-free system

Ex(k +1) = Aoz (k) (2)

DEFINITION 1 (Lin, Yang and Lam, 2000, Fang, Lee and Chang, 1994, Vergh-
ese, Levy and Kailath, 1981) The system Ex(k 4+ 1) = Apz(k), or the pair
(E,Ap), is said to be
(a) reqular if det(aE — Ag) # 0 for some complex number a;
(b) impulse-free if deg|det(zE — Ag)] = rank(E). i.e., there is no impulsive
motion or dynamical mfinite mode;
(c) asymptotically stable if z(k) — 0 as k — oo for any x(0) € R".

REMARK 1 [t is noted that the system (2) is impulse-free if and only if (zE —
Ag)~Y is proper (Fang, Lee and Chang, 1994), i.e., the order of the numerator
in (2E — Ag)~! is not greater than that of its denominator. It is asymptotically
stable if and only if det |zE — Ag)| > 0 for all |z| > 1 (Fang, Lee and Chang.
1994, Lewis, 1986).

DEFINITION 2 The system (1) is said to be D(a,r)-stable if all roots of the
characteristic equation

det (zE oy iA,-z_”i) =i
i=1

are within the disk D{(a,r) centered at (e, 0) with radius v, |o|+r < 1. A disk
D(a,r) centered at (o, 0) with radius v is shown in Figure 1.

DEFINITION 3 The system (1) is proper if its transfer function matriz M(z) is
proper.
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Figure 1. A disk D(a.r) centered at (a,0) with radius r.

DEFINITION 4 The discrete descriptor system (1) 1s said to be reqular, impulse-
free, and D(a,r)-stable if the transfer matriz M(2) of system (1) is proper and
all roots of the characterisiic equation of system (1) are within the disk D(a, 1)
centered at (v, 0) with radius r, |a| 4+ r < 1.

Before proceeding, several lemmas are given in the following.

LEMMA 1 (Ortega, 1972) For any m x m matrices A, B, and C, if |B| < C,
then

p(AB) < p(|A]-|B]) < p (4] - C).

LEMMA 2 (Hsiao, Pan and Teng, 1999) For any matriz A € R™*™  if p(A) < 1,
then

|det(/ + A)| > 0.

LEMMA 3 (Chen, 1984) Let H(z) be a square rational matriz and be decomposed
uniquely as

H(z) = Hp(z) + Hop(2),

where H,(z) is a polynomial matriz and Hg,(z) is a strictly proper rational
matriz, i.e., the order of the numerator in each element of the matriz is less
than the order of its denominator. Then H™(z) is proper if and only if Hp_l(z)
exists and is proper.

LeEMMA 4 (John, 1967) If f(z) is analytic in a bounded domain D and con-
tinuous in the closure of D, then |f(z)| takes its marimum on the boundary

of D.
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LemMA 5 (Gorecki, Fuksa, Grabowski and Korytowski, 1989) The zero-input
response of the tt'me-defay system

z(k+1)= ZFm(L—z)

s asymptotically stable if and only if
|det [z — F (2)]| > 0, |z| > 1,

where F (2) = Ef'z“‘.

3. Stability criterion
It is obvious that (1) can be rewritten as

d
Br(k+1) = Aoz (k) + Y Agz (k — h;) + Bu(k), (3a)

i=1
y(k) = Cx(k). (3b)

The transfer matrix M(z) of system (1) is

M(z)=C (zE < g Zd: Aiz"“')_lB
=1

d e
S [1 ~(E- 407y Agz_h‘} "B - 40)' B

=C [ -T(2)-E(2)]" ' T(2) B, (4a)
where
T(z) = (zE — Ap)™} (4b)
and
d
Blz) = &z™, (4c)
i=1

If the matrix T'(z) is proper, then T(z) can be expanded as
T () =+ Ty (2), (5)

where ¥ is a constant matrix and Ty, (2) is a strictly proper matrix.
In the following, a delay-dependent criterion is proposed to ensure that the
discrete time-delay descriptor system is proper.
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THEOREM 1 Suppose that the matriz T(z) of the nominal pawr (E, Ag) in (4b)
is proper. Then the discrete multiple time-delay descriptor system (1) is proper

if
p[¥-2(2)] <1 forall |z| > 1, (6)
where U and Z(z) are determined in (5) and (4c), respectively.

Proof. Since the matrix T'(z) is proper, we have

U-T@E@) ={-[¥+Tp()-2(2)}

=[[-¥-Z(z) - Top (2) - E(2)] (7)
in view of (5). By Lemma 2, if (6) holds, then |det[/ - ¥ .-Z(2)]| > 0
for all |z] > 1. Hence [I—W¥.-Z2(z)]"" exists and is proper in view of
Lemma 3. Similarly, by the fact that Ty, (2) Z (2) is strictly proper, we have that
[[ =¥ -Z(z) =Ty (2)- E(2)]7" is proper. Hence, the discrete multiple time-
delay descriptor system (1) is proper in view of (4) and (7). This completes our
proof. O

COROLLARY 1 Suppose that the matriz T(z) in (4b) is proper. Then the discrete
descriptor system (1) is proper if

pl¥ (e <1,  0€(0, 2q], (8)
where ¥ and = (e~3%) are determined in (5) and (4fc). respectively.
Proof. Let z = #~1. Then (6) is equivalent to

p[¥-2(n7Y)] <1, In| < 1.

Since Z(n~') is analytic in the bounded region || < 1 and continuous in the
closed bounded region D = {7 | || < 1}, p[¥-E(n~1)] is analytic and continuous
in D. Consequently, ]p[W-E(?}“l)H, or equivalently p[¥ - Z(n~1)], takes its
maximum on the boundary of n <1 by Lemma 4. Hence, from Theorem 1, the
discrete multiple time-delay descriptor system (1) is proper if (8) holds. This
completes our proof. |

THEOREM 2 Suppose the nominal pair (E, Ag) is D(a,r)-stable with |a|+r < 1
and |a| < r. Then the discrete descriptor system (1) is D(c, r)-stable if

p[T (a+re™) E(a+re™)] <1, 6 el0, 2x]. (9)

Proof. From Remark 1 and Definition 2, if the nominal pair (E, Ag) is D(a, 7)-
stable, then we have

det (2 — Ag) | = |det T~ (2)| >0, |z—a| > (10)
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Moreover, according to (4), we obtain

det (25 — 4o - Zd: Az | = |det [T (2) - Z(2)]|
i=1

= |[det T~ (z)| - |det [I — T'(z) - E(2)]|. (11)

Hence, if the nominal pair (¥, Ap) is D(a, r)-stable, then the discrete descriptor
system (1) is D(ev, 7)-stable if

[det (I — T (2)-Z(2)]] >0, lz—al>7 (12)

in view of (4), (10), (11), and Definition 2. Let # = (z — a) /7, i.e., z = a +1f3.
Then (12) can be rewritten as

|det[I — T (a+7B)-E(a+rp)]| >0, 8] > 1. (13) .
As a result of (12), and Lemma 2, if
p[T(a+rB)-E(atrpf) <1, |6l 21,

then (13) holds and hence the system (1) is D(a,r)-stable. Let § = 3=, Then
(13) can be rewritten as

|det [I =T (a+ré"') - E(a+rs™)]| >0, |5 <1 (14)

It is clear that T (a +ré~') is analytic in a bounded region |§| < 1 in view
of (10). Moreover, the multiple roots of Z(a+r6') are at § = —r/a,
r > |a|. Hence, Z(a+7671) is also analytic in |§] < 1. Consequently,
p[T (@ +r61) - E(a+rs~1)] is analytic in [§] < 1, continuous in the clo-
sure of [§| < 1. Hence |p[T (a+767")-E(a+r57*)]|, or equivalently
p[T (a+7rs~1) E(a+rs )], takes its maximum on the boundary of |§] < 1
by Lemma 4. Therefore, according to Lemma 2 and Lemma 4, if (9) holds, then
(14) and hence (13) hold. Consequently, the discrete descriptor system (1) is
D(e, r)-stable. This completes our proof. |

COROLLARY 2 Suppose the nominal pair (E,Aq) 1s asymplotically stable.
Then the discrete descriptor system (1) is asymptotically stable if p[T(e=7%) -
E(e™)] < 1, 0 € [0,2n).

Proof. This result follows immediately from Theorem 2 by setting o = 0 and
=l |

REMARK 2 Suppose the nominal pair (E,Ag) 1s regular, impulse-free, and
D(a,r)-stable with || < r. Then the discrete descriptor system (1) is regu-
lar, impulse-free, and D(a,r)-stable with |a| < r if

max {p[T(a +re7 %) . E(a + re~?)), p[¥ - E(e‘je)]} <1, 6 € [0,2n],

i view of Remark 1, Corollary 1, and Theorem 2.
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4. Numerical Example

Consider the discrete descriptor system (1) with

100 0.54 0.05 0
E=[0 1 0], A=[0 05 0,
00 0] {-1 0 1]
01 0 0 0
A=[02 01 o0, B=|[-1],
[1.5 =12 01 1

C=[1 0 1], hg=0, h=1.
From (5), T'(z) can be decomposed as

T(z) = ¥ + Tep(2), (15)

00 0
where ¥ = [0 0 0 |, and
0 0 -1

, [-05 005 0
Top(z)=(2-1.0424027) - 0 2-054 0f.
z—05 005 0

Moreover, according to (4c), we have

0.1z71 0 0
E(z2)=4A127 1= |02z 0171 o0 |. (16)
1.5271 —-1.2271 0.12°1
Since
U.Z ()] =0.1< 1, 17
S v =hs oA

the discrete descriptor system (1) is proper in view of Corollary 1. In what
follows, the D(«, r)- stability problem with e = 0.3 and r = 0.5 is investigated
according to Theorem 2. Since

,max p [T (a+re??)-Z(a+re??)] =0.7656 < 1, (18)

the discrete descriptor system (1) is D(0.3,0.5)-stable in view of Theorem 2. In
order to verify our result, the poles of discrete descriptor system (1) are found
as

{—0.1. 0.7182, 0.2294 & 7 - 0.2215, —0.1369} .
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Hence, the distances between the poles and (0.3,0) are given by
{0.4, 0.4182, 0.2325, 0.2325, 0.4369} .

It is obvious that all poles of system (1) are within the disk D(0.3,0.5). Thus, the
inequality (18) guarantees the D(0.3, 0.5)-stability of discrete descriptor system
(1). Furthermore, according to (17) and (18), the discrete descriptor system
(1) is regular, impulse-free, and D(0.3,0.5)-stable in view of Remark 2. The
impulse response of discrete descriptor system (1) is shown in Figure 2.

Impulse Response

Amplitude

Time (samples)

Figure 2. The impulse response of discrete descriptor system in example.

5. Conclusions

The impulse-free and D-stability problem of discrete descriptor systems with
multiple time delays has been investigated in this paper. It is obvious that the
systems considered in this paper are much more general than those examined in
recent researches. We have proposed a delay-dependent criterion to guarantee
that the discrete descriptor system is proper. A delay-dependent stability crite-
rion has also been presented to ensure the D-stability of the discrete descriptor
system. Moreover, a stability criterion deduced from the D-stability criterion
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has been proposed to guarantee the asymptotic stability of the discrete descrip-
tor system. Finally, a delay-dependent criterion has been presented to gunarantee
that the system is regular, impulse-free, and D-stable.

Acknowledgement

The authors are grateful to the anonymous referees for their valunable comments
and words of encouragement. Their comments help us make this paper in a
more clear setting.

References

Lin, C., WaNg, J.L., Yang, G.H. and Lam, J. (2000) Robust Stabiliza-
tion via State Feedback for Descriptor Systems with Uncertainties in the
Derivative Matrix. Int. .J. Control, 73, 407-415.

CHou, J.H., CHEN, S.H. and ZHENG, L.A. (1999) Stability Robustness of
Discrete-Time Singular Systems with Structured Parameter Perturba-
tions. ASME J. Dynamic Systems, Measurement, and Control, 121, 547-
549.

Hsiao, F.H., Pan, S.T. and Teng, C.C. (1999) An Efficient Algorithm for
Finding the D-Stability Bound of Discrete Singularly Perturbed Systems
with Multiple Time Delays. Int. J. Control, 72, 1-17.

Lien, C.H., HsieH, J.G. and Sun, Y.J. (1998) Robust Stabilization for a
Class of Uncertain Systems with Multiple Time Delays via Linear Control.
J. Math. Anal. Appl., 218, 369-378.

PHOOJARUENCHANACHAI, S., UAHCHINKUL, K. and PREMPRANEERACH,
Y.(1998) Robust Stabilisation of a State Delayed System. [EE Proc.-
Control Theory Appl., 145, 87-91.

Sun, Y.J. and Hsien, J.G. (1998) Robust Stabilization for a Class of Un-
certain Nonlinear Systems with Time-Varying Delay: Razumikhin-Type
Approach. J. Optim. Theory Appl., 98, 161-173.

TORNAMBE, A. (1996) Simple Procedure for the Stabilization of a Class of Un-
controllable Generalized Systems. IEEE Trans. Automatic Control, AC-
41, 603-607.

TARBOURIECH, S and CASTELAN, E.B. (1995) Eigenstructure Assignment Ap-
proach for Constrained Linear Continuous-Time Singular System. Systems
& Control Letters, 24, 333--343.

Fang, C.H., LEE, L. and CHANG, F.R. (1994) Robust Control Analysis and
Design for Discrete-Time Singular Systems. Automatica, 30, 1741-1750.

Su, T.J. and SHYR, W.J. (1994) Robust D-stability for Linear Uncertain
Discrete Time-delay Systems. IEEE Trans. Automatic Control, 39, 425~
428,



D-stability for a class of discrete descriptor systems with multiple time delays 89

Yu, T.J. AND MULLER, P.C. (1994) Design of Controllers for Linear Mechan-
ical Descriptor Systems. ASME J. Dynamic Systems, Measurement, and
Control, 116, 628-634.

Leg, C.H., L1, T.H.S. anp Kung, F.C. (1992) D-Stability Analysis for Dis-
crete Systems with a Time Delay. Systems & Control Letters, 19, 213-219.

Qiu, L. aND Davison, E.J. (1992) The Stability Robustness of Generalized
Eigenvalues. IEEE Trans. Automatic Control, AC-37, 886-891.

Cuou, J.H. (1991) Pole-Assignment Robustness in a Specific Disk. Systems &
Control Letters, 16, 41-44.

RacHID, A. (1990) Robustness of Pole Assignment in a Specific Region for
Perturbed Systems. Int. J. Systems Science, 21, 579-585.

Dar, L. (1989) Singular Control Systems. Springer-Verlag, Berlin.

Goreckl, H., Fuksa, S., GRaABOWSKI, P. and KORYTOWSKI (1989) Analysis
and Synthesis of Time-Delay Systems. Wiley, New York.

Vicivo, A. (1989) Robustness of Pole Location in Perturbed Systems. Auto-
matica, 25, 109-113.

Lee, S.H. and Lee, T.T. (1987) Optimal Pole Assignment for a Discrete
Linear Regulator with Constant Disturbances. Ini. J. Control, 45, 161
168.

Lewis, F.L. (1986) A Survey of Linear Singular Systems. J. Circuits, Systems
and Signal Processing, 5, 3-36.

CHEN, C.T. (1984) Linear System Theory and Design. Holt, Rinehart and
Winston, New York.

VERGHESE, G.C., LEvy, B.C. and KAILATH, T. (1981) A Generalized State-
Space for Singular Systems. IEEE Trans. Automatic Control, AC-26, 811~
831.

ORTEGA, J.M. (1972) Numerical Analysis. Academic Press, New York.

Joun, W.D. (1967) Applied Complex Variables. Macmillan, New York.






