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Abstract: The paper examines a model of general elections with 
electorate composed of infinitely many voters classified into a finite 
number of types. We focus on the case of elections among two can
didates, we give a full characterization of equilibria in such models 
and we classify equilibria with respect to their stability. 
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1. Introduction 

In the present paper we examine a model of general elections with electorate 
composed of infinitely many voters classified into a finite number of types. We 
focus on the case of elections among two candidates, which takes place for exam
ple in the second round of presidential elections in Poland. We can equivalently 
consider referenda where two options are presented to a society and citizens 
are to choose one of them. Consideration of two options or two candidates al
lows to omit problems connected with various concepts of solutions in voting 
games (see e.g. Nurmi, 1995). We focus on the notion of equilibrium, give a full 
characterization of equilibria in such models and classify equilibria with respect 
to their stability. We do not consider here the problems concerning behaviour 
of candidates, like the choice of their position in the issue or policy space over 
which they compete (see e.g. Brams, 1978, Kramer, 1978, McKelvey, Ordeshook, 
Ungar, 1980, Owen, Shapley, 1989). The former is obvious if we model a refer
endum while when describing presidential elections it is rather assumed that all 
candidates have already chosen their policies and each voter shall vote for the 
most favourable candidate. 

Some concepts in this paper are related to those in Myerson, Weber (1993) , 
but the models are essentially different - we assume that individual preferences 
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depend not only on the final result of the elect ions but also on the voter's 
individual choice and we consider infinitely many voters, therefore no individual 
has influence on the outcome of the elections. There arises, threrefore, the 
question why, in this case, the voters do participate in elections at all? Yet, this 
question is not specific for our model, but it applies to real elections as well. 
The question is known and has been extensively discussed in the literature, see 
e.g. Schuessler (2000). 

Problems related to those considered in the present paper have also been 
studied by Gambarelli (1999), Holubiec (1999), Mercik (1999). 

2. Description of the model 

We deal with the model of general elections (such as referendum or presidential 
elections) in which the electorate has to choose, by voting, one of a fixed num
ber of options, possibly one of them being abstention. Formally, the electorate 
is choosing an element of the set K = {1, ... , k} or K = {0, 1, ... , K} if ab
stention, denoted by 0, is allowed and taken into consideration. The electorate 
generates a distribution (P1 , . . . ,Pk) or (P0 ,P1 , ... ,Pk) on K and the winner 
is the unique element of { 1, ... , k} with the largest corresponding Pj; if there 
is no such unique element, we say that the elections end up with a draw and 
we denote this result by D, so the set of all a outcomes is 0 = { D , 1, ... , k}. 
Since the electorate may generate any distribution, we must see it as infinite; 
this point of view is very convenient and not leading to co tradiction. As usual, 
members of the electorate should have some preferences (formally, preference
indifference relations, in this paper assumed to be pre-ordering relations), which 
do not apply only to the results of the elections but also to their individual be
haviour , so that each mem er of the electorate has a pre-ordering relation on 
the set being the product of the set of all options and the set of all outcomes, i.e. 
on K x CJ. Obviously, this set has k(k + 1) or (k + 1) 2 elements, depending on 
whether the abstention is permitted or not . The number of possible pre-ordering 
relations is then very large; even for k = 2 there are 4683 pre-ordering relations 
in the case without abstention and 7087261 relations in the case with abstention 
allowed (this is counted by a recursive formula, saying that [m, l], the number 
of preference relations on an m-element set having l equivalence classes is equal 
to l[m- 1, l] + l[m- 1, l- 1]; here we are interested in eventually calculating 
l::~=l [6 , l] in the case without abstention and L:i=l [9, l] in the case with ab
stention). Most of these relations are strange and contradictory in the common 
sense, so even if dealing with all preference-indifference relations present among 
the electorate were technically possible, the results obtained would be hardly 
readable. Therefore, in the present paper we assume that only few "reason
able" preference-indifference relations are represented in t he electorate. Hence, 
the whole electorate is divided into n populations, differing in their preferences; 
the size of the i-th population (i = 1, ... , n), having a preference-indifference 
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relation and by "'i the indifference relation, both generated by tJ. So the i-th 
population generates in the course of elections a distribution pi on K. Formally, 
pi is an element of the standard simplex of dimension k or k- 1, depending on 
the case (this simplex is denoted by ~ IKI)· Consequently, a sequence of dis
tributions of the decisions of all respective types, p = (p1 , . .. ,pn), which is a 
sequence of n elements of ~IKI, generates a distribution of votes in the whole 
electorate. For the j-th option to be chosen (j = 1, ... , k if the abstention 
is not allowed and j = 0, 1, ... , k if the abstention is allowed), we have then 
Pj = Q- 1 

· 2::7=1 qip;, where Q denotes 2::7=1 qi. We say that the j-th option is 
winning at the elections if Pj > P1 for all l = 1, . .. , k, l :f. j. If there exist at 
least two different options j and j' such that Pj = Pi' = max1=1, ... ,k P1 then the 
elections end up with a draw. Observe that each sequence of distributions of the 
voters' decisions p uniquely determines the outcome of the elections, denoted by 
Xp E CJ. We say that the sequence of distributions pis at equilibrium whenever, 
for i = 1, ... , n and j E { m E K I p~ > 0} the following condition 

holds for alll E K, which informally means that no voters could improve their 
satisfaction by changing their individual decision on how to vote. 

In the remainder of the paper we focus on the case where IKI = 2, i.e . 
there are two options (in the sequel called candidates) and the abstention is not 
allowed. We present full classification of equilibria in the case of some specific 
types of voters present in the electorate and we consider also the characterization 
of equilibria with respect to their stability. 

3. Equilibria in the case of voting for one of two candidates 

Consider the case of voting for one of two candidates, who are denoted here by 
A and B for convenience. Each voter has to decide which candidate to vote for; 
abstention is not allowed. Therefore the set K has the form K = {A, B}. The 
set of outcomes is then CJ = {D,A,B}, where D denotes draw, A denotes that 
A is the winner of elections and B denotes that B is the winner. A draw is not 
possible in practice (note that we deal with an infinite set of voters), but we still 
take it into consideration, since in the analysis of equilibrium we find out that 
there exists an equilibrium at which the elections end up with a draw. In this 
setting there are six pairs consisting of an individual decision and an outcome 
of the elections. We enumerate them in the following way: 

1. vote for A & A wins; 
2. vote for A & a draw; 
3. vote for A & B wins; 
4. vote for B & A wins; 

(3.1) 

5. vote forB & a draw; 
~ u n +o. f n ...- R .P ... 0 ........ ; ...... , 
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We restrict ourselves to the analysis of a situation, where there are only eight 
different types of voters. It seems that these types are similar to the profiles of 
preferences existing in any real electorate. All preference relations considered 
here are strict preferences. Voters of the first four types are the supporters of A, 
while voters of the last four types are the supporters of B. Differences between 
them concern their preferences in some specific situations. The following tables 
represent the preferences of voters of all types, for each type in order from the 
most preferred decision-outcome pair down to t he least preferred one. 

SUPPORTERS OF THE CANDIDATE A 
Nonconformist P ragmatist Moderate Opportunist 

opportunist 
TYPE 1 TYPE 2 TYPE 3 TYPE 4 

1 1 1 1 
2 4 2 6 
3 2 6 2 
4 5 5 5 
5 3 3 3 
6 6 4 4 

Table 3.l.a 

SUPPORT ERS OF THE CANDIDATE B 
Nonconformist Pragmatist Moderate Opportunist 

opportunist 
TYPE 5 TYPE 6 TYPE 7 TYPE 8 

6 6 6 6 
5 3 5 1 
4 5 1 5 
3 2 2 2 
2 4 4 4 
1 1 3 3 

Table 3.l.b 

Supporters of A prefer the pair 1, that is voting for the candidate A and 
his winning, to all remaining pairs. Similarly, supporters of B prefer the pair 
6 to all others. They differ in their preferences concerning other possibilities. 
For example, a pragmatist prefers to vote for the opponent (opposing party) 
if it is related to the victory of his favourite, nonconformist always votes for 
his candidate and opportunist prefers to be on the winning side (with the top 
dog), although he prefers the victory of his candidate. Assume that the numbers 
q1, ... , q8 , qi ~ 0, fori= 1, . . . , 8, describe the size of the population of voters 
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respective types of voters in the electorate, in this case we have l::~=l qi = 1. 
Let p = (p1, ... , p8) be a sequence of distributions of decisions of the voters 
of all types, i.e. pi = (p~,ph), p~ +Ph = 1, p~, Ph ~ 0 for i = 1, ... , 8. 
Denote by PA the fraction of voices won by the candidate A, which is the 

b P Q-l "'8 i d . '1 1 p Q-l "'8 i h num er A = · L.,i=l qip A an , s1m1 ar y, B = · L.,i=l qip 8 , w ere 
Q = l::~=l qi. Therefore, one of the following cases may be the result of the 
elections: 

(A) PA > PB, i.e. candidate A wins the elections; 
(B) PA < PB, i.e. candidate B wins the elections; 
(D) PA = PB, i.e. a draw occurs. 

(3.2) 

The definition of equilibrium reduces in this model to the following conditions: 
for i = 1, ... , 8 we have 

and 

p~ = 0 or (A, xp) ti (B, xp)· 

Notice that pairs (A,xp) and (B,xp) denote one of the pairs 1, ... ,6 given 
in (3 .1) (e.g. (A, A) is the pair number 1, (A, D) is 2, (B, B) is 6 etc.). 

In order to find equilibria we need to check what are decisions of the voters of 
type i (i = 1, ... , 8), voting for A orB, in the cases (A), (B), (D), respectively. 
Consider the case (A) . If A wins, then voters of the first four types, voting for A 
stick to their choice, while those, who voted for B would change their decision, 
since (A, A) is the most preferred pair for them. It follows that the distribution 
of decisions of these types of voters in this case is P1 = p~ = p~ = p~ = 1. 
Voters of the type fifth and sixth voting for A would change their decision, while 
those voting for B stick to their choice, since the pair 1 is the least preferred by 
them. And finally voters of the type 7 and 8 voting for A would not change their 
decision, while those voting for B should change it, because the pair number 1 
is better for them that the pair number 4. The distribution of decisions of the 
remaining types of voters will be given by following: p~ = P*1 = p~ = p~ = 
1. If we consider the remaining cases in the same way, we get the following 
proposition: 

PROPOSITION 1 A sequence of distributions p is at equilibrium if and only if 
the three conditions are satisfied: 
Case (A) occurs at the distribution P1 = p~ = p~ = p~ = p~ = P*1 = p~ = 
P8 - 1 · 
A- ' 

Case (B) occurs at the distribution P1 = p~ = P1 = p~ = p~ = P*1 = P1 = 
p~ = 1; 
Case (D) occurs at the distribution P1 = p~ = p~ = p~ = p~ = P*1 = P1 = 
- 8 - 1 
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After some transformations, using the formulas for PA and PB and (3.2), we 
obtain the following conditions, describing the size of the populations of voters 
in the electorate: 

(A') q1 + q2 + q3 + q4 + q7 + q8 > qs + q6; 

(B') q3 + q4 + qs + q6 + q7 + q8 > q1 + q2; 

(D') q1 + q2 + Q3 + Q4 = qs + Q6 + q7 + Q8· 

If the voters of the first and second type (or the voters of the fifth and sixth 
type) jointly constitute not less than half of the electorate (i. e. q1 + q2 2: 
~ 2:~= 1 qi or Qs + q6 2: ~ 2:~= 1 Qi), then there exist at most two different equi
libria; if one of the inequalities is strict, then there exists only one equilib-
. 0 h . . . c 1 ~8 d 1 ~8 h num. t erw1se, I.e. 10r Q1 + Q2 < 2 L...i=1 Qi an qs + Q6 < 2 L...i=1 qi, t ere 

may occur one of two or t hree equilibria (for example, assuming that Qi de
scribe the distribution of the voters of respective types in the electorate, for 
Q1 = Q2 = Q4 = Qs = q6 = q7 = ~, q3 = Q8 = 1

2
0 all the conditions (A'), 

(B') and (D') hold, while for Q1 = 24 , Q2 = 2
8
4 , q3 = Q6 = Q8 = {4 , q4 = 2

3
4 , 

qs = q7 = f4 only the condition (A') holds). 

SUPPORTERS OF THE CANDIDATE A 
TYPE I TYPE II 

Nonconformist/ (Moderate) opportunist 
Pragmatist 

1>-J2>-J5>- [6 1>-II2>- II5>-II 3>- II4 
1>-J4>-J5 1>- II6>- II5 
2>-J3>-16 

(4>-J2) or (3>-J4) 
(3>- I4) or (5>- J3) 

Table 3.2a 

SUPPORTERS OF THE CANDIDATE B 
TYPE III TYPE IV 

N onconforrnist/ (Moderate) opportunist 
Pragmat ist 

6>- II 15>- II 12>- II I 1 6>- Iv5>- Iv2>-Iv4>- Iv3 
6>- II !3 >- II !2 6>- Iv 1>-Iv2 
5>-ni4>-ni 1 

(3>-III5) or (4>-JII3) 
(4>-Jn3) or (2>- Ju4) 
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An analysis of the results presented above leads to the conclusion that the 
strategic consequences of the behaviour of voters of different types (e.g. type 1 
and 2, or type 3 and 4) are identical, which suggest a possibility and usefulness of 
an aggregation of types. After this operation we obtain four new types of voters, 
arising from the aggregation of the former types 1 and 2, types 3 and 4, types 
5 and 6, and types 7 and 8. Indeed, the behaviour of voters of new aggregate 
types is the same in each of the possible states of equilibrium. Therefore, we 
consider a new classification of voters into the types I, II, I II and IV. Their 
preferences are assumed to exclude indifference between different options and 
fulfill the conditions listed in the tables below. 

Although the preferences of voters of each new type are not determined 
uniquely in this case (hence these are not exactly the types of voters in the 
meaning described in the previous section), this inaccuracy is not significant , 
since the behaviour of all voters of each new "type" at any equilibrium is the 
same. It is easy to check that the conditions for the preferences of the type I hold 
only for the voters of the previous types 1 and 2. Similarly, type II corresponds 
to the previous types 3 and 4, type I I I corresponds to the types 5 and 6 and 
finally, type IV corresponds to the types 7 and 8. Denote by qi , qi I , qi I 1 , 

q IV the sizes of populations of respective types and by p = (pi, pii, pii I, piV) 
the sequence of distributions of decisions of voters. Hence; we have PA = 
Q- 1 "'IV i d p Q-l "'IV i h Q "'JV Th It · L...i=I q;p A an B = · L...i=I q;p 8 , w ere = L...i=I q;. e resu 
of the elections is then given also by (3.2). As before, we have the following 
proposition concerning equilibria of t his case: 

PROPOSITION 2 A sequence of distributions p is at equilibrium if and only if 
the three conditions hold: 
Case (A) occurs at the distribution p~ = p~I = plj I = p~v = 1; 
Case (B) occurs at the distribution p~ = plj = pfji = P1v = 1; 
Case (D) occurs at the distribution p~ = plj = plj1 = P1v = 1. 

We obtain the following conditions for the sizes of the populations of voters 
of different types (in the same way as before): 

(A') q1 + qu + qiv > qni; 
(B') qu +qui+ qiv > qi; 
(D') qi + qu = qni + qiV· 

The conclusions are that if the supporters of A of the type I or the supporters 
of B of the type I I I constitute not less than a half of the whole electorate, then 
there exist at most two different equilibria; if the voters of the type I or the 
voters of the type I I I constitute a majority of the electorate then t here exists 
only one equilibrium. Otherwise, one of two or even three different equilibria 
may be obtained. The new classification is more economic from the strategic 
analysis point of view, and it preserves all the results obtained in the previous 



170 M . EKES 

4 . Classification of equilibria 

One can observe that equilibria occurring for conditions (A) or (B) are essen
tially different from equilibrium occurring at the condition (D) (see 3.2). If an 
equilibrium distribution is slightly perturbed, because of the voters' inciden
tal mistakes, then in both cases (A) and (B) the outcome of the elections will 
remain unchanged, if the perturbation is small enough. In the last case (D), 
an arbitrarily small perturbation of the equilibrium distribution may cause a 
change in the elections' outcome. We define the notion of a stable sequence of 
distributions. 

Definit ion. We say that a sequence of distributions p E (D..k)n is stable 
if there exists e > 0 such that for any sequence of distributions p E (D..k)n 
fulfilling the inequality IIi>- PII < e, the elections 's outcome remains unchanged 
~1·11 denotes the Euclidean norm). 

Consider the equilibrium p = (p1 ,pii,pii1 , p1v) occurring at (A); in this 
case we have: p~ = plj = pif 1 = p~v = 1. Assume that the distribution of 
decisions of the voters of type I changes in the following way: p~ = 1 - e, 
p~ =e. Then we have: 

- 1 PA = Q- · (qi(1- e)+ QII + qiv), 
- 1 PB=Q- ·(quJ+eqJ). 

Since pis at equilibrium at (A), the following inequality holds: 

q1 + qu + q1v > QII I · ( 4.1) 

Should the outcome of the elections remain unchanged, there must be P A > PB , 
that is 

qr(1- e)+ qii + q1v > qni + eQJ. 

We transform the last inequality to the following one: 

q1 + qu + q1v > QIII + 2eqJ. (4.2) 

Since the condition ( 4.1) holds, fore < ~ ( q1) - 1 
( q1 + qii + q1v - qii 1) the condi

tion (4.2) also holds. We obtain the same conclusion in case (B). If we deal with 
the case (D), each perturbation at equilibrium may cause a change of the elec
tions ' outcome. For example, assume that p~ = plj = pifi = p~v = 1, which 
means that pis at equilibrium in case (D), and consider a new distribution, the 
same as before, that is p~ = 1- e, p~ =e. We have 

QI + qii = qiii + qiV · 

At the new distribution we have 

PA = Q- 1 
· (qi(1- e)+ qu) 
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Therefore, PB > PA (since PA < PA, PB > PB and PA = PB), that is- the 
outcome is not a draw in this case. This change does not depend on how small 
c: is and it occurs for any c: > 0. 

Basing on these considerations we conclude that equilibria occurring at (A) 
and (B) are stable, while the equilibrium at (D) is not stable. This result 
means that although there exist an equilibrium resulting in a draw, it is not 
stable and it is rather not possible that it occurs in reality, since an arbitrary 
small perturbation of voters' decisions can alter the elections' outcome. Hence, 
in reality we may expect that there occur equilibria of the cases (A) or (B). 

5. Concluding remarks 

The model described in this paper can be extended in many ways. Some pos
sibilities of extending the model are: to permit the abstention from voting, to 
enlarge the set of candidates, to take into consideration more types of voters 
and to replace strict preferences by preference-indifference relations. 

An example of some extension is to introduce two additional types of voters, 
existing in reality, denoted by V and VI (see tables 3.2a,b ). Voters of these 
types are moderately interested in the outcome of the elections. The type V is 
characterized by the relation 

1 "'V 6 >-v 2 "'V 5 >-v 3 "'V 4, 

and the type VI - by the relation 

1 "'VI 2 "'VI 3 "'VI 4 "'VI 5 "'VI 6. 

Voters of type V do not support any candidate, they only care about the 
outcome to be consistent with their choice. Voters of type VI do not care 
at all about the candidates and the outcome of elections, they are completely 
indifferent to any aspect of elections. In this case the conditions describing the 
sizes of populations of respective types of voters for different outcomes are 

(A") qi + qu + qiv + qv + qviP~I >qui+ qviP~I; 
(B") qu +qui+ qiv + qv + qviP~I > qi + qviP~I; 
(D") qi + qu + qvp~ + qviP~I =qui+ qiv + qvp~ + qviP~I. 

Since voters of the new types are indifferent to some pairs: individual 
decision-elections' outcome, they do not undertake the same decisions within 
respective types (as it was in the case of strict preferences). This is the reason 
why we do not have here unique conditions for the sizes of populations of re
spective types of voters, not depending on the distributions of voters' decisions. 

Inclusion of abstention in the model must influence the definition of the 
outcome of elections, e.g. by making the outcome of the elections dependent 
_ __ ... L _ _ _______ L _ __ _ _ r _ 1 1 
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assume that if the number P0 , denoting the fraction of the voters in the whole 
electorate who decide to abstain, exceeds a given treshold, then the elections 
will not be decisive (there will be no winner). The outcome, denoted by D and 
called a draw, can also describe this situation. It is easy to notice that the 
results concerning stability of equilibira leading to a draw may be different in 
this set t ing. Obviously, if we allow abstention in the model, we must take it 
into account when defining preferences of the voters. 

This model is related to the modified simple games (see Wieczorek, 1996, 
also Ekes, 1999) , which are games with continuum of players classified into a 
finite number of types. A model of elections can be represented as an auxiliary 
simple game, modified by considering players preference-indifference relations 
instead of their payoff functions. 

There is a possibility in the considered model the bandwagon effect or the 
underdog effect. The first effect occurs if voters become more inclined to vote for 
a given candidate if his standing in preelection polls improves, the second one 
if, conversely, the voters become more inclined to vote for a candidate whose 
standing in polls is becoming worse (see Brams, 1976, Myerson, Weber, 1993). 
Occurrence of these effects depends on the composition of the electorate. For 
example, the first effect may occur if the population of voters of the type I I and 
IV (opportunists; see tables 3.2a,b) is large. In order to examine the underdog 
effect we should consider a new type of voters, who do not support any candidate 
but are more inclined to accept one of them. The analysis of these effects would 
be possible after some modifications of the model, since taking into account the 
results of preelection polls needs applying some dynamics. 
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