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Abstract: In this paper we discuss a two-phase Stefan prob-
lem with convection in a non-cylindrical (time-dependent) domain.
This work is motivated by phase change phenomenon arising in the
Czochralski process of crystal growth. The time-dependence of do-
main is a mathematical description of the situation in which the
material domain changes its shape with time by crystal growth. We
consider the so-called enthalpy formulation for it and give its solv-
ability, assuming that the time-dependence of the material domain is
prescribed and smooth enough in time, and the convective vector is
prescribed, too. Our main idea is to apply the theory of quasi-linear
equations of parabolic type.
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1. Introduction

The Czochralski process is widely used for the production of a column of simple
crystal from the melt. But its theoretical analysis seems still incomplete, though
many interesting phenomena are observed in this process from the mathemati-
cal point of view. Recently, models of the Czochralski process were discussed in
Pawlow (2000) in a more reneral settine and enme cnenial racee Af thaos madal
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In the original model of crystal growth the shape of material (crystal and
melt) is determined by three (unknown) interfaces of solid-liquid, liquid-gas and
solid-gas. But, in this paper, supposing that the material domain is prescribed
we consider the solid-liquid phase transition in the material domain.

We use the following notation: For 0 < T' < +o0 and ¢ € [0, T],

Q(t) : liquid (melt) region, §,(t) : solid (crystal) region,

S(t) : solid-liquid interface,

Qn(t) = Qu(t) U Qs(t) U S(¢) : material domain,

I'(t) := 02m(t) = I'¢(t) U T4(t) : material boundary,

v = v(t,z): 3-dimensional unit vector outward normal to I'(¢) at z € I'(t),

n = n(t,z): 3-dimensional unit vector normal to S(t) at ¢ € S(t) pointing
to (1),

Qi= U!E{U,T) {t} x u(t), i=m,ls, X:= Uge{n,T) {t} x I'(t),

Zi = Ut xTi(t), i=45, S:=U,omn{t}xS).

Note that I'y(t) is the union of the the liquid-gas interface and the liquid
boundary attached to the crucible, and I',(t) is the solid-gas interface.

Next we denote by vy := vg(t,z) and vs := vg(t,z) the normal speed of
I'm(t) at (¢,z) € X, and of S(t) at (t,z) € S, respectively. Then, the 4-
dimensional (with respect to (¢, z)-space) unit vectors # outward normal to X
and i normal to S pointing to the liquid region @ are given by

P et fopecl], i sy
o (losf? + 1)

Srn)'
(losl? +1)3

These notations will be used in the derivation of our weak formulation.

It is easily understood that by the crystal growth the shape of material
domain Q,(t) changes with time and hence a 3-dimensional convective vector
field v := v(¢,z) is caused in @,,. The determination of v is also one of the
important questions in the mathematical modeling of the Czochralski crystal
growth process. It is reasonable to postulate that v is equal to the pulling
velocity v, in the crystal and is a solution of the incompressible Navier-Stokes
(or simply Stokes) equation in the melt (see Crowley, 1983, DiBenedetto and
O’Leary, 1993). Nevertheless, in this paper, we suppose that the convective field
v is prescribed, too, assumed to be sufficiently smooth and satisfying

divv=0 inQm, (1.1)
v-y=wvg onX. (1.2)

Now, from the usual energy balance laws we derive the following system to
determine the temperature field 6 := #(¢,z) and the interface S(t); note that
6(t, z) together with S(t) is a solution of the two-phase Stefan problem (SPC):=
{(1.3)-(1.6)} with prescribed convection v formulated in the non-cylindrical
domain Q,,
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o A
0, =60, =0, (kg n K an) =L(v-n—-uvg) onS, (1.4)
a6; ;
k,’g‘; +noki; =p onk; i=1Is, (15)
8(0,-) = 8y on Q(0), S(0)=So, (1.6)

where 6; ; := 06;/0t, 6; and 0, denote the temperature in the liquid and solid
region, respectively, and the phase change temperature is supposed to be 0 for
simplicity; k¢, ks and L are positive constants which are the heat conductivities
and latent heat, respectively; f is a given heat source on @, p is a boundary
datum prescribed on ¥ and ng is a positive constant; g is the initial temperature
on 9,,(0) and Sy is the initial location of the solid-liquid interface, satisfying
that

fo >0 onQ(0), 6<0 onf(0), =0 onSp. (1.7)

When the material domain does not change in time, the Stefan problem
without convection was skillfully treated by Damlamian (1977) in the time-
dependent subdifferential operator theory and the problem with convection was
discussed in Rodrigues and Yi (1990), Rodrigues (1994), in connection with
models of the continuous casting process of steel. On the other hand, the case
of non-cylindrical domains was treated by Kenmochi and Pawlow (1986) and
only the existence result was there obtained, but the uniqueness question has
been left open. The main difficulty apparently comes from the time-dependence
of the material domain and the analysis is much harder, for instance, in getting
uniform estimates for approximate solutions. Another point of our approach is
the use of properties (1.1) and (1.2) required for the convection vector v. The
main result of this paper says that these properties of convection vector v are
significant especially for our weak variational formulation.

This paper is organized as follows. In Section 2 we derive a weak variational
formulation, which is called the enthalpy formulation, from the system (1.3)-
(1.6). In Sections 3 and 4 we propose regular approximate problems for it and
give various uniform estimates for approximate solutions. In the final section we
discuss the convergence of approximate solutions and construct a weak solution
of our problem as a limit, and the uniqueness is also proved.

2. Weak formulation

The enthalpy u and a function g : R — R are defined as follows:

8+ L if >0, ko if r<0,
u:=¢ [0,L] if8=0, Br):=< 0 fo<r<lL,
6 if <0, ke(r—L) ifr> L.

Then, £ is a non-decreasing Lipschitz continuous function on R, and its Lipschitz

S T s e et el N, AN e e 1 ) P |
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By using the enthalpy function u our problem (SPC) is reformulated as
an initial-boundary value problem for a degenerate parabolic equation in the
non-cylindrical domain @, of the following form

u — ABu) +v-Vu=f in Qm,
(B) { %W 4nof(u)=p onZ,

u(0) =ug on Q,(0),
where ug := 0 + Lxq,(0) with the characteristic function xgq,() of §2¢(0). In
fact, we multiply equations (1.3) by any test function € C?(Q,,) with n = 0 on
2 (T), and then integrate them over Q¢ and Q,, respectively, and add these two
resultants. Then, with the help of the Green-Stokes’ formula and the relations
d%; = (Jvg|? + 1)Y2dl(t)dt, i = ¢, s, utilizing the first condition in (1.4), we
have

Gg_gnd:cdt+/ 05 ndzdt
Q{ 3

=- Bgmdxdt+f Ben(—(ii)")dS +f
s )

On(P) dSe [ 6on(0)dz
Qe

¢ 2,(0)

— | O,medzdt + / f,n(i)tdS + / Bsn(7)tdS, — / Bon(0)dz
Q. s £, Q,(0)

= —~/ umd:cdt—/ uon(0)dz
Qm 2m (0)

4 / Dmdzdts | Enlt)de~ / BenusdTe(t)dt — / GimsdD, (6)d,
Qe 2(0) I, z,

where () and (i) denote the time-axis component of vectors Z and 1i, respec-
tively. Next, by (1.4) and (1.5) we have

e kgﬂegndl‘dt—/ ks Abgndxdt
Q!’ QJ

- / VA(u) - Vndzdt + / (noB(u) — p)ndl’(t)dt
Qm z

- /SL(V -n — vg)ndS(t)dt.

Moreover, recalling (1.1) and (1.2), by the first condition in (1.4) and the con-
tinuity of v - n on S(t), we see that

f (v - V6y)ndzdt + / (v - V8,)ndzdt
Qt Qa

= —/ u(v-Vn)d:rdt-{—/ L{V-Vn)dmdt+f Bevsndle(t)dt
m Q! b/

' f O s mdT [\ A+
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Here, with the help of the Green-Stokes’ formula, we see from conditions (1.1)-
(1.2) again and the relation dS = (|vs|? + 1)1/2dS(t)dt that

f Lmda:dt+/ Ln(0)dz +] L(v - Vn)dzdt
Qe Q:(0) ¢

= / L(v - n — vg)ndS(t)dt. (2.1)
s
Summing up these equalities, we obtain that

—/ unpdzdt + Vﬁ(u)-Vndxdt-t—ng[B(u)ndI‘(t)dt
m 5

Qm

—f u(v - Vn)dzdt
Qm

= fndxdt+[pndl‘{t]dt+f uon(0)dz (2.2)
Qm z 2m(0)

for all n € C*(Qm) with n = 0 on ,,(T). As usual, this is regarded as a
variational form of (E).
Now, we define a weak solution of our problem.

DEFINITION 2.1 A functﬁon u 1s called a weak solution of (SPC), if u, f(u) €
L*(Qm) and B(u(t,-)) € HY(Qn(t)) for a.e. t € [0,T) with

T
[ 1800 it <
u(t,*) € LA(Qn(t)) for each t € [0,T), the function

t— / u(t,z)é(z)dz s continuous on [0,T) for all € € L*(R3),
m(t)

and u satisfies the variational identity (2.2).

We suppose that the material domain 2,,(¢) depends smoothly on time ¢
in the sense that there is a transformation y = X(¢,2) := (X1(¢,2), X2(t,2),
X3(t,z)) of C?-class from @, into R?, satisfying that

(*) { X(t,") maps.ﬂm(f) onto Q,,(0) and for all ¢ € [0,7],
X(0,-) = I (identity) on 2,(0).
Now, fix the following notation:
Qo = Qm(0), T :=TY(0), .
Qo :=(0,T) x Qo, Lo:=(0,T) xTo, y=(y1,¥2,93) € o
and denote the inverse of X by z= Y(t y) = (Yl(t ), Ya(t,9), Ya(t,y)).

rvr 3
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THEOREM 2.1 Assume that f € L*(Qm), p € C}(T), uo € L*() and B(uo) €
HY (). Also, assume that v € CY(Qm)® and (1.1), (1.2) are satisfied. Then,
there is one and only one weak solution u of (SPC).

The proof of our theorem is given in the Sections 3 through 5.

As will be understood from our proof given in Section 5, the presence of
the convection term v plays an important role for the uniqueness of weak solu-
tions of Stefan problems formulated in non-cylindrical domains. This is one of
interesting aspects of Theorem 2.1.

3. Regular approximation to (SPC)

In this section, let us consider an approximate problem (SPC)s := {(3.1)-(3.3)}
in the non-cylindrical domain @, with parameter § € (0,1], to (SPC):

Ugt — Aﬂg(ug) +v:-Vus = f5 in Qn, (3.1}
aﬁg( 5) +nofs(us) =ps on X, (3:2)
ua((]) = ugs on §, (3.3)

where 35, fs, ps and ugs are regular approximations of 8, f, p and ug, respec-
tively, as follows:
(1) fBs is a smooth, increasing and Lipschitz continuous function on R such
that

8 < By(r) (: g;ﬁ.s(?‘) <Cp foralreR,

for a positive constant Cp independent of §, and such that
Bs — ,8 uniformly on R as § — 0;
we put fs(r = [y Bs(s)ds as well as B(r) = Js B(s)ds for all r € R.
(2) fsisa smooth function on Q,, such that
fs— f in L*(Qm) as 6§ — 0.
(3) ps is a smooth function on ¥ such that
ps—p in CY(T)as§— 0.
(4) wgs is a smooth function on € such that ugs — ug in L%(Qy), Bs(uos) —
B(ug) in HY(p) as § — 0 and the compatibility condition
M +noPBs(ugs) =ps on Iy, (3.4)

v
holds.

We give first an existence-uniqueness result for the approximate problem
(SPC)s.

LEMMA 3.1 (SPC);s has one and only one solution us such that us and all the
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Proof. Using y = X (t, ) we transform (SPC); to a problem (SPC); :=
{(3.5)—(3.7)} formulated in the cylindrical domain Qg:

3 =
Ugs — Z 9 {a,-j 8[36(?6)} + wy - VB5s(ts) + wo - Viis

ig=1 Jy; 6yj
= fs in Qo, (3.5)
8 —
%ﬂi) + fiofs(@s) = ps on o, (3.6)
VA
15(0) = ugs on §p. (3.7)

Here
17 (tl y) = uﬁg: Y(t, y)): .f_ﬁ(ts y) = fg(t‘Y(t, y))a
fo(t,y) := (ISy (&, 9)II/ Iy (&, )l o,
ps(t,y) = (v (&, 9/ Iy (&, 9)[Dps(t, Y (2, v)),

where Jy (i, -) denotes the Jacobian of z = Y (¢, -) with its determinant ||Jy (t,-)||,

and ||Jy(t,-)|| denotes the ratio between the surface elements dI'(t) and dI'y,
which is determined by the restriction of z = Y (¢,:) on I'p; hence

dz = ||Jy|ldy on Qo, dI'(t)= ijlldl‘a on Ig.
Moreover

Xi
oz,

aij{t! y) =

MJ

(t Y(t,y»%a.m. g, wf=1a8,

-~
1l

1

wi := (w11, W12, w13), W2 := (W21, W2, Wo3) with

o (X 2%, .
myltn)= 3 o (e ea) FEOY G, 52123
3 .

wni(t3) = Y- ot V() (it Y(e) - Y @),
k=1

= 1,2,3,

() _ s~ .00, _ Ivllae)

m = JZ=1 a"aT;,-V’ = ”JY“E on Eo,

where & = (I, 75, 73) is the unit vector outward normal to I'g.

Since X (0,-) = I on Qq, the matrix {a;;(0,y)} is the unit on 0 and hence
{ai;(t,y)} is strictly positive definite on Qg for ¢ € [0, "] with a certain positive
T'(< T). Therefore, (SPC);s is uniformly parabolic quasi-linear equation with
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condition for initial and boundary data is satisfied. Now, apply the general
existence and uniqueness theorem due to Chapter 5, Section 7 of Ladyzhen-
skaya, Solonnikov and Ural’tseva (1968) to (SPC)s. Then we see that (SPC)s
has a unique solution s in the Holder space H2t1+e/2(Q,(T")) for a certain
exponent « € (0,1). It is also easy to check that ug(t z) := us(t, X(t,z)) is a
solution of (SPC)s on Q. (T Ute(o T,){t} x (1), satisfying the required
regularities. If 7V < T, then t.he solution us can be extended beyond time 7"
by repeating the same argument as above with initial time 7”. Finally we can
construct a unique solution ug of (SPC)s on Q,, in the Holder class. [}

Next we prepare two lemmas about uniform estimates of approximate solu-
tions.

LEMMA 3.2 There exists a positive constant My, independent of parameter § €
(0,1], such that

T
sup |us(t +/ us(t))| dt <M
:e[orfi"]l 5 )hﬁm.,.(:)} |Bs (s ( ))|H1(n,..(r)) 1

for all 6 € (0,1]. (3.8)
Proof. We use essentially the conditions (1.1) and (1.2) in order to get the
uniform estimates (3.8). For each ¢ € [0, T}, put Qm(t) := U, (0,6 {7} X U (7).

First, by multiplying (3.1) by fs(us) and integrating the resultant over Q.,(¢),
we gef

/Q - Tﬁa(w)dmd’r —f A35(us ) Bs (us)dzdr

m(t

+ / (v - Vug)Bs(us)dzdr :f fsBs(us)dzdr. (3.9)
Qm(t) Qum(t)

Here, by the Stokes’ formula,

-——-‘B,s(u,s)dzdf*/ Hﬁ‘s(ug)dmd'r
/Q (v Or Qm(®) OT

/ /1"[1') |vz|;uz 1)} dz+/ (t}’é 6(us(t))dz — f Bs (vos)dz

e [ Bousyoedl()dr + [ Pstus(t))de - /ﬁa{uos)dz
0 Ir(r)

m(t)

and by the boundary condition (3.2),
= [ Bs(us)Bs(us)dadr
Qm(t)

t
f ero o M2 0. f f fone v Rl ar N0 XA A
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Moreover, we have, by (1.1) and (1.2)

/ (v - Vus)Bs(us)dedr = / v - Vfs(us)dzdr
Qm(t) Qm(t)

t
e / Bs(us)(v - v)dT(r)dr
0 Jr(r)

- ] Bs(us)vsdD(r)dr.
0 Jr(n)

Now, substituting the above expressions in (3.9), we obtain with the help of
Schwarz’s inequality that for each e > 0

~ : 2
/s.}m(:) Ps(us(t))dz -+~/0 Lm(r) |V Bs(us)|“dxdr

—€ t ug)|2dD(7)dr
&g =) /0 [F  IBstus)ard

1 J 1
< — |f.5|2dxdr+s/ / |Bs (us)|*dzdr + —f |ps|?dD()dr
de Jq,, 0 JQm(r) de Jx

+ [ Bs(uos)dz for all t € [0,T). (3.10)
0

From the definitions of G5 and fs it follows that there exist positive constants
cp, ¢ and cj, independent of parameter 6 € (0, 1], such that

Bs(r) > cplr|> — ¢ and |Bs(r)|> < ch(|r2+1) forallr e R. (3.11)

Therefore, by choosing € > 0 small enough in (3.10) and using Gronwall’s in-
equality we obtain a uniform estimate of the form (3.8) for a positive constant
M, independent of é € (0, 1]. [ |

LEMMA 3.3 There exzists a positive constant Ms, independent of § € (0,1], such
that

/ B (us)|Vus|*dzdt < My  for all § € (0,1]. (3.12)
Qm

Proof. Just as in the proof of Lemma 3.2, by multiplying (3.1) by us and inte-
grating over Q,,, and noting that (v - Vus)us = 1/2(div(u2v)), we get

/ 1£|u5|2da¢dt+ / VBs(us) - Vusdzdt
Qm Qat Qm

T
i f f ?g_‘i_(u_‘").werlr‘(f\df——_ f lrnuru.%umm. [ i
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Now, By using (1.2), (3.8) and Young's inequality,

%/m(r} |ua(T)|2d:r+f B4 (us)|Vus|dedt

S—"‘// f/ |us|*(v - v)dD(t)d
r(t) lvzl2 + 1 I(t)

$ fo ] (Pa—ﬂaﬂa(ﬂs))ﬂadr(i)dt'f% /Q oot

1
45 / " PERY / luos?dz

// |ps|2dD(t)dt + =2 /f |Bs (us)|2dL(t)dt
r(t) r'(t)

+ff ws|2dT(8)dt + = |52 +(—+—)M.
A I‘(s]|6| (t) 2ff6|z,2(q,,,} 2773 1

By (3.11) again we have
e & 2 c}ﬂ
lus(t,z)|* < ;:—|,65(u.s(t,x))| -+ = for all (t,z) € Qm,
B B

so that there exists a positive constant Mj, independent of § € (0, 1], such that

]Q Bl (us)| Vg 2ddt

T
1 1
< Mé/{) |ﬁ5(u5(t))|§;1(9m(t))dt + §|P5|i=(2) ez “2‘|féii2(qm) + My M.

This, together with (3.8) gives a uniform estimate of the form (3.12) for a
constant My, which is independent of § € (0, 1]. [}

4. Estimates of regular approximate solutions

In this section we prove some uniform estimates of the time derivative of 3s(us)
and the H'-norm of Bs (us). These estimates seem to be more complicated in
the non-cylindrical case than in the cylindrical one.

LEMMA 4.1 There exists a positive constant M3, independent of parameter 6 €
(0,1), such that

).

2

dzdt + sup |Bs(us(t)[3 (. < Ms (4.1)
te(0,T)

gt-ﬁa(us)
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Proof. For each § € (0,1] and t € (0,7] we consider the time-dependent convex
functional ®5(t,-) on L?(p) defined by

9z 32:
E Z/ ai(t)— au; 3%

11—1

+%/ fig(t)z dI‘a-/ p5(t)zdly if z € H(Qy),
Y I’
Y e if z € L%(Qo) \ H'(Q).

B4(t,2) :=

Then, it is easy to see that ®4(t, -) is proper and lower semi-continuous on L2(£2g)
and P4(-,z) is Lipschitz continuous on [0,7] for each z € H(Qp); actually, it
holds that

2 84(t,2) < Ko(Kh + a(t,2)

for a.e. t € [0,7] and all z € H'(Qp), (4.2)

where Ky and K are positive constants determined only by the Lipschitz con-
stants of a;j, 7o and Ps; they can be chosen so as to be independent of §,
too. It is derived from this property in the same way as Lemma 1.2.5 in Ken-
mochi (1981) (or Lemma 2.3 in Kenmochi and Pawlow, 1986), namely that if
v € WY2(0,T; L*(0)), 9%5(-,v()) € L*(0,T;L*(€)) and v(0,-) € H'(),
then ®5(-,v(-)) is absolutely continuous on [0, T] and

%‘Ps(t. v(t)) = (ve(t), 0%s(t, v(t))) L2 (0) < Ko(Kg + s(t,v(2)),  (4.3)

for a.e. t € [0,T], where d®5(t, ) is the subdifferential of ®5(¢,-). In fact, for
each s,t € [0,T] with s < ¢ by the definition of the subdifferential and (4.2) we
get

i{@"(t’ v(t)) — ®s(s,v(s))}

v(t)

< (a«mu, u(t)), —i(i)) . - E%s- f t Ko(Kp + @s(T,v(s)))dr,

t—s

where (-,-)2(q,) stands for the standard inner product in L*(€). For a.e.
t € [0,T] at which ®4(-,v) and v are differentiable, we have (4.3) by letting
s /* t. Moreover, 3®4(t,v(t)) is characterized by

(3‘I’a(t v(t)), w)r2(0,)

=2 [ 002y [ sttt [ st

i,j=1 ayJ

for all w € H'(Qp) and hence 8®5(t, v(t)) i ?‘J-=1 9/0y;{a:;(t)(0v(t)/0y:)}
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wy - VBs(iis) + wo - Viig — f5 (cf. (3.5)), it follows from (4.3) by taking (s (is)
as v that

Ol Beas(r)) + [ BiCaa(r)ss )Py
< Ko(Kb + @s(r, Bs @s())) f (w1 (r) - V() - Bo s () dy
- f {walr) - Vas(r)} i as(r)) s (r)dy
[ Jutr)g2stastr i, (4.4)

for a.e. 7 € [0,T]. Here, integrating (4.4) over [0,t] with respect to 7 and using
Lemmas 3.2 and 3.3, we obtain for an arbitrary small positive number £ and
with notation Qo(t) := (0,t) x Qo that

©5(t, s (us(t / Bs(is)| s, 'rl dydt
L fQ Dm(wl . Vﬁs(ﬁa))g;ﬁa(ﬁs)dyd-r— /Q o(e)(w2 - Viis) B} (iis) s, dydr

- /Qo(t) f:sga;ﬁa(ﬁs)dydr+lfnfo {K} + ®s(, Bs(iis(7))) }dr
+ ®5(0, B5(tos))

lwl| D3
< 2@ [ (9s(as)Pdydr
€ Qol(t)

2

—55 (@s)| dydr

or

+e(Wilggee +1) f
@) s
Wl gy -
4 | Vs |85 (s ) dydr
4e Qo(t)
velwalogay [ sl dydr
Qo(®)

| Folbacan + Ko fa (K + @s(r, Bs(s(r))) Y + ©5(0, Bs(is))

2
dydr + C; |W1[c(m)3 M,

a
< eltwloge +1) [ |50s(30)
S Qo) |97
+51“"Zlc(a)s /Q ( )ﬁs(ﬁﬁ)hi&,rlzdyd" g C:l“’ﬂ(:(ﬁ)aMz ¥ Czlfﬁ‘i*(q.,)
olt

o
v sl f Adr AdAdi = VNAr L DN Reldine)). {4 5)
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where C, is a positive constant depending only on €, and M;, M, are the same
constants as in Lemmas 3.2 and 3.3. Since |9(85(@s))/0t| < Co|is,|, it follows
that

2

g dydr.

_ 1 _
By ()| s, |*dydr > —- gﬁa (@s)

Qolt) Co Qolt)

Therefore it follows from (4.5) with a small € > 0 and Lemma 3.2 that

2

Ds(t, Bs(s(t))) + / dydr < My forallte[0,T], (4.6)

Qo(t) 1%65(116)

where M, is a positive constant independent of § € (0,1]. From the definition
of ®s and (4.6) it follows immediately that

2
dydt < Ms, (4.7)

0
- 2 12 =
up 18 + [ | 564050

for a positive constant Ms independent of § € (0,1]. Finally, describe the
quantities of the left hand side of (4.7) in the (¢,z)-coordinate of the non-
cylindrical domain @,,. Then we obtain a uniform estimate of the form (4.1).m

5. Proof of the Theorem

EXISTENCE: Let {us}s¢(o,1) be the family of approximate solutions of (SPC)s.
By Lemmas 3.2, 3.3 and 4.1 with the standard compactness argument we can
find a sequence {6,} with 6, — 0 as n — 400 and functions u, { such that

Un = us, —» u weakly in L?(Qn),
Bn(un) := Bs,(up) = ¢ in L2(Qm) and weakly in Hl(Qm).

The monotonicity argument implies that ¢ = B(u) in L2(Qm). We now show
that u is a weak solution of (SPC). To do so, multiply (3.1) by any test function
n € C*(Q.) with n(T,-) = 0 and integrate it over Q... Then, just as in the
derivation of our weak formulation, we see by the Green-Stokes’ formula that
the approximate solution u,, satisfies

~/ unmd:r:dt-/unnvgdl’(t)dt+f Vs, (un) - Vndzdt
m by Qm
+nuLﬂgn(u“)nﬁ(t)dt—/(2 un(v-Vq)dxdt+/ﬁunn(v-v)dl“{t)dt

m

— [ fe nddrdt 4 fm- ndTM A+ L [ arar mf DA
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Here, noting condition (1.2) again and passing to the limit in n we get

-—/ ungda:dt+/ VB(u) -Vf;dmdt+'n0/ B(u)ndl'(t)dt
" m E
—/ u(v - Vn)dzdt

Qm

= i fndxdt+/2pqd]‘{t)dt+/ﬂn uon(0, -)dz,

which is the required variational identity. Moreover, on account of the uniform
estimates obtained in Sections 3 and 4, we see that u, A(u) € L*(Q,,) and

&
jo 1B s o oyt < Mo

Finally, let us check the continuity property of u in time. To do so, we use the
weak continuity of the function @(t) := u(t,Y(2,-)) in L?(%), which is easily
seen from the fact that {@s,} is bounded in L?(0,T; H'(p)) (see (3.5)). For
each function ¢ € L%(R?), we observe

/ u(t + At,z)é(z)dz - / u(t,z)é(z)dz
Q (t+AL) Qe (t)

- / at + At, y)E)||Jy (¢ + At, y)|ldy - /ﬂ a(t, y)e()ll Iy (t,v)lldy

Qo o

=L {a(t + At,y) - u(t, y) (W)l Iy (t + At, y)lldy

+ /n u(t, y){E(W)I1Jy (¢ + At,y)|| - EW)II Iy (¢, v)ll

where ||Jy (¢, -)|| is the Jacobian determinant of the transformation z = Y(t,y)
(see the proof of Lemma 3.1). Clearly, as At — 0, the right hand side of the
above equalities goes to 0, so that the integral fﬂm( ) u(t, z)§(x)dz is continuous
in ¢. This completes the existence proof. [ |
UNIQUENESS: The idea of our uniqueness proof is due to Chapter 3, Section 3 of
Ladyzhenskaya, Solonnikov and Ural’tseva (1968), and this was also extensively
used in Niezgddka and Pawlow (1983), Rodrigues and Yi (1990), Rodrigues
(1994), as well as Fukao, Kenmochi and Pawlow (2002).
Let u; and u; be two weak solutions and take their difference. Then

- (uy — ug)medzdt — / (B(u1) — B(uz))Andzdt
Qm Qm

+ [ (Btw) - Bun)) gar ey
+ng / (B(u1) — B(uz))ndl'(t)dt — f (ug —ug)(v-Vn)dzdt =0 (5.1)
b

m



Stefan problems in non-cylindrical domains 215

As usual, consider the function

bt,z) = | e i 1(63) # ug(t,a),
0 if uy(t, z) = ua(t, z),

which is non-negative and bounded on @,,. Then, by using (5.1),

—/ (w1 — u2){m + bAn + v - Vnldzdt
Qm

on
+ [ Bu) - Btun) { 32+ non} ar (e
=0 forallne C*Qn) with n(T,") = 0; (5.2)

it is easy to see that (5.2) holds for any function n € W2(Q,,) with An €
L?*(Q.,) and n(T,-) = 0. Now take a smooth and strictly positive approximation
be of b such that

e<b: <C; ae onQp,
be = b ae.onQmase—0,

where C) is a positive constant independent of the approximation parameter € €
(0,1], and consider the following auxiliary linear parabolic problem formulated
in the non-cylindrical domain @, for any given £ € C§°(Qm):

Net +belAne+v-Vn. =L in Qm,

(P)e % +nogne =0 on X,
Ne(T,:) =0 on Q,(T).

This problem has a unique Holder continuous solution 7. such that 7, 7e,¢, 7e,2;
and 7,225, 4,§ = 1,2,3, are Holder continuous on Q. In fact, this is refor-

mulated as the following backward problem (P). formulated in the cylindrical
domain Qg:

One A -
3 ns t + :JZ_ bea {al_‘f%} + (_bcwl + W2) s V'fk ={ in QG:
(P)e
— +figile =0 on Xp,
V4
ﬁc(Ts ) =0 on Q,

where w;, i = 1,2, and fg are the same as in section 3, 7ie(t, y) = ne(¢, Y (¢,)),
be(t,y) = be(t, Y(t y)) and £(t,y) = £(t,Y(t,y)). We can solve (P). by
applying the general theory of quasi-linear parabolic equations in Ladyzhen-
skaya, Solonmkov and Ural'tseva (1968) and see that it has a unique solution

Py —
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that (¢, z) := (¢, X (t, 2)) is a solution of (P). on @Q,,, satisfying the required
regularities.
Here we are going to show some uniform estimates for n. with respect to €.

LEMMA 5.1 There ezists a positive constani Mg, which depends on £ and is
independent of parameter € € (0,1], such that

T
1vq€(3)|2§2(gm(3)) +/ / bEIA?}ElzdIdt
s JQn(t)
T i T 9
< Ms/s |V7?c(t)|f_lz(gm(!))dt+ﬂn/; = &nedl (t)dt
T
+ng/ / v - V(n?)dl(t)dt + M for all s € [0,T] and € € (0,1]. (5.3)
s JT(2)

Proof. Multiplying the first equation in (P), by An, and integrating it over
Q,.(t) with respect to z, we get for each ¢

f e A / be| Ane[2dz + ] (v Vi) Al
Om(t) Qm(t) Qe (t)

= _/n o Ve Vn.dz. (5.4)
Here we observe that
/ Ne tAnedz
Qm(t)
one
= _/ (Vﬂe,: . Vﬂe)dm +/ ﬂe,ga—'d[\(t)
2m (t) r(t)
1 6 2 ﬂ,D 6 2
=5 o5t 5 - T
2/&“(” 3t| ne|“dz atnsd (t)
- li/ |V |2da:+—/ | Ve |2usdD(t)
=i et " Sl
'n(] 0 2
~% dl’(t 5.5
o O (t)- (5.5)

Also we have by (1.1)
—/ (v - Vn.)An.dz

0
= / Vivs V) et~ [ (v-Vn) 2 ar )
m(t) r(t) v

[ Y: 8”3 aﬂs 37}'& + V. 3 T',_ 5_ ans } dx + ﬂ,g / (V ) v"?z)ﬂedr(t)

i R, By Y A . Bew. S
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m

1 :
< 3Vler gy / |Vne|2dz + 5/ div (|Vne|*v) dz
Qm(t) D (t)

i
+5 [ v V(rd)dr), (5.6)
r(t)

and by (1.2)

1 1
-/ div (|Vne|*v) dz = -/ |V |2 (v - v)dD(t)
2 Janm@ 2 Jr@y

1

= Efm)wn‘! vydl(t). (5.7)

Integrating (5.4) in time over (s, T] and using (5.5)-(5.7), we get

T
/ |Ve(s)|2dz + f / be|Ane |2dzdt
Qe (s) s Qm(t)
T T
< (6]v]er gy +1)/ / |Vns|2dxdt+/ / |Ve|2dzdt
o Qpn(t) Qm (t)

—l—nU/ / —nZdI(t) dt+ng/ f v - V(n?)dI'(t)dt.
r(t) ot

Thus, a uniform estimate of the form (5.3) is derived. B

LEMMA 5.2 There exists a positive constant My, which depends on £ and is
independent of parameter € € (0,1], such that

e} d
[ @@ < Mg [ n@rPa@)+ MOy 68)
I(t) I(t)

forallt € [0,T) and € € (0,1].

Proof. Our geometric condition () ensures that there exists a finite open cover-
ing {Uk(t)}_; of I'(t) and a local coordinate system y = (y1,y2,y3) = Xk(t x)
= (Xe(t, z), Xea(t, z), Xea(t,z)) from Ui(t) onto an open subset Uy of the
y-space for all ¢ € [0, 7] such that

o Xi(t,Uk(t) N Qm(t)) = Ui N {y;y3 < 0} and Xi(t,Ur(t) NT(t)) = Ui N
{y;y3 =0} (CR?) forall k=1,2,...,N and all t € [0, 7], that is, every point
(t,z) with = € Uk(t) N T(t) is mapped to (¢,y) = (¢, Xx1(t,z), Xa(t, z),0) for
allk=1,2,...,N and all t € [0,T];

° %9 = ak(t y )—Ll on Ux N {y;ys = 0}, where ¥’ := (y1,92,0) and ax(-,-)
is positive and of C2-class on [0,7] x (U N {y;y3 = 0}) for all k = 1,2,...,N
and all ¢t € [0,T7;

o dI'(t } = Sk( ,y')dy’ on UeN {y,y;; = U} for k =1,2,- N, where Sk(-,-)

~ o~
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Moreover, take a partition of unity {¢x(t,-)} on I'(¢), namely
6r € C3°(Re X RY),  supp(g(t, ) C Ui(t),

N
Y ¢it,)=1 onI(t), te[0,T],0<¢x<1, k=1,2,...,N,

and put 7(t,y) := ne(t, Yi(t,y)) and ¢k(t y) = 6(t, Yi(t,y)), where Yi(t, ") :=
X:Y(t,) : Uk — Ug(t) for all k=1,2,...,N and all ¢ € [0, T]. Since

on? 37?.; O 0Xii
at z dy; ot '

it follows that for each ¢ € [0, T)

r(t) %m(t)%ﬂ‘{t)
= 87]'5( )
z/r(s)nu,,(t} e ot ~5 o)
N
=3 [ o L.ty
N
37?5 2 3Xka( ) 1)
+ kz_:lz / oy ot ———=8i(t)dy’. (5.9)

The first term of the last equality in (5.9) is estimated as follows:

/ ¢k(t 61}5 t)d !
N
2
= {Ef e (£)2 65 (£) Sk (2) dy} 1;1 " ne(t)" 5 ¢k(t)5k(t))
N
< %/1‘(:) 7e(t)*dL(t) + / 7e(2)? {Z

a 1
— t)Sk(t) | } dr'(t).
i Bt( ) Sk(t)
Now, note that

o _ 1 on2 _ 2 ,
i/ PR ... ]

dys ~ ak Ov ak
where ai(t,z) := ai(t, X(t,z)). Then, the second term of the last equality in
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3

N » i~ 2 9% .
> L i m(t)%%f—)—-—?-{;?‘(ﬂsk(t)dy’

N 2
- ZE/W{ (¢ 0 2Xe)s (t))
k=1i=1

+ ak(t) ah’e(t)z ans(t) Sk(t}} dy'

28 e B0
< /l"(t) ﬂe(t)gz{ E (‘ﬁk(t)TSk(t)

S (qsk( y al ’sk(t)) g:(_t)} ar(y
20 axks 0Xis(t) .
]r o7 ij o dr(t);

in the first integral of the last inequality we consider the integrals as functions
of (¢,z) by the inverse transformation of y = X (t,z). Therefore (5.8) holds for
a constant M7 > 0 having the required properties. @

LEMMA 5.3 There exists a positive constant Mg, which depends on £ and is
independent of parameter € € (0,1], such that

[ YO F0P)E) < Mol (5.10)

for allt € [0,T] and € € (0,1].

Proof. We can obtain a uniform estimate of the form (5.10) in the same way as
(5.9) in the proof of Lemma 5.2. ®

Now, by Lemmas 5.1-5.3 and utilizing that ng > 0 we see that there exists
a positive constant Mg, which depends on £ and is independent of parameter
e € (0,1], such that

T
|ﬂe(3)1§f1(nm(s)) +/ / be|Ane|*dzdt
s Qm(t)

T
< My {/ |7 (&) 371 o, ey B + 1} (5.11)

for all s € [0,7]. Accordingly, applying the Gronwall’s inequality to (5.11), we
finally have

sup ]ne-(ﬂlzmm o [ b |An.12dzdt < Maa. (5.12)
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where Mg is a positive constant, which depends only on £ (it is independent of
e € (0,1]). Taking 7. as a test function 7 in (5.2), we have

0=- /Q (w1 — u2){Me,t + bANe + v - Ve }dzdt

= “/ (w1 — u2){ne.t + b-Ane + v - V1 }dzdt

+ f (w1 — ug)(be — b)Anedzdt

-~ / (= g et + /Q =il = B A il

Thanks to (5.12) and € — 0, we have

3
< {f [y — ug|?|be -b|da:di} (2My0)?

m

}/ m(ul — ug)(be — b)Anedzdt

— 0.

Therefore

f (u1 — ug)ldzdt =0 for all £ € C°(Qm),

m

which implies that u; = us a.e. on Q,. |
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