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1. Introduction

The theory of hemivariational inequalities begun in the early eighties with the
works of P. D. Panagiotopoulos (Panagiotopoulos 1981, 1983), and has as a
main reason for its birth the need for the description of important problems in
physics and engineering, where nonmonotone, multivalued boundary or interface
conditions occur, or where some nonmonotone, multivalued relations between
stress and strain, or reaction and displacement have to be taken into account.
The theory of hemivariational inequalities (as the generalization of variational
inequalities, see Duvaut and Lions (1972)) has been proved to be very use-
ful in understanding of many problems of mechanics and engineering involv-
ing nonconvex, nonsmooth energy functionals. For the general study of hemi-
variational inequalities and their applications the reader is referred to Motre-
anu and Naniewicz (1996, 2001, 2002), Motreanu and Panagiotopoulos (1995,
1996, 1999), Naniewicz (1994a, 1995a,b, 1997), Naniewicz and Panagiotopoulos
(1995), Panagiotopoulos (1985, 1993) and the references quoted there.

Some results related to variational-hemivariational inequalities on vector-
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Panagiotopoulos (1995) and Pop et al., (1997). The semicoercive case with
unilateral growth condition Naniewicz (1994a) has been studied in Naniewicz
(2000) where the existence result has been obtained under some boundedness
hypotheses concerning both the convex and nonconvex parts. The present pa-
per is devoted to the study of the existence problem without the aforementioned
boundedness hypotheses. Instead, the notion of a discontinuous subgradient is
introduced by means of which the solution of variational-hemivariational in-
equality under consideration is characterized.

Let us consider the problem of finding © € V such as to satisfy a variational-
hemivariational inequality

(P) (Au—g,u—u)v+@(u)—@(u)+/ﬂj°(u;u-u)dagu, Yvev,

where A : V — V* is a pseudo-monotone semicoercive operator, ® : V —
R U {+o0} a convex, lower semicontinuous, proper function, j : R® — R a
locally Lipschitz function fulfilling the unilateral growth condition (Naniewicz,
1994a):

PEn-€) La(r)1+[E°), VENER, [n|<m r20.
Here j°(-;-) stands for the generalized Clarke differential given by Clarke (1983)
LR g s

h—0 A
A—04

The main result ensures the existence of € V such that both (P) and the
inclusion below hold:

g - Au—1, € 88(u),

where g (u) is a £(V)-subdifferential (£(V) being the set of linear densly defined
functions on V) in the sense of Pallaschke and Rolewicz (1997), I, is a certain
element of £(V). dp(u) will be referred to as a discontinuous subdifferential
whose elements will be called discontinuous subgradients.

To prove the main result the theory of pseudomonotone multivalued map-
pings combined with the Lipschitz regularization of 95 and some compactness
arguments involving Dunford-Pettis criterion will be applied.

2. Statement of the problem and some preliminary results

Let V = H(;R*), s > 1, be a vector valued Sobolev space of functions square
integrable together with their first partial distributional derivatives in 2, Q2
being a bounded domain in R™, m > 2, with sufficiently smooth boundary I'.
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Kufner, John and Fuéik, 1977). We write ||||v and ||| z»(q;r+) for the norms in
V and LP(2;R?®), respectively. For the pairing over V* x V the symbol <-, '>v
will be used, V* being the dual of V.
Let A:V — V* be a bounded, pseudo-monotone operator. It means that
A maps bounded sets into bounded sets and that the following conditions hold
Brézis (1968), Browder and Hess (1972):
(i) The effective domain of A, Dom(A), coincides with the whole V, i..
Dom(A) = V;
(i) If up, — u weakly in V and limsup(Aun,un —-u)v < 0 then h,?lioréf

n-—00
<Aun,un - v)v > (Au,u - U>V forany v € V.
Note that from (i) and (ii) it follows that A is demicontinuous, i.e.
(iil) If up — u strongly in V then Au, — Au weakly in V*.

Moreover, we assume that V' is endowed with a direct sum decomposition V =
V + Vo, where V; is a finite dimensional linear subspace, with respect to which
A is semicoercive, i.e. Vu € V there exist € V and 0 € V such that u =4+ 0
and

(Au,u)y, > c(lf@llv)lI@ly, (1)

¢ : Rt — R stands for a coercivity function with ¢(r) — oo as r — co. Further,
let 7 : R® — R be a locally Lipschitz function fulfilling the unilateral growth
conditions (Naniewicz, 1994a):

PEn -6 <ar)A+E]), VENER, In| < r>0, (2)
706 -6) <klE|, VEeR, (3)

where 1 < o < p, kis a nonnegative constant and o : R* — R* is assumed
to be a nondecreasing function from R* into R*. Here jO(-;-) stands for the
generalized Clarke differential (Clarke, 1983), i.e.

j0(€§ 77) = limsup ‘7(5 th+ ’\77) _](f + h)

h—0 A
A—04

: (4)

Let @ : V — RU{+o0} be a convex, lower semicontinuous and proper function,
g € V* be an element of V*. Consider the problem (P) of finding u € V such
as to satisfy the variational-hemivariational inequality

(Au—-g,v - u)v + ®(v) — O(u) + Ljo(u;v —u)dQ >0, YveV, (5)

. P
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In fact, we establish a stronger result, namely, we show the existence of
u€V,x € LYYUR?) and ¢ € V* with the properties that

(Au-g,v-u), + (v —u), +fx-(v—-u)dﬂ= 0,
Q
Vv € VNL®(R) (6)
X € 0j(u) ae. inQ, x-u€Ll(D), ¥ e€od(u), (7
where the dot “- ” stands for the inner product in R*. From (6) and (7) we then

derive the validity of variational-hemivariational inequality in the form (5).
For R > 0 define

~ {j"(s;n) if [¢§|<R

0(fem) .
TGN = joriim) it > R .

LEMMA 1. The function R® x R* 3 (§,1) — ;g(&; 7) is upper semicontinuous
and if (2)—(3) hold, then
JREn—€ < E(r)A+[E), VEER', VneR’, [n < r20.  (9)
iR —€) <klg|, YEeR, (10)
for some nondecreasing, independent of R function & : Rt — R*.
Proof. The upper semicontinuity of }g(- ; -) follows directly from the upper semi-

continuity of 5°(-;-). To establish (9) and (10) it is enough to consider the case
|¢| > R and invoke the estimates

i%En -6 =" Riin- & < °(Rifpin - B + B2 (RE -RE)

< of[nf)@ + R?) + E=BER < o(r)(1 + [€°) + K J€],
VéEneR, In|<r, r2>0,

and
i%(&-8) =° (R -0 < BB R < §krR=%)¢,
from which the desired estimates easily follow. 1

Define a recession function 5 : R* — R U {+o0} by (see Goeleven and
Théra, 1995, Brezis and Nirenberg, 1978, Baiocchi et al., 1988, Goeleven, 1996)

3= = linm_f}c}f [-5%(tn; —n)], €€R". (11)

t—+oo

From now on we assume that g € V* fulfills the compatibility condition

la.B).. < 8@V + [ 900, V8 eV\{o}, (12)
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where @ : V — RU {+o0}, defined by

(I)oo(u) = lim ‘I)(’LL() + /\u) = @(’U,o)

s 3 , ug € Dom®,

stands for the recession functional of ® (see Baiocchi et al., 1988, Goeleven,
1996).

LEMMA 2. Suppose that (1)-(3) and (12) hold. Then there exists Rg > 0 such
that for any R > Ry the set of all u € V with the property that

(Au— g,u),, +®(u) - /Q F(u; —u)d < € (13)

is bounded in V, i.e. there exists Mp > 0 such that (13) implies
lully < Mkg. (14)

Proof. Suppose on the contrary that this claim is not true, i.e. there exists a
sequence {u,}52, C V with the property that

n=1
(Aun -9, un>v + (D(un) - Lg(una —un) dQ S Q:a (15)

where ||up|ly — oo as n — co. By the hypothesis, each element u, can be
represented as

Up = ﬂn + enﬂna (16)

where @, € V, 5 2 0, 00 € Vo, 0llv = 1 and (Aun, un)y, > c(l[nllv)|@allv-
Since @ is lower semicontinuous,

®(u) > —allully —=b, YueV, (17)

for some a,b € R. Therefore, taking into account (3) it follows that

¢ > (Au, - g, un)v + ®(un) — / ﬁ};(un; —Up)dQ
Q
> c(|[@nllv)l@ally = llgllv-ll@ally — en(g,0n), + B(@n + enbn)
—E/ [ + €nbn| dQ
Q

> c(|[@nllv)lE@allv = llgllv+|
i k”an”V - enklwn”V
> [l@nllv (c(ll@nllv) = llgllve — k) = en({9,0n)y, + k) + B(@n + €nbh)

= A 2 /s~ 0t

Bnlly — €n(9,6n),, + ®(tn + €nbyn)
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where k = const. The obtained estimates imply that {e, } is unbounded. Indeed,
if it were not so, then due to the behavior of ¢(-) at infinity, {t,} would to be
bounded. In such a case the contradiction with |Ju,|ly — co as n — oo results.
Therefore, one can suppose without loss of generality that e, — +00 asn — co.
The next claim is that

3 ;
oUn = 0 strongly in V. (19)

n

Indeed, if {||g,|lv} is bounded then (19) follows immediately. If ||@,|y — oo
then ¢(||n||v) — +00. From (18) one has

)”u;ilv

n

€+b
k+atlollv- + == 2 (ellEalv) = lollv- ~ & -a

Thus, the boundedness of the sequence

{(C(”’ﬁnﬂv) ~llgllv+ — k —a) ||ﬁ:n||v }mﬁl

n
results, which in view of

c(llEallv) = llgllve =k —a— +oo asn — oo,

implies the assertion (19). The obtained results give rise to the following repre-
sentation of uy,:

Un = €n (E}'ﬁn‘*‘en):

n

where —u,. — 0 strongly in V and 8, — 0 in Vp as n — oo for some 6 € Vp with
l6llv =" (recall that V; has been assumed to be finite dimensional). Moreover,
the compact imbedding V' C LP(Q; R*) permits to suppose that

+U, — 0 and 6, — G ae in Q. (20)

Using (15) together with the semicoercivity of A leads to
€ > (Aup — g,Un)y, + B(un) — fngi(un; —Up )dS2
> (c(ll@nllv) = llglv-)llgnlly — en{g,6n),,
(8, + eale) + & fn 78 (en(Ztn + 0u); ~ 2 — 6,)do2.
Hence

(9:6n)y 2 (c(ll@nllv) - llgllv- )—Il‘unllv * _@(%( +6a))

f :‘5(- (Un la\-._an_ﬁ\:fﬂ_g 21)
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Now observe that either
= 1 s
(e(ll@allv) - |Ig|lv-)e—||un||v —0 asn— oo,
n
if {||g.]lv} is bounded, or
L.
ve) ™
for sufficiently large n, if ||U, ||y — oo as n — oco. Therefore, for each case
| N
v+) >

Moreover, by (10) the estimate follows

(c(llnllv) -

lim inf (c(||@n||v)

—3’5,;(6,,( +0,); ——1—0)2—E g,

n

(22)

This allows the application of Fatou’s lemma in (21) from which one is led to
1 o
(g, 0>V > liminf e—-@(en(‘z‘f + 0,,))

5 hmlnf/ [—;g(en(%‘k +6,); —%‘1 e Gn)]dQ

n—00

> liminf —@(en(f——f} +6,))

n—0o0 €n

/ timint [~ (en(Z2 +0,); 22 — 6,)] 0. (23)
Q

n—0oo

Taking into account (20) and upper semicontinuity of 5°(-,-) one can easily
verify that

Hiin ot [—Jn(en(—“ By Hn)] > —j%4(6;-9),

n—00

where

: o jO(T&'G; —0) ae. in {z € Q: 0(z) # 0}
T (85 -0) = {0 e ae. in {z € Q: 0(z) = 0}.

Further, for a convex, lower semicontinuous ® : V — RU{+o00} we have (Baioc-
chi et al., 1988)

) P ..1_<I>(p (Zn 1 A\ S O/
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Thus we arrive at
(9,6), > &=(0) + /ﬂ 3%, (6; ) df. (24)

Since j°°(:) is lower semicontinuous and V; is finite dimensional, it follows from
(12) that a § > 0 can be found such that for any 6 € Vg with [|0]|v = 1,

(9.0), +8<0=0)+ [ =)0 (25)
With the help of Fatou’s lemma (permitted by (22)) we arrive at

lim inf /Q —i % (0;—6)dQ > /;} 7=(8)dQ. (26)
The upper semicontinuity of 5°(- -) allows us to conclude the existence of Ry > 0

and ¢ > 0 such that

/ i3, (0;—0)dO > / j>@)an -2
Q Q 2

for each R > Rg and 6" € Vg with ||§—6’||y < €¢. Asthe sphere {v € Vp: ||v|lv =
1} is compact in Vp, there exists Ry > 0 such that

[ -ite@-0n> [ i=@dn-1, (27)

for any 6 € Vp with ||8]|y = 1, R > Ro. This combined with (24) contradicts
(12). Accordingly, the existence of a constant Mg > 0 has been established such
that (13) implies (14), provided R > Ry. The proof of Lemma 2 is complete. B

3. Regularized semicoercive variational-hemivariational
inequality

Define a mapping I'p : LP(Q; R?) — 25°(%R") by the following formula
Lr(v) =
{1}) € LI(Q; R®) : / P-wd) < / E(U;w)dﬂ, YVwe LP(Q;RS)}, (28)
Q Q

where é < i = 1. It is easy to verify that the restriction of 'p to V, |y :

V — 2", is pseudo monotone.
For anv R > 0 the following regularization of the primal problem (P) can
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PROBLEM (Pg). Find a triple (ug, Xr,¥r) € V x LY(Q;R®*) x V*, such that

(Aug - g,v — “R)v + (Yr,v - un),, + ferR (v —uR)df2
=0, YveV (29)
Xr € Tr(ur), ¥r € 02(ur). (30)

PRrROPOSITION 3. Assume that (1)—(3), (12) hold. Moreover, suppose
0 € Dom®. (31)

Then for any R > Ry (with Ry as in Lemma 2) there exist up € V, xp €
Li(Q;R*) and Yr € V* such that (29) and (30) hold, i.e. the problem (Pg)
has solutions. Moreover, {ur}r>g, s bounded in V, i.e. there exists M > 0
independent of R > Ry, such that

lully <M, VR> R. (32)

Proof. Fix R > Ry. The sum of two pseudo-monotone mappings A + I'gly is
pseudo-monotone (Browder and Hess, 1972). Thus the variational inequality

(Au+ Trlv(ur) — g,v - u,q) + ®(v) — ®(up) >0, Vv€ Bapy,, (33)

with Mp as in Lemma 2, Bapyr, = {v € V: ||v|ly < 2MR} being a ball in V' with
the radius 2R, admits a solution up € Baps, (see Browder and Hess, 1972). By
substituting » = 0 into (33) we arrive at the inequality

(Aug — g,ur), + ®(ug) - /Q;E(un; —up)dQ < ®(0)

which by Lemma 2 with € = ®(0) allows the conclusion that ||ugr|ly < Mg.
This together with the validity of (33) for any v € Baps, implies that, in fact, it
holds for any v € V. Thus we easily deduce the existence of a triple (ugr, Xr,¥r)
which is a solution of (Pgr).

Let us proceed to the boundedness of {ur}r>r,. To begin with let us note
that from (29) and (30) the inequality follows

(Aup — g,v — ugr),, + ®(v) — ®(ug)
¥ fng(uﬂ;w ~—up)d2 >0, VveV, (34)
Q
which by substitution v = 0 leads to

o P e N RS r:nf_. I W = S )
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Now suppose on the contrary that the claim is not true. Then, there would
exist a sequence R, — oo such that ||Jug, ||[v — oo as n — oo, and

(AuRn - 8y uR")V + fb(ugn) - L}?%:(UR“;—uR“ )dﬂ < (I‘(O).

For simplicity of notations, instead of subscript “R,,” we write “n”. Thus we
have

(Aug - g,un>v + ®(u,) — /’;Jfg(uﬂ; —u,)d2 < 9(0). (35)

Now we follow the lines of the proof of Lemma 2. Analogously, we arrive at
the representation

Un = €n (iﬁn +3n) )
€n

with e, — oo, iﬁ“ — 0 strongly in V and #, — 6 in ;) as n — oo for some
0 € Vo with ||8]]y = 1, and then at the inequality

@ﬂh2@ﬂﬂ+@ﬂ§£—ﬁ@dim+&m—im—&ﬁﬂ (36)

But
78 (en(En + 00); — 200 — 0,
7 (en( i +00);— 2 — 6,) if [Gn + enbn| < Ry
Ju re_aﬁnﬁ.e..“l(;;:an +05);— L0 - 6,,) if |Un + enbn| > Rn,
with
en — 00 and R — 00 a.e, in £,
orln + On

because -@n + 0, — 0 a.e. in Q. Therefore, we easily conclude, using (11),
that

mmmﬁ@Aém+a¢-ém-&)zﬁw)&amn
Finally, by Fatou’s lemma, permitted due to (3), we are led to the conclusion
(0.0), 28%0) + [ =)0,

contrary to (12). This contradiction yields the boundedness of {ur}r>r,. The
proof of Proposition 3 is complete. |

The next result is related to the compactness property of {xr}r>r, in
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PROPOSITION 4. Let a triple (ur, xr,¥r) € V X LI(Q;R®) X V* be a solution
of (Pr). Then the set {Xr}r>r, 15 weakly precompact in L*(Q;R®).

Proof. According to the Dunford-Pettis theorem (Ekeland and Temam, 1976) it
suffices to show that for each € > 0 a § > 0 can be determined such that for any
w C Q with |w| < 6,

/ Ixr|dQ <e, R> Rq. (37)
Fix 7 > 0 and let n € R® be such that |n| < r. Then one has xg - (n — ur) <
7% (ur;n — ug) from which, by virtue of (9) it results that

xR 1< XR-ur+ a(r)(1+ |ur|”) (38)

a.e. in . Let us set n = ﬁ(sgnx]gl,... ,SgNXR, ), where xp,, 1 =1,2,...,s,
are the components of xg and where sgny = 1if y > 0, sgny = 0if y = 0,
and sgny = —1 if y < 0. It is not difficult to verify that || < r for almost all
z € Q and that xp-n 2> 7= |xr|- Therefore, by virtue of (38) one is led to the
estimate

% Xzl < X& - ur + &(r)(1 + |url").

Integrating this inequality over w C Q yields

/|XR| d9<%/xﬁ uRdQ+‘/—~( )|
+ Y2 (r) o) 5 o - (39)

Thus, from (32) one obtains

/ Ixrl| dS2 < _\/_3/ XR - urdQ + —‘/——&( ) ||
L0 l) 5l (w0)
f/ XR - ur dfd + \/_a(r [w|+\/7§a( )|w]) 7"y M°
('l e (rs) < 7lI-[lv). The next claim is that
/XR-uRdQSC (41)

for some positive constant C not depending on w C 2 and R > Rp. Indeed,
from (10) one can easily deduce that

o~
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Thus it follows that
[ (xn-ur+ Blunf a0 < fn G 4 Rliial] a0,

and consequently
/ XR*urdQ < / XR - g dQ + ki ||ug|lv.
w 1]

But A maps bounded sets into bounded sets. Therefore, by means of (17), (29),
(30) and (32),
[ XR-up di < <A‘ER - g, —HR)V + ‘I)(U) o ‘i‘(‘uﬁ)
Q
< ||Aug = gllv+|lurllv + ©(0) + allur|ly + b < C, C = const, (42)
and consequently, (41) easily follows. Further, from (40) and (41), for r > 0,
s . B =2 ,
[ xal a9 < oo+ Lo + Lo 507 (43
This estimate is crucial for (37) to be obtained. Namely, let € > 0. Fix r > 0
with
_@C < E
7 2
and determine § > 0 small enough to fulfill

oty ol + L)) T a7 < &,

provided that |w| < . Thus from (43) it follows that for any w C Q,

(44)

/ Ixr| d2 <&, R> Ry, (45)

whenever |w| < §. Finally, {xr}r>Rr, is equi-integrable and its precompactness
in L1(9;R*) has been proved (Ekeland and Temam, 1976). ]

4. Semicoercive variational-hemivariational inequality
Now the main result will be formulated.

THEOREM 5. Let A : V — V* be a pseudo-monotone, bounded operator, j :
R* — R a locally Lipschitz function. Let ® : V — RU {400} be a convez, lower
semicontinuous function with 0 € Dom®, g € V* an element of V*. Suppose
that (1)-(3) and (12) hold. Moreover, assume that the following hypothesis
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(H) For any v € Dom® there exists a sequence of functions {ex} C L*>°(f)
with 0 < e < 1, {(1 —ex)v} C V NL®(YGRY) and B = (1 — ex)v —
v strongly in V such that

klim O (V) = @(v).
Then, the variational-hemivariational inequality

(Au-g,v-—u)v+¢(v)-¢(u)+/ﬁj0(u;v—u]dﬂ20, YveV (46)

admits solutions.

Proof. The proof is divided into a sequence of steps.

Step 1. By Proposition 3 and Proposition 4 it follows that from the set
{uRr,XR: YR} R>R, Of solutions of (Pr) a sequence {ug,,Xr,,¥r,} can be ex-
tracted with R, — oo as n — oo (for simplicity of notations it will be denoted
by {tn, Xn,¥n}), such that

(Atn — 9,9 — un)y + (Yn, v — tn)y,
+/xn-(v—u,.)d§2=0, VoeV, (47)
Q

and

xa €altn) (Cai=Tg,)
Pn € 0P (un)

up, — u  weakly in V (48)
Xn — X weakly in L1(Q; R®).
From (47) and (48) we get
(Aup — g,v — up),, + B(v) — B(un)
+/{}J?2(ﬂn;ﬂ—un) >0, YveV. (49)

Hence by setting v = 0 we obtain
D(un) < [[Aun = gllv+|[unllv + @(0) + kllunllv < C, C = const,

which by (32), the boundedness of A, and lower seimicontinuity of @ yields
®(u) €R, i.e. u € Dom®.

Step 2. Now we prove that x € 8j(u) a.e in Q. Since V is compactly imbedded
into LP(€); R®), due to (48) one may suppose that

2 —aoar etvanclr in TPIO. S fEn
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This implies that for a subsequence of {u,} (again denoted by the same symbol)
one gets un, — u  a.e. in §. Thus, Egoroff’s theorem can be applied from which
it follows that for any € > 0 a subset w C Q with mesw < € can be determined
such that u, — u uniformly in @ \ w with u € L*(Q \ w;R*). Let v €
L*=(€2\ w;R*) be an arbitrary function. From the estimate

/ xn-vdﬂsf j‘é(un;w)dn=/ 7%(un;v) dQ,  (for large n)
N\w \w Q\w

(u, remains bounded in Q\ w as n — oo) combined with the weak convergence
in LY(Q;R?*) of xn to x, (50) and with the upper semicontinuity of

L®(Q\w;R*) 3 up — 7% (un;v) dQ
N\w

it follows that
] x-vdﬂﬁ/ %(u;0)dQ, VYoveL®(Q\w;R%).
Nw \w

But the last inequality amounts to saying that x € dj(u) a.e. in 2\ w. Since
|w| < € and e was chosen arbitrarily,

x € 3j(u) ae. inQ, (51)

as claimed.

Step 3. Now it will be shown that

limsup/ 70 (up; v — un) dQ < / 7%(u; v — u) dQ (52)
n—oo 0 0

holds for any v € VNL*®(Q;R*). It can be supposed that u, — v a.e. in Q, since
u, — u in LP(Q;R?). Fix v € L*®(Q;R?) arbitrarily. In view of x, € I'n(un),
Eq. (9) implies

98(un; v = un) < &(||vl|ow ) )(1 + [unl”). (53)

From Egoroff’s theorem it follows that for any € > 0 a subset w C £ with
mesw < € can be determined such that u, — u uniformly in 2\ w. One can
also suppose that w is small enough to fulfill [ &(||]| L= (a;re))(1+|un|”) dQ <€,
n=12,...,and fw &([|v|];,m{g;g.))(1 + |u|°)d§2 < e. Hence

[ it =) a1 < [ Rlumiv - ua)d2 e
Q Nw

= [ v — un)YdQ +¢  (for large n).,
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which, by Fatou’s lemma and upper semicontinuity of j°(-;-), yields

limsup/ﬁ{(un;v—un)dﬁs/jo(u;v—u)dQ+2s.
n—oo JQ Q

By arbitrariness of € > 0 one obtains (52), as required.

Step 4. Now we show that

x-u€ L'(Q) (54)
linrgiorcl)f/nxn-undﬂzfﬂx-udﬂ. (55)

For this purpose let % = (1—¢g)u be as stated in (H). Without loss of generality

it can be assumed that uy — u a.e. in . Since it is already known that

X € 0j(u), one can apply (3) to obtain y - (—u) < 7°(u; —u) < % |u|. Hence
X-tp=(1—ex)x -u>—k|ul. (56)

This implies that the sequence {x - U} is bounded from below by an integrable
function and x - ux — x - v a.e. in . On the other hand, one gets

/ Xn - (U — up) dQ < / Ji‘}(un;ﬂk — up) d2.
Q Q
Thus

/X Ur dS? — lim inf xn undQ<hmsup/jﬁ(un;ﬁk—un)dﬂ,
Q

n—oo n—o0o

and due to (52) we are led to the estimate

/X Uy dQ < lim inf xn undQ+/ O(u; Ug — u) dQ

n—oo Q

gliminf/ Xn - Un dQ+/ O (u; —epu) dQ
Q Q

n—oo

<liminf | x5 - U, dQ +/ ekElu[ dQ) < C, C =const.
Q

n—oo Q

Thus, by Fatou’s lemma we are allowed to conclude that x - u € L(Q), i.e
(54) holds. Taking into account that e, — 0 as k — oo a.e. in 2 (passing to a
subsequence if necessary) we establish (55), as required.

Step 5. In this step it will be shown that

limsup{Aw,,. %, —u)., <O0. (K7
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Taking into account (49) one has
(At = 9, = e}y < O(T) = B(tn) + [ Fiuni e = ) 8
Q

Since

lim sup( Aun — g, n — k), =lim sup( Avtn, un —u),, + (B — g,u-il'QV,
Tt—+00 T—00

we obtain
lim sup( Atin, n — u),, < (i) — B(x) + / Pluse= D&
n—oo Q
+(B - g,k — u),,. (58)

Here, because of the boundedness of A, we have supposed without loss of gener-
ality that for some B € V*, Au, — B weakly in V*. Now observe that % — u
a.e. in , and

70wk — u) = exf®(u; —u) < eik fu] < Fu],

hence, Fatou’s lemma ensures

lim sup / 3°(u; U — u) dQ < 0. (59)
n .

k—o0

On passing to the limit in (58) as k — oo and taking into account (H), (52) and
(59) we are allowed to conclude (57), as claimed.

Step 6. Now it will be shown that (46) holds for any v € V with v € Dom ®
and j%(u;v — u) € L}(Q).
In view of (57) the pseudo-monotonicity of A yields

Au, — Au weakly in V' (i.e. B = Au) (60)

(A’u.,.,u,.)v — (Au‘ u). (61)
Let v € V N L®(1R®) with ®(v) < +co be chosen arbitrarily. Thus, (49)
combined with (52) and lower semicontinuity of ® yields the assertion. Now let
F(u;v—u) € L1(N) with v € VNL®(Q;R?*) and ®(v) < +00. According to (H)
there exists a sequence U = (1 — ex)v such that {9k} C VNL®(QGR?), v — v
strongly in V and ®(vx) — ®(v). Since, as it already has been established,

(Au— 9,0 — u),, + () — ©(u) +/ 7%(w; T — u)dQ > 0,
0

so in order to show (46) it remains to deduce that

f i S f»ﬂ.r PR T Y
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For this purpose let us observe that ¥y — u = (1 — ) (v — u) + ex(—u), which,
combined with the convexity of j°(u; ) yields the estimate

30w Tk — u) < (1 —ex)i%(u;v — u) 4 exg(u; —u) < ]jo(u;v - u)l +kul.
Thus, Fatou’s lemma implies the assertion.

Step 7. In the final step of the proof we are to consider the case in which
v € Dom® or j%(u;v — u) ¢ L*(Q). Recall that if jo(u;v — u) ¢ L1() then
according to the convention that 400 — 0o = 400 we have

/ 3%(u; v — u) dQ
Q

) Hoo if fo[1%uv — u)] T dQ = o0

T oo i fo[i%usv — w)]t d2<+oo and [fo50(usv — u)]” dQ = +o0,
where the notation has been used: r* := max{r,0} and r~ := max{-r,0} for
any r € R.

Thus, if v  Dom ® or [, j%u;v — u)dQ = +oo then ®(v) + [, 7%(u;v -
1) dQ = +00 and (46) holds immediately.

Finally, it remains to consider the case of v € Dom ® and [, j%(u;v—u)dQ =
—o0. It will be proved that in such a case we are led to the contradiction, which
means that whenever v € Dom ®, we get either fQjO(u;v - u)dY = 400 or
§%(u;v — u) € L(§2) showing in view of the previous results that (46) holds.

According to the hypothesis (H) there exists a sequence U = (1 — &k )v such
that {vx} C V N L>®°(Q;R®), U — v strongly in V and ®(9) — ®(v). Since, as
already has been established,

(Au — g, % — u)v + ®(vx) — ®(u) +/ 3°%(u; T — w) dQ > 0,
Q
we get
/ 7w U — u) d > (Au — g, — Tk +u),, — B(Wi) + ®(u) > —C,
Q

C = const,

and consequently
/ [ — w]* d > / 1w T —w)]~ d = C. (62)
Q Q

By the hypothesis, [[7%(u;v — )]~ d2 = +o00 and [,[5%(u; v — u)]t dQ < +o00.
Since

jo(u; Ue—u)<(1- er)i°(usv — u) + ekjo(u; —u)

~
5 v N . e A
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so we obtain
] [ (w; T — w)]t dQ < /[jﬂ(u;v —u)|tdQ + / kJu| d2 < D,
Q o) 0
D = const,

which, combined with (62) yields
/n[ja(u; % ~u)]- i <O+ D,

Thus, the application of Fatou’s lemma concludes
/{;[ju(u;*u —-u)]7dQ2 < C+D.

contrary to the assumption that [, j%(u;v — u)dQ2 = —oo. This contradiction
completes the proof of Theorem 5. =

5. Final remarks and comments

As it is well known, Naniewicz and Panagiotopoulos (1995), in case of the clas-
sical growth condition of the form

19§(&)| < c(1+[€PP™"), €€, (63)

the problem described by hemivariational inequality (46) admits a solution u €
V and, moreover, there exist x € L1(;R*), 1/p+1/¢ = 1, and ¥ € V* such
that

X € 0j(u) ae. in Q and ¢ € 9P(u),
g=Au+ 9P+,

where I, € V* is a linear continuous functional defined by

(ly,v) :=/x-vd$2, veVv. (64)
Q

Recall that the subdifferential 9®(u) C V* in the sense of Convex Analysis
(Ekeland and Temam, 1976) is defined for » € Dom ® by means of the formula

®(v) — ®(u) > (Y,v—1u), VveW

Thus, in case of (63) a statement that u € V is a solution of hemivariational
inequality (46) is equivalent to

- Axs A feey
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The situation changes essentially when (63) is replaced by the unilateral
growth condition (2). In such a case we have only ensured the L!(Q2)-regularity
of x and consequently, the corresponding functional I, (given by the formula
(64)) is linear on its domain Doml, D L*(;R°) NV, but not necessarily
continuous. It may happen that [, does not have the continuous extension onto
the whole space V' (I is discontinuous). If it is the case, [, can be extended
onto the whole space V' as a function from V into R U {+c0, —0c0} by setting

Iy(v) =

Jox-vdQ if x-veLY(Q)

+00 if folx-v]tdQ =400 (66)

—00 if folx-v]TdQ < +oo and [,[x - v]™ dQ = +oo,
for each v € V. Thus we deal with a functional [, : V — R U {400, —00}
which is discontinuous whenever [, (v) = 400 or Iy (v) = —co for at least one
point of V. Notice that [, can be expressed as a difference of two convex
lower semicontinuous proper functions If(v) = [o[x - v]*dQ and I3 (v) :=

fQ[X ] dQ v eV, ie.
lx(U) = l;(v) - l; (’U), YveV. (67)

Denote by L(V) the class of all linear densely defined functions [ : V —
R U {+00, —c0} which can be represented by a difference of two convex lower
semicontinuous proper functions [t : V — RU {400} and [~ : V — RU {+o00},
i.e. | =1t — |, with the convention that

I*(v) =1~ (v) if ve€ DomltNDomi~
l(v) := ¢ 400 if v¢ Domit (68)
-0 if v € Dom!* and v ¢ Doml!~.

For a convex, lower semicontinuous, proper function ¢ : V' — R U {+co}
we introduce dp(u) C L(V) as follows: if u ¢ Dom ¢ then dp(u) = @ while if
u € Dom ¢ then we set

L€ dp(u) & I(u) €R and p(v) — p(u) > (v —u), YveV. (69)

The formal definition of dp(u) coincides with that of dp(u) C V* in the sense
of convex analysis. However, 5«p(u), apart from containing elements of dyp(u),
may contain also some discontinuous linear functionals which will be called here
discontinuous subgradients. Notice that if u € Int(Dom @), where “Int” means
“the interior”, then by the Banach-Steinhaus theorem it follows that d¢(u) and
9yp(u) coincide.

In the terminology of Pallaschke and Rolewicz (1997) a function [ € ip(u)

~ 11 P A
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reader to Pallaschke and Rolewicz (1997) for the general abstract subdifferential
theory.

As we shall see below, the notion of discontinuous subgradient is specially
useful in describing some particular aspects of Theorem 5.

THEOREM 6. Assume all the hypotheses of Theorem 5. Then there existsu € V
such that
(Au—g,v—u), + ®(v) — B(u) +/j°(u;*u —-u)dQ >0, VveV. (70)
Q

Moreover, there exists x € L'(;R*), x € 9j(u) a.e. in Q, such that for I,
defined by (66) it follows that

g— Au—1, € 50(u). (71)

Proof. Following the lines of the proof of Theorem 5 we can deduce that the
inequality

(Au—g,v—u)v-}-@(v)—@(u)+Lx-(v—u)d920

holds for any v € V N L*®(Q; R?). It can be written equivalently as

®(v) — B(u) > (—Au+g,v—u), —lx(v—u), YveVNL®QR),
(72)

where Iy (v —1u) = [, x- (v —u)dQ. It must be shown that this inequality holds
for any v € V. If v  Dom @ then there is nothing to prove because ®(v) = +cc.

Let us consider the case of v € Dom ®. If x-v € L'() then —x-Tx > — |x - v|
which by Fatou’s lemma yields liminfj_,co —{(Vk) 2 —ly(v). Thus, in view
of (H) the assertion follows (v; has been taken as in the hypothesis (H)). If
x v & L*(2) then there is nothing to prove if I, (v) = 400, while, as it will be
shown, the case I, (v) = —oo cannot happen. Indeed, suppose that I, (v) = —oo0,
ie. [olx-v]tdQ < +oo and [5[x - v]” @ = +o0. Taking into account (72) we
are led to [, (vx) > —C for a constant C. Hence

DzL[x-ak]+dnzL[x-ak1—dn-c

for some D = const. But, due to Fatou’s lemma this yields
f[x-v]'dﬂgc-f-D
Q

contrarv to [.[v - 91~ dQ = 4+c0. This contradiction completes the proof. B
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REMARK 7. The hypothesis (H) of Theorem 5 involves the truncation result for
vector-valued Sobolev spaces V = W1 (Q;R*), formulated as

THEOREM 8 (Naniewicz, 1997). For each v € W (Q;R®), r > 1, there eists
a sequence of functions {e,} C L*=(Q) with 0 < e, <1 such that

{(1 —en)v} C WH(Q; R®) N L®°(O R°) (73)
(1—¢e,)v—v strongly in W (Q;R®).

In the case of scalar valued Sobolev spaces W™7"(§2), r > 1, m > 1, such
truncation procedure is admissible due to the famous result of Hedberg (1978).
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