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Abstract: We consider nonlinear optimal control problems with
bound constraints for the controls. Under the assumption that the
optimal control is continuous and has finitely many smooth bound-
ary arcs, we show that the system of optimality conditions can be
reduced to a system of operator equations. Based on this system we
investigate convergence of approximations by control parameteriza-
tion.
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1. Introduction

Solutions of optimal control problems with control constraints are often con-
tinuous and have finitely many boundary arcs. This structure is essential if
shooting techniques are applied for the numerical solution of the control prob-
lem (see Bulirsch, 1971). Recently, such structural assumptions have been used
to investigate parametric nonlinear control problems (see Maurer, Pesch, 1998,
Malanowski, Maurer,1996, 1998, Malanowski, 1998).

First order approximations of nonlinear control problems can be obtained
by somewhat weaker assumptions. Theoretical and numerical results for Euler
approximations can be found in Dontchev, Hager (1993, 2000), Malanowski et
al. (1997), Alt (1997, 2001), and Dontchev, Hager, Malanowski (2000). Results
on first order Ritz type discretizations can be found in Felgenhauer (1999a, b).

Under the assumption that the derivative of the optimal control has bounded
variation, a second-order Runge-Kutta approximation for control problems with
convex control constraints is investigated in Dontchev, Hager, Veliov (2000).
Higher order Ritz type approximations for nonlinear control problems are stud-
ied in Felgenhauer (1998). where. however. a methad of arder n ronniree that
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In the present paper we use a structural assumption which requires that the
optimal control be continuous and piecewise of class CP. As in multiple shoot-
ing we do not discretize the control problem directly. Based on the structural
assumption we first reduce the system of necessary optimality conditions to a
system of equations. Then we show how for this system higher order approx-
imations can be obtained. The aim of the present paper is to focus on the
basic ideas. In order to keep the analysis as simple as possible we consider only
control problems with a simple scalar bound constraint.

The paper is organized as follows. In Section 2 we introduce the optimal
control problem and the structural assumption for the optimal control, which
is used to reduce the system of necessary optimalty conditions to a system of
equations. In Section 3 this system is formulated as an operator equation, and
we show that this equation is regular, if a strong second-order sufficient optimal-
ity is satisfied. Section 4 shortly discusses the application of Newton's method
to this operator equation. In Section 5 a simple dicretization of the operator
equation based on control parameterization is discussed. Section 6 gives a con-
vergence analysis of solutions of the discretized equations. The results show that
under the structural assumption one can obtain higher order approximations.

2. Optimality conditions

We consider the following optimal control problem with a simple bound con-
straint:

¢
(OC) Ming J(z,u) = /t ’ e(z(t),u(t)) dt + ¢(z(ts))

a

subject to
z(t) = Y(x(t),u(t)) for a.a. t € [ta,tf],
z(ta) = a,
u(t) <b for a.a. t € [tq,tf],

z € Wh(t,,t4;R™), u € L®(t,, t5; R™),

where @:R"* x R™ — R, ¢:R™ = R, and ¥ R” x R™ — R". We shall not

treat the most general case and assume that the control variable is scalar, i.e.,

m = k = 1. We further assume that:

(C1) There exists a (local) solution (z, @) of (OC).

(C2) For some p > 1, the mappings ¢, ¢, ¥, and g are p + 1 times Fréchet
differentiable in all arguments, and the respective derivatives are locally
Lipschitz continuous in z, u.

In order to formulate the necessary optimality conditions we denote by H
the Hamiltonian defined by
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and we denote by H the augmented Hamiltonian defined by
H(z,u, A1) = H(z,u,A) + p(u—1b).

We assume that for the local solution (Z, 1) of (OC) there exist Lagrange mul-
tipliers A € Wh(t,,t5; R™), i € L®(tq,tr; R) such that (Z,4, A, 1) satisfy the
following system of first order necessary optimality conditions:

= —H,(z(t),u(t), A(t)) for aa. ¢ € [ta,ts],

AT

~( I =gl (tf)), )
Hy(z

u(t)

Moreover, we assume that the active set or boundary part of the inequality
constraint u(t) < b consists of finitely many boundary arcs. For simplicity we
assume that there is only one boundary arc. More precisely, we assume:
(CS)  There exists one junction point § such that
a(t) <bVtel]t [ a,s[ a(t)) = bVt € [3,t],
and @ € C(t,,tp; R u|[t o € CP(t,, 5 RY), where p > 1.

(),u(), AC), m() = for a.a. t € [ta,ty],
>0, ()(u()—b)—O for a.a. t € [tq,tf].

EXAMPLE 2.1 We consider the following simple control problem:

(OCex) min %/1 (z(t)® +u(t)?) dt
0

(u,2)

subject to

o(t) = u(t) for a.a. t € [0,1],
z(0) =4,

u(t) < =2 for a.a. t €10,1].

The optimal control shown in Fig.1 has the structure defined by (CS).

In the multiple shooting approach inequalities defined by system (1) are replaced
by suitable equations and the junction point is treated as additional variable.
We use a similar approach associating with (1) a new system of equations, and
with the junction point as additional variable (compare Maurer, Pesch, 1995,
Malanowski, Maurer, 1996, 1998, Malanowski, 1998, for a related approach in
sensitivity analysis).

Based on the structural assumption (CS) we compute two functions 4! €
CP(tq, 5 RY), u® € CP(5,t;;RY) defining the optimal control by

_ [V, telt,d],
={ 5o, tei)

Let the functions 21, 4, 2 4 be defined by
V@) =2@1t), aVE) = a(t), Vi€ [ta,d],

i
—

9\
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Figure 1. Optimal control for Problem (OCex)

and let the functions A, A2 i(®) be defined by
2D (t) = A(t) Vit € [te, 3], 3)
AB(8) = A(t), BP()=plt), Viel[sty].
By Assumptions (C1)-(C2), (CS), (zV),aM,z® 4@ X1 X2 5?2 3)is aso-
lution of the system defined by
ADBT = ~H, (21 (), uD(6), D 1))Vt € [ta, 8],
MB(s) = A (s)
Hoy(z® @),V (t), AN () =0 Vit € [ta, 9],
gW(t) =YW (), (1)) VtE [ta,s],
zW(t,) =a,
AT = - H (2@ (2),u® (1), A (1), s () VE € [s,24], (4)
A2(t)T = ¢ (2P () ,
23 (t) = Y(a®(2),u®(8)) Vt€ [s,ty],
Hy(z® (1), u@(£), \® (1), uD (£)) =0 Vt € [s,84],
23 (s) = 21(s),
uP () =b Vte (s ty].

and
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A drawback of this system in view of discretizations and application of Newton’s
method is that the intervals [t,,3] and [$,¢¢] depend on the variable junction
point §. We therefore slightly extend these intervals in such a way that (2, 3)
defines a unique solution of the resulting system. These extensions require the
strict Legendre-Clebsch condition:

(C3)  There exists a > 0 such that

Hoo (2 0,696, 4() 2 0
for all ¢ € [t,, §].

LEMMA 2.1 Let Assumptions (C1)—(C3) and (CS) be satisfied for so ey L
For 1,1y > 0 sufficiently small there exist unique extensions of 4V, (1), X(1)
to 5,5 + t1], and unique extensions of a®, #2, X®, 5?) to [5 - t2, ] such
that the extended functions solve system (4) on [ta,$ + t1], resp. [§ — b2, t4].

Proof. By virtue of Assumption (C3), it follows from the implicit function
theorem that for every t € [t,, 3] there exists a radius ¢(t) > 0 such that for
all (z,)\) € Bs(t)(a}(l)(t),j\(l)(t)) there exists a locally unique solution u(z,\)
of Hy(z,u,\) = 0, which is a p times Fréchet differentiable function of the
parameter (z,\). By compactness of [tq, 5], we can choose &(t) independently
of ¢. In particular, we have

aM () = w(@V @), AV (t)) Vi € [ta,3].

This implies that 1), A1) are solutions of the differential equations

AT = —Hy(zD (1), w(a™M (2), XV (), AV @) V¢ € [ta, 3]
AN (3) = A (3),

& () = P(aM (), u(aM (1), XV (1)) Vi € [ta, 3]

M (3) = (3).

By the standard results of the theory of differential equations (see e.g. Knobloch,
Kappel, 1974, Chap. III, Th. 2.1) there exists £; > 0, such that the solutlons exist
and are unique on [3, 5+%;]. This further implies that @™ (¢) = u(2(V (t), \()(¢))
has a unique extension on (3,5 + #].

For t € [3,t5], u®(t) is uniquely determined by u(®(t) = b, and pu® is
uniquely determined by

p3(t) = u? (¢, ) = —Hy(z(t), b, A1) .

This implies that £, () are solutions of the differential equations

DT = —Hy(a®(8),b, X (1), u® (1)) V€ [5,14],
A“@—Aww
£ (t) = (@@ (t),b) Vi€ [5,ty],

A2 r=\ ~(1Yr~
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Again by standard results of the theory of differential equations there exists
f2 > 0 such that the solutions exist and are unique on [§ — £, 3]. This further
implies that fi®) has a unique extension on [§ — {5, §]. a

We denote oy = § + #;, 09 = § — £5. In the following we study the system
defined by the extended equations of system (4),

AOBT 4+ Ho (™M (), M (), \ M (1)) =0

AW (s) — A (s) =0,

Ho (W), uM (), \D(t)) =0, (6)
#1(t) - Pz (t),uV(t)) =0,

z(t,) —a=0,

for all t € [t,, 0],

AOOT + Ha(a® (1), u® (), AP (1), s (1)) = 0,
AD(t)T = 6 (2P (t)" =0,
Hu(z® (1), ul® (1), AP (), s (1)) = 0,

23)(t) - (z® (1), u®)(t)) = 0, W
z?)(s) -z (s) =0,
uP(t)-b=0,
for all t € [02,1f], and
u(s) —u?(s) = 0. (8)

We show that this system defines a regular operator equation.

3. Regularity

We write system (6)-(8) as an operator equation F(z,s) = 0, and show that
F'(z,3) is invertible, where

z= (@0, a5 g 30 3@ 52)

is defined by the solution of (6)—(7). To this end we define spaces Z = Z; x
Zo X Zgy x Z4 with

Z1=C"(ta,01;R") x C(ta,01;R'),
22:01 (023 tf; Rn) X C(gg‘l tf: Rl) 3
Z3=Cl(tuugl; Rn) )
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and W = W, x Wo x Wiy x Wy with

Wi=C(tqs,01; R") x R" x C(ts,01;R),
IVQZC(%,O']_;R“) x R™,

W3=C(oa,ts; R") x R x C(O’z,t;;R),
Wy=C(oa,t5;R™) x R™ x C(02,t5;R),

and the operator F: Z x R =+ W x R by

F,
Ha={ Tl 1 ©
where F, is defined by (6), (7), and F}, is defined by (8).

In view of application of Newton’s method to this system and stable dis-
cretizations of this system we have to guarantee that the system is regular, i.e.,
that F'(Z, 3) exists and is a continuous linear operator.
~ Since by Assumption (CS) @ is continuous, we have M) (5) = 22 (5), and
AN (5) = A2)(5). This implies

aiF (z,3) =0.
Therefore, F' has the structure
EF'a(z”,é) 0
F'(335 =] 0z

%Fh(:?, 3) %FB(E,E)

and F'(z, 3) is regular, if

E%F,,(E,E)_l exists, (10)
and

9 k(5,3 £0. (1)

ds :

Condition (11) is equivalent to

(C4) M) —a®(5) £0.

This condition requires that the two arcs u(*), u(2) have a nontangential junction

at § (compare Assumption (A3) in Maurer, Pesch, 1995 and Fig. 1).
Condition (10) is equivalent to the fact that there exists a constant ¢ such

that for each w = (wy,...,wy;) € W the system

E?—FQ(E,E)Z =w (12)

has a umque solution z( ) wnh |[z(w)1| < c1|w]! In the followmg we show that

& RS I T K i i ol Frrmy oo
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To simplify notations, the argument of functions evaluated at the point
@D (t),a(t),...)), i = 1,2, will be denoted by (V[¢]. Then, the system (12) is
eqgivalent to

AD(@) + HR[tlaM (0) + HQ @ ) + P [7A (1) = wa (1),

A (3) = AR (3) = wy,

HY 2O @) + R [(u® (¢) + oSO TAO (8) = ws(t), (13)
#0)(t) — 95" ]2 () - i a8 = wa (),

x(l)(ta) = Ws

for all t € [t,, 0], and

AD(t) + AQ[12® (8) + AR [tu® () + pP1TAD (8) = we (1),

AD(tg) = 622 (2P (1)) T2 (t) = wr,

AR [)e® (1) + A [(u® () + w2 [TAO (0) + p® (1) = ws(t)
£® (t) — i [t12® (1) - @ [Ju® (1) = wo(t),

z?)(3) — 2 (5) = wyo,

w3 (t) = w (t),

for all t € [o2,t5]. We define

2y, =Wj (ta,01;R") x L*(ts,01; R"),

Zg —-W2 (Og,tf,Rn) XLZ(Jg,tJ{, ),

Zs =W (ta,01; R™),

Z4 —W:z (o2,t5; R™) x L2(D'2,tf,R ¥y
L%(tq,01;R™) x R™ x L2(t,,09; R),
L*(ta,05; R™) x R,
(Jg,t!,Rn)XRﬂXLQ(Gz,tf, ),

Wq L (o2,t; R™) x R™ x LQ(Ug,tI,R)

(14)

If we restrict system (13)-(14) to the interval [t,,3], resp. [$,ts], then the
resulting system defines the necessary optimality conditions for the following
quadratic control problem:

(0Q),, Ming 1) 2 ) u2)ez,x2,JQ (@, 4,23 43, 1)

subject to
D (t) = P [z () + PP [Hu® (8) + walt)  Vt € [ta, 3],
(u(t ) — wﬁ)

@ (1) = D[z (t) + PP [u@ () + we(t)  VE € [5,1],
2 (5) — 21 (3) = wyo,

FaN o .
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where

Jq(:z“),:r‘z),um,um,w)
17 (sOE\ 0y (200
25/z (u‘”(t)) % (”( ‘”(t)) @

—] [101 (672 1) + ws (6D 1)

3 G e ()
= we(t) TP (t) + ws(t)Tu® (1) dt
[ )

+ 23 (t4)T 920 (32 ()2 (tf) — w3 2N (3) — w7 P (ty),

, L) (i)
QW(t) = ( (!){ﬂ HE!E&D . =2,

We first prove an auxiliary result. Let the operator G: Z; x Zy = Wy x Wy be
defined by the constraints of Problem (0Q),,, i.e

&0 () =9 [JoM () - i [Ju ()

and

20(t,)

G(a™,2®,uu®) = | 5@ () - P [ () - P [Ju®() |
z(? }(s) -z (3)
u®(.)

and let the operator G:Z, x Zy = Wa x Wy be defined in the same way.

LEMMA 3.1 If Assumption (C3) holds, then the operators G, and G are surjec-
tive.

Proof. Let v := (w4, ws, w9, w10, w11) € Wy x Wy be arbitrary. To prove
the assertion for G, we have to find (z(V),uV), 2 u®) € Z; x Z, such that
G(:z:“},:z:m,u“),u(z)) = v. The last equation ofithis system is

u® (1) = wyy (t). (15)

Setting u(!) = 0, we obtain an initial value problem having unique solutions z(!)
and ). For v := (wy,ws, wy, wyg,wy;) € Wa x Wy it follows from (15) that
u? € C(og,ts;R"). Hence (z(V),uV) 2 u3)) € Z; x Z,, which proves the
assertion for G. ]

Using Lemma 3.1 it can be shown that Problem (0Q), has a unique solution
z(w) for each w € W, if the following strong second-order condition is satisfied
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(C5) There exists ¥ > 0 such that
1 W@\ oy (200
5/,,., (u“)(t) AR WO R
1 b th)(t) 3 (2) Iu)(t)
i (um{t) GO wory)
1 J
530 (t)7 6223 (¢))2 ™ 1) > 7 (113 + 1)
for all (z™,u™, 2 @) € Z, x Z, satisfying
20 (t) = v [a® (1) + v [uD () VEE [ta, 5],
zM(t,) =0,
0 (1) = yOe® (1) + ¥P O () Vi € [5,17],
22 (5) = z(1(5),

u(t) =0 Vte5t].
We can now show regularity of F'(Z,3).

THEOREM 3.1 Let Assumptions (C1)—(C5) and (CS) be satisfied. Then F'(Z,3)
1s regular.

Proof. Assumption (C4) implies (11), so that it remains to prove (10), i.e
we have to show that system (13)-(14) has a unique solution. Let w € W be
arbitrary. By Malanowski (1998), Lemma 4.1, system (14) restricted to the
interval [3,t7], has a unique solution (z®),u® A u(?). We show that this
solution can be uniquely extended to [0, 5]. System (14) defines u(®) on [0, /)
by u®(t) = wy (), and p® by

WO = ws(t) - AR @) + AR (0 - wP AN,

Inserting these expressions in the state and adjoint equations in (14) it follows
that 2(?), \(?) exist and are uniquely defined on [0, t7]. The assertion for system
(13) can be shown in the same way. [ |

The result of Theorem 3.1 can be directly obtained (in the same way as Lemma 4.1
in Malanowski, 1998), if (C5) is replaced by the following stronger Assumption:

(C5)  There exists v > 0 such that
Bz, u,2®,u®) >y ([[uV]}f + [u?]3)
for all (z(V,u®,2® u®) € Z; x Z, satisfying
W (1) = oM [z (8) + O [HuD (@) Vi€ [ta, ],
z(l)(ta) =0,
53 (t) = v [tle® (@) + P Hu@ () VE€ [os,1],
22(5) = 21(5),
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where the quadratic form B is defined by

oy w N
Ba, a0, = 1 [ (00) g (00

1 [t (224 o 5 (¢t
+5 /ﬂ (i(E)EtD Q@) (umgf%) dt
452 (1) 4B (1)) 1),

EXAMPLE 3.1 The optimal trajectory & of theﬁ?ntml Problem (OCez) in Ex-
ample 2.1 is positive. Therefore, Assumption (C5) is satisfied.

The stronger Assumption (é?)) will be used in the following to derive error
estimates for discretizations of system (6)—(7).

4. Application of Newton’s method

The result of Theorem 3.1 implies that Newton’s method for operator equations
can be applied to system (9). If we denote

Z(k) — (:—E(Ilk)’u{l:k),x{Qrk)!u(g‘k)‘ )\(l’k),)\{z'k),.u.(?‘k)) ;

then in each iteration step of Newton’s method we have to solve the system

Fo(2®),s0)) 4+ FI (2(0) 5B (z — 2(8) 5 — sk)) =0,

Fp (2™, s®)) + F} (20, s®)) (2 — 2(M) s — 5(K)) = 0. (16)

The first equation is independent of s and defines the next iterate z(#+1) =
2" + Az(¥) | It can be solved by solution of the following quadratic control
problem:

(OQ)k Miﬂaxn1,aut1!,m(2l,m;t2lezlxZg Jk(A:g(l)'Au(”,AI(z)lﬁu(Z))
subject to
A () = i VAN (t) + i A () + YO Vi € [ta, 0],
AzM(t,) = a,
A (t) = p0 [ Aa (1) + pP O AP () + P[]Vt € [oa, 8],
Az (5) = Az (5),
u®R) (1) — b+ Au(£) = 0 Vt € o2, ],

where the argument of functions evaluated at the point (Z(*)(t), @(#*)(¢),...)),
i = 1,2, is denoted by ("¥)[¢], and

LB |
T. (1) (2) (1) .20y f [ Ea A (1YY o+ (LY R A (1Yean] 5
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1 /7 (AzW@\T . (AzD(t)
+*2- j;ﬂ (Au“)(t)) kl (t) (Au(”{t)) dt
+ [ [pehimast 0 + pER 0] a
1-:; AT i (2) (4
w1, (i) &0 (o) @

+AzP ()T e (32 (2)) AP (24)

with

(i,k) (i,k)
@ (Haz [t] Hzu [t]) . _
% (‘)‘(Hai;’”m HPy) T

The second equation in (16) is
wbEHD (5(R)) _ o @k41) (5(k)) 4 (1K) (5()) — k) (D)) (s — s8Ny =0,
By Assumption (C4) this equation has the unique solution

u(l‘k+1)(s(k)) - u(?.k+1)(3(kl)
w(1.k) (5(k)) — 4 (2:0) (5(K))

sl — (k) (17)

In this way we obtain a sequential quadratic programming method for the so-
lution of system (9), where in each iteration step we first solve problem (0Q),
to obtain z(¥*1) and then we compute s**1) from (17).

5. Discretization by control parameterization

The reduction of the solution of Problem (OC) to the solution of the operator
equation (9) allows to obtain similar results as in Felgenhauer, 1998, but for the
more general case, where the optimal control satisfies the structural assumption
(CS), i.e., the optimal control is only piecewise of class C?. We present here only
the main ideas for a simple approximation of system (9). As in Sirisena, Chou
(1979) we use a discretization defined by control parameterization, i.e., only the
control functions are discretized while it is assumed that the system and adjoint
equations are solved exactly. The discretization of system (9) discussed in the
following is motivated by a control parameterization method for the quadratic
control problems (OQ), of the preceding section.

Let N € N, N > 2, and let hy = (61 —t4)/N, ha = (t; — 02)/N be the mesh
spacings and
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the nodes of the discretization. We approximate the controls u(!), u(?) piecewise
by polynomials of degree k. With

= [tjl) #1i=0,...,N-1},
I® = [t]. , j+1]|] =00y N =1
we introduce finite dimensional spaces
U = {u:[ta,01] = R" | uls is a polynomial of degree k VI € 1w}
and
v = {u:[oa,t5] = R | u|s is a polynomial of degree k VI € I®}.
We use additional interpolation nodes
=W 4 jhk, i=0,..N-1,j=0,... .k,
and

Ti(j): 9 4+ jhy/k, i=0,..N-1,j=0,....k.

We use Lagrange polynomials as basis functions for UI(Vl) and UI(\?). For 1 =
0,...N —1, we denote by L”,
on [tﬁl), tii)l TZ(B) R k] having the property

w_J 1, j=1,
b ‘{o, i #i,

7 =0,...,k, the Lagrange polynomials defined

and by L; 2) ,j =0,...,k, the Lagrange polynomials defined on [t§2),t,§i_)1] =
(2)

[Ti07i k] havmg the property

@_ 1, i=i,
Liy ‘{0, j#i.

Further we define discretization operators AS\I,) : L2 ([tq,01]) = UI(\}) , where v :=
Ag&)(u) is uniquely defined by

vty =u(V), i=0,...N,
o(rP) = u(r), i=0,..N=1, =0,k

and Aﬁ):Lz([ag,tf]) — Uy, where v := Aﬁ) (u) is uniquely defined by

o(t?) =u(t{), i=0,...N,
A./-(2)\ — .A/_(2)\ 3 n AT “ . ~ v
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Then, for uV) € C*¥*1([t,,01]), u'? € C*+1([02,t;]) the error estimates

u® = AQuW |l < chfH, [l - AP aMl < cht, (18)
and

l® — AQu®|oo < ek la® = AP il < ch¥, (19)
hold, where h = max{h;, ho}. Finally, we define a discretization of (6) by

ADGT + Hy (20 (), u® (), AV (1) = 0

A (5) =A@ (5) = 0

Hy (2O (8),u™ (), \D (£) L (t) dt = 0

ta ’ (20)
i=0,..N-1,5j=0,...,k,

& (t) — (@M (t),uM () =0
zM () -a=0,

for all ¢ € [t,,01], and a discretization of (7) by
A OT + Hy (a?(2),u® (2), \O(8), i@ () = 0
AP ()T = ¢z (=@ ()T =0,
ty _ .
/ Hy (@@ (2),u® (1), A (), s® (1) L (t) dt = 0

i=0,...N-1, j=0,....k,
2@ (t) — (=P (1), u®(t) =0
z®)(s) -z (s) =0
uP () -b=0,

(21)

for all ¢ € [02,ts]. In order to obtain a discretization Fy of the operator F we
define spaces Zny = Zn1 X Zna X Zng X Zna by

Zn1=C(ta,01;R") x U,
ZN‘g—Cl(Ug,t!, l) X Utz),
ZNn3=C"(ts,01;R")

ZNna=C(02,t5;R") x U,

1

andWN WNIXI’VNQXWN3XWN4by

Wn 1=C(ta,01;R") x R* x REFDN
WN Q_C(tﬁialan) x ]Rn
Wi 3—C(Jg,t;,R“) X ]Rn x REHIN

o 4 |
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where U}J} is provided with the norm of C(t,,o;R!) and U}\f] is provided with
the norm of C(o2, t5; R!). Further, we define the operator Fy: Zy xR — Wy xR
by

Fu(z,5) = ( i ) (22)

where F, is defined by (20), (21), and F}, is defined by
uV(s) —u?(s) = 0. (23)

In the following section we show that for sufficiently large N the discretized
equation Fiy(z,s) has a solution and we derive error estimates.

6. Convergence analysis

Convergence results for discretizations of operator equations can be found e.g. in
Allgower et al. (1986), Deuflhard, Potra (1992), results for discretizations of gen-
eralized equations can be found e.g. in Alt (1997), Dontchev, Hager, Malanowski
(2000), Malanowski et al. (1997). For the convergence analysis of the equations
considered here Theorem 2.2 of Malanowski et al. (1997) is most suitable. In
the following we use a special case of this result based on a modification due
to Felgenhauer (1998, 1999a). If we apply Theorem 7 of (1999a) to operator
equations, we obtain the following result.

THEOREM 6.1 Let V and V' C V* be Banach spaces, let F:V — V' be Fréchet
differentiable and let ¥ be a solution of F(v) = 0. Suppose that for N > N
subspaces Viy C 'V, Vi, C V' and operators Fn:Vy — V), are given with:

(a) For each N one can find vy € Vv such that ||[Fyn(vn)|| = 0 for N = oo.

(b) There exists r > 0, L > 0 such that the operators F), are Fréchet differ-

entiable with
|Fn(v1) = Fn(u2)ll < Llvr = v2|| Vv1,v2 € Br(vw).

Then for sufficiently large N equation Fi(v) =0 has a solution vy, with

oy =l < e(lEn (o)l + llow = 1))

with a constant ¢ independent of N.

Proof. Apply Theorem 7 of Felgenhauer (1999a) with s, = sy = Fn(vn) and
K ={0}. O

REMARK 6.1 Theorem 2.2 of Malanowski et al. (1997) and Theorem 7 of Fel-
genhauer (1999a) assume a global Lipschitz condition for the operators Fj,
but it can be easily seen that it is enough to require the local assumption (b)
(compare also Alt, 1997, Theorem 3.2, Dontchev, Hager, Malanowski, 2000,

— TN
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In the following we apply Theorem 6.1 with & = (2, 3), where
5= @D, 40,50 G0 30 3@ 52)
is the solution of (6)—(7), and vy = (Zn, §), where
iy = 3, ADGD 7@ ARG 3O 3, AD 52y,

Assumption (b) of Theorem 6.1 can be easily checked. The following Lemma
shows that Assumption (a) is satisfied.

LEMMA 6.1 Let Assumptions (C1)-(C2) and (CS) be satisfied for some p >
k + 1, where k is the order of polynomials used to approzimate the controls.
Then

IFn (2w, 8)I| < ch**!
with a constant ¢ independent of N.
Proof. Since Z is a solution of (6)-(7), the first component of Fy(Zy, §) is
Fyo = Ha(a(8), AY a0 u® (), A0 (1)) — Ha (= (), u™ (1), A (1) -
By Assumption (C2) and (18) we therefore obtain
|Fnall < ek

with a constant ¢, independent of N. The second component of F (Zy, §) van-
ishes. Again, since Z is a solution of (6)—(7), the third component of Fy(Zy, §)
is

Fra= [ " [Hale® ()10 (1), X0 (1)

—H, (2 (¢), AR aWu (), \O (1)) L (1) dt = 0,
i=0,...N-1,j=0,...,k,

which by Assumption (C2) and (18) implies
|En 3]l < egh*+!

with a constant c3 independent of N. For the remaining components of Fi , we
obtain the desired error estimates by the same argumentation. Since F,(2,§) =0
we obtain

Fyp(2n,38) = AQu () — M (s) — (AF 6P (5) — u®(5)).
By (18), (19) this implies

| Fns(2n, 3)l| < cph*+!
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It remains to prove Assumption (¢) of Theorem 6.1, i.e., the operators
F\(2n,8)7! exist and are uniformly bounded. To this end we proceed as in
Section 3. Fy(Zn,3) has the structure

0 "
&FN‘G(ZN,S) 0

0

FIIV(ZNag) = o
E"FN,b(ZNyg) a—FN,b(fN,5)

Therefore, the operators Fiy(Zn, §) are uniformly regular, if

"—FN,a(Z,é)‘l < cq (24)
0z
and
0 o
_FN,b(Z,S) Z Cp (25)
Os

with constants ¢,, ¢, independent of V.
Condition (25) is equivalent to

d

L akIDE) - S () 2 . (26)

By Assumption (C4) we have

d d
e | Loz — Lo
¢i=| i (3) — T (3)| >0.
It therefore follows from (18), (19) that
d i Py . . _
Et-A}Vu(l)(s) - EA%,u(Z)(s) > &—chb 1,

This shows that (26) is satified for sufficiently large N.
Condition (24) is equivalent to the fact that there exists a constant ¢, inde-
pendent of N such that for each w = (wy,...,w11) € Wi the system

0
BZFNa(zN, Slz=w (27)

has a unique solution z(w) with
llz(w)]l < callw]|- (28)
To show this we proceed in the same way as in Section 3. We first introduce
spaces N = ZN1 X ZNo X ZN3 X ZN4 by
ZN,1=C (ta,al;R") X U]\}) 3
ZNJ:CQ (023 tf) Rn) X U](\?) )
ZN,Szcl (ta) J1; IR") )
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and WN = WN‘] X WN_Z X WN_;; X W'NA by

Wn 1=C(ta,01; R") x R* x RE+DN
W 2=C(ta,01; R") x R,
WN13=C(02,tf; R™) x R™ x R(+1N 2
Wna=Cl(o2,t5;R?) x R* x UL,

where U}\}} is provided with the norm of L?(t,,0q;R!) and U,(\?} is provided with
the norm of L?(a2,ts; R?).

To simplify notations, the argument of functions evaluated at the point
@D (1), AL a0 (8),...)), i = 1,2, will be denoted by (*N)[¢]. System (27) defines
the necessary optimality conditions for the following quadratic control problem:

(OQ)N.wMin(z“},r(n‘u“:'.u{ZI)EL;],N XZQ.N JN(x(l)‘ u(li, 3(2)‘ u(-‘_}}‘ 1.U)

subject to

#D(t) = &V [1a® @) + M [Hu® (8) + wa(t) Vt € [ta,01],
2(M(t,) = ws,

#(t) = &M@ (1) + v [Hu® () + wo(2) vt € [oa, 7],
z(2(8) — 21(8) = wyo,

u® (t) = wy () Vt € [oa,tf],

where

JN(x(”,x(g],u“),um,w)
_1 7 (a0 . (1,N) 2 (¢)
5] (o) @@ ()

- /01 [w: () Tz (8) + ws (t) TuV (2))dt

ta

1 (Y 2@\ e ) (2)
+ 5./.:-2 (u(g}(t)) Q( N}(t) (1.-,{2)(1‘,)) dit
- /tr [we(t) Tz (2) — we(t)Tu® (1))dt

+ 23 (1) 922 (3 (t1))2 P (t5) — wl 2V (3) - wT 2P(ty),

and

(i,N) (i,N)
(M) = (Haz (18] Hza [} g

As in Section 3 it can be shown, that Problem (OQ), ,,, and hence system (27),
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defined by the constraints of Problem (0Q),, 5 are uniformly surjective and if
a strong second-order condition is satisfied. We first prove uniform surjectivity.
The operators Gn: Zy ny X Za,n = Wy ny x Wy n are defined by

#0() =) [JeM () - i [JuV()

N (t,)

GN(x(”,I(?);u(l),u(E)) = {o}( (")[]‘L()) () = (‘?)”u )}() ,
zt? )(3)—.5(”(5
u®()

and the operators G'Nzé'l‘N X ZQ,N — WQ,N X Wd_N are defined in the same
way. The discrete counterpart of Lemma 3.1 is

LEMMA 6.2 If Assumption (C3) holds, then the operators Gy are uniformly
surjective, i.e., for eachw € Wy y xWy y there ezists z = (zV), u1) 2 u®) €
Z\,N X Za,N such that Gn(z) = w and

llzll < ellwll,

where the constant c is independent of N and z. Moreover, the operators
Gn are uniformly surjective, i.e., for each w € Wy x Wy n there exists
z = (zM, M, 22 u®) € Z; y x Zy n such that Gn(z) = w and

lIzll2 < ellwllz,
where the constant c is independent of N and z.

Proof. Let w := (w4,w5,wg,wm,m“) € Wy x Wy be arbitrary. We first have to
find z = (2, u®, 2® w®) € Z, x Z, such that G(z) = w. The last equation
of this system is it = wyy. We set u(®) = 0. Then [|u®)|| < |Jw]], [[u®|| < ||lw||,
and we obtain an initial value problem having unique solutions z!) and (2
with

eIl < e Nwaws)ll, (221 < e (o, wio,wi)l,

where the constants ¢;, ¢» are independent of N and z. The assertion for Gy
follows in the same way. @

The strong second-order condition required for (0Q) ,, is

(C5)n There exists ¥ > 0 independent of N such that
By(a,u, 2, u®) 2 5 (Ju [ + u )
for all (x(”,um,xm,u(g)) € Zn1 % Zn s satistying
W (t) = pP [0 @) + P eV () VEE [te, 1],
3(1)(%) =0,
() = pP [tz @) + PP [uP () Ve € (02,8,
() (3) = x(l)(g)‘

oY+
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where the quadratic form By is defined by

I 2
By (z®,u®, z® @) = %/ (img;) QUM (1) (;(L)Eg) dt
ta

tr (2 (¢ b :(2) (¢
AL R ()
+23«(2)(tf)T¢z:( 22 (t))z? (tg) .

We show that this condition follows from (C5) Let K := kern (G) with the
operator G of Lemma 3.1. Then (05) can be stated in the form

B, 0,52, ) > (3 + [u2]3)
V(z®,uM 2 u)) e K.

It follows from Assumption (C2) and (18) that for i = 1,2
1RUM(t) - QU@ < &k,

where the constant ¢, is independent of N. This implies that for sufficiently
large N

By(zM,u, 2, u®) > I (Ju®|3 + [[u®|13)
Y(zM, uW 2?2 42 e K.

Since kern (G) C K, it follows that for sufficiently large N, (&)}N is satisfied
with 7 = v/2.

We have shown that all Assumptions of Theorem 6.1 are satisfied for the
discretization described in the last section. We therefore obtain the following
convergence result:

THEOREM 6.2 Let Assumptions (C1)-(C4), (C5)n and (CS) be satisfied for
some p > k + 1, where k is the order of polynomials used to approzimate the
controls. Then for sufficiently large N the discretized system Fy(z,s) = 0 has
a solution (z}, s}) with

(zx,88) — (,3)]| < ch**1,
where the constant ¢ is independent of N.

For the solution of the discretized equations we can use the Newton method
described in Section 4, where the controls are discretized according to Section 5.
Similar results can be obtained for more general control problems and more
general discretizations. We refer to Felgenhauer (1998), where most of the
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