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Abstract: Pole assignment by feedback control of the second
order coupled singular distributed parameter systems is discussed
via functional analysis and operator theory in Hilbert space. The
solutions of the problem and the constructive expression of the so-
lutions are given by the generalized inverse one of bounded linear
operator. This research is theoretically important for studying the
stabilization and asymptotical stability of the second order coupled
singular distributed parameter systems.
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1. Introduction

Singular distributed parameter systems are systems which are much more of-
ten encountered than the distributed parameter systems. They appear in the
study of the temperature distribution in a composite heat conductor, voltage
distribution in electromagnetically coupled superconductive circuits (Ge, 1993a;
Joder, 1991; Trzaska, Marszalek, 1993; Yang, Liu, 2000; Yue, Liu, 1996). There
is an essential distinction between them and the ordinary distributed parameter
systems. When under disturbance, they not only lose stability, but also great
changes take place in their structure, such as leading to impulsive behavior etc.

One of the most important research problems is the study of the pole as-
signment of the singular distributed parameter systems (Ge, 1999, 2000; Ge,
Ma, 2000). There have been some papers discussing pole assignment of the first
order coupled singular distributed parameter systems (Ge, 2000; Ge, Ma, 2000).

1Research carried out under the National Natural Science Foundation of China grant no.
60274055.
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In mathematical and engineering control systems it is of great importance
that the control object is described by the second order singular distributed
parameter system while the controller is governed by the singular lumped pa-
rameter system. The physical measurement values of the second order singular
distributed parameter system are fed to the controller, in which the control
signal is produced and transmitted to the actuator. The latter realizes the feed-
back control for the system. Since the controller is usually described by the
singular ordinary differential equation, we must study the pole assignment for
the second order singular distributed parameter system coupled with the sin-
gular lumped parameter one. When the placement of controller for the second
order singular distributed parameter system is known, we choose appropriate
placement of the observation for the second order singular distributed parame-
ter system, such that the closed loop system, which is the second order singular
distributed parameter system coupled with the singular lumped parameter one,
possesses assignable poles. This note deals with the pole assignment by feed-
back control of the second order singular distributed parameter system coupled
with the singular lumped parameter system. The solutions of the problem and
the constructive expression of the solutions are given by the generalized inverse
one of bounded linear operator.

Let H denote the complex separable Hilbert space, Ey and Ay be linear
operators in H, Ay be an invertible and closed densely defined linear operator,
Ey be a bounded one, and g;, by, y € H(i = 0,1,2), by # 0. There exists
A(l)/ 2 Let R™ denote the n-dimensional Euclidean space, R™*™ denote the set
of real matrices. Further, z, g, k; € R™(i = 0,1,2) and k; # 0(i = 0,1,2), Ex,
F € R™*™ and detEy = 0. For the systems

Eoij = Aoy +uby  y(0) =y0, Y= (1)
Ey:=Fz4w, 2z(0)=z (2)
if u=<2z,g>and w =< Fyij,g2 > ka+ < Eoy,g1 > k1+ < Eoy,go > ko are

the feedback controls, where < -,- > denotes the inner product, then (1) and
(2) become

Eoj = Aoy+ < 2,9 > by y(0) =50, 9(0) =1y (3)
Esi = Fz+ < Eyl, g2 > ka+ < Eoy, g1 > ki+ < Eoy, go > ko,
z(0) = zo (4)

Let Goz =< z,9 > by, Goiy =< Eoy,g; > ki(i = 0,1,2), then the expressions
of (3) and (4) become

Eojj = Aoy + Goz, y(0) = yo, 9(0) = (5)
Exz = Fz+ Goai + Gory + Gooy, 2(0) = 2o

The problem of pole assignment for (1) and (2) is whether there exist g; € H(i =
0,1,2) for an arbitrary set {a;}} of N complex numbers such that the closed-
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loop second order coupled singular distributed parameter system (5) possesses
the poles {a; }.

I 0 0 A2 v
LetEl_[O Eo}vA_{Aém 0 ]”_[v;]awherevl—flémyv

ve = gy. From (5) we obtain
E1v = Av 4+ Gz, (6)
FEsz=Fz+ G0+ Gov

0 =< z,9 > b, Gov = G00A81/2’U1 =+ vag, Giv =

where Gz =< z,9 > [
bo |

Gogvg,andb_|: 0 :|

bo
| E1 O | A G |
LetBo_[_G1 E2_,T0—[G2 F],andw—[z}.Fromm)we
have
Byw =Tyw, w(0)=uwq (7)

The generalized eigenvalue problems of (5) and (7) can be written, respec-
tively, as follows:

)\2E0y = Aoy + GOZ (8)
AEsz = Fz + N2Goay + A\Gory + Gooy

and
ABow = Tyw 9)

The following result can be proved directly:

LEMMA 1.1 Let Ag be an invertible linear operator and let Eg be a bounded

1/2
linear operator. If (M, y,z) is a solution of (8), v = [ :jl } = [ A)\yy ]’
2

W= [ Z ], then (A, w) is a solution of (9). Conversely, if (Ao, wo) is a solution

of (9), where wy = { ZO }, vy = { 501 ], then (Ao,Aal/va,zo) 18 a solution
0 02
of (8).

According to Lemma 1.1, the problem of pole assignment for (1) and (2) becomes
whether there exist g; € H(i = 0,1, 2) for an arbitrary set {a;} of N complex
numbers such that the closed-loop singular system (7) possesses the poles {a; }1.
In this note, the constructive expressions of g;(i = 1,2) are given via the
generalized inverse one of bounded linear operator in Hilbert space.
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2. Preliminaries

In the following, E{ denotes the adjoint operator of Ey, 0,(Eo, Ao) = {A : A
is a generalized eigenvalue of Fy and Ap} denotes the finite generalized point
spectrum of Ey and Ay, i.e. the finite poles of system (1); p(E1,A) = {a :
(aEy — A) is a regular operator}; R(aE, A) = (aE; — A)~! denotes the inverse
operator of (wFy — A) for a € p(E1, A); I denotes the identity operator.
DEFINITION 2.1 (Ge, 1993b) Let B(H) denote the Banach algebra of all bounded
linear operators on H and B € B(H). If there exists Bt € B(H) such that
BB*B =B, BYBB* = B+, (B*B)* = B*B, and (BB*)* = BB*, then B+
1s called the generalized inverse one of B.

LEMMA 2.1  If there exists BT, then (i) B is unique; (ii) there exists (B*)™T,
and (B*)* = (B™)*.

Proof. (i) If G1 and G4 are two operators satisfying
BGB =B, G1BGy = Gy, (GlB)* =GB, (BGl)* = BG4
and
BG2B = B, G3BG2 = Gy, (G2B)* = G3B, (BG3)* = BGy,
then
G1 = G1BG; =G1(BG,)* = G1G;B* = G1G5(BG2B)*
= G1GiB*G3B* = G1(BG1)*(BG32)* = G1BG1 BG4
= G1BG2 = (G1B)*(G2BG2) = (G1B)*(G2B)*G2
= (G2BG1B)*Gy = (G2B)*Ga = G2 BG2 = Gs.
Therefore G; = G2 = BT, i.e. (i) holds.

(ii) Since BBYB = B, BYBB™ = B*, (BTB)* = B*B, and (BB")* = BB,
by taking the adjoint of both sides of each equation we obtain
BY(BY)B* = B (B B*(BY) = (B*)",[(B) B*)
= (BY)'B*, [B*(BY)"]" = B*(BT)".

Using the Definition 2.1 and (i) of Lemma 2.1, we obtain that (ii) holds. W

LEMMA 2.2 Let Ay be an invertible linear operator, Ey be bounded, Ey and

Ag only have the finite generalized point spectrum, and EOA(l)/2 = A(l)/2E0. If
A 0 0 G
Br = |: 0 F :|; R = R(A2E07A0) = (>‘2E0 - Ao)il; and T = |: Gs 0 :|;
then
(i) M€ p(E1, A) if and only if N € p(Eo, Ag) and
AEGR AY’R
AYPR AR

(ii) X € p(Bo, Br) if and only if A € p(E1, A) N p(E2, F).

Y

RO\E;,A) = (\E; — A)~' =
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Lemma 2.2 can be proved directly by the reference to Halmos (1982).
For A € p(By, Br), let

a = MN< EQRbQ,gQ > R(/\EQ, F)k?g + A< E()Rb(),gl > R()\EQ, F)kl
+ < E()Rb(),go > R()\EQ, F)ko
and w(\) =< a, g >. Then we have the following lemma:
LEMMA 2.3 Let Ay be an invertible and closed densely defined linear opera-

tor, Eg and Aqg only have the finite generalized point spectrum, and A(l)/ ’Ey =
EOA(I)/2. If X € p(Bo, Br), then X € 0,(By, Br) if and only if

wA) =1 (10)

R(AEy, A)b

and wy = [ o

} is an associated generalized eigenvector.

Proof. Let A € p(Bo, Br). If (10) is false, then A € p(By, Tp). In fact, since

(ABo —Tp)" = [ ;\Ei*G_*A* }S%:iﬁf ] (11)
for any element 1y, € H x H, 93 € R", ¢ = [ z; ], and y = [ z; ],1et
(ABo — To)"y = 1. (12)
From (11) and (12) we obtain
(AB} — A%)y1 — (AG§ + G3)y2 = ¢, (13)
{ —G*y1 + (AES — F*)yz = tn. (14)
Since A € p(Bo, Br), from (14) we have
Y2 = R*(AE2, F)o+ < y1,b > R*(A\E2, F)g. (15)
Using (13) and (15), we deduce
1 =h+ <y, b>m (16)

where
h = R*(AEy, A)yr + R*(AEl,A)(S\GT + G3)R*(AE2, F)i)a,
hi = R*(\E1, A)(AG; + G5)R*(\Ea, F)g.

Thus

<y, b>=<h,b>+ <y;,b><hy,b> (17)
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and
<hi,b> = A< R*(AEy,A)G{R*(\Ey, F)g,b >
+ < R*(AEy, A)G5R*(AE3, F)g,b >
= A< R*(AEy, F)g,G1R(\E;, A)b >
+ < R*(AE3, F)g,GaR(AEy, A)b > .

From Lemma 2.2 we have

1/2
GLROE, Ab =G, | Mol Ao R} [ 0

=A< EyRb k
AY2R AR bo] < LEohtbg, g2 > K2,

GQR()\El, A)b =< EyRbg, go > ko + A < EgRbg, g1 > k1.

Therefore

< hy,b> = (5\)2< EoRby, go > - < R()\EQ,F)]CQ,Q >
+/_\< E()Rb(), g1 >< R()\EQ, F)kl, g >
+< EoRbo, g0 5< ROVEz, FYko,g > = w().

Hence, (17) can be written as follows

hyb

<y b= =22 (18)
1—w)
Using (15), (16) and (18) we obtain

< h,b>

yi oo (19)
. <h,b> _,
y2 = R*(AEs, F)s + 17—>\)R (AE2, F)g (20)
—w

From (19), (20) and the representation formulae of h and hy, it is obvious that y;
and ys are continuous at any element 1. Therefore, the operator [(ABg —Tp)*]~*
satisfying y = [(ABo—Tp)*] ™14 is a bounded linear operator. Thus (ABg—Tp)~*
is a regular operator.

If A € p(Bo,Br) and w(A) = 1, we need to prove that A is a generalized
eigenvalue of By and T, and the associated generalized eigenvector is wy =

[ R(A%,A)b ]

. In fact, let wq satisfy

()\BO - To)w() = (ABQ - BF - T)UJO = ()\BO - BF)[I - }%(/\BQ7 BF)T]U}() =0.

From A € p(By, Br), it is obvious that A € o, (By,Tp) if and only if

R()\Bo,BF)T’wO = wWoy = |: ot :| .
Wo2
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Since

R()\El 5 A) Gwog

R(ABo, Br)Two = | \ p(\By, F)Gy R(EL, A)Guwos + RO\Es, F)Gawor

R(/\El, A)Gw02 =< wo2,9 > R(/\El, A)b = Wo1,
and

AR(AEy, F)G1R(\Ey, A)Gwoz + R(AEy, F)Gawo:
=< w2, g > [AR(AF2, F)G1R(AE1, A)b + R(AE2, F)GaR(\E1, A)b)
=< woz,g > [A\2 < EgRbg, g > R(AEs, F)ks

+A < EgRbg, g1 > R(AEq, F)k1+ < EgRbg, go > R(AE2, F)ko]

=< wo2,9 > 0 = W2,
we have A € g,,(By,Tp), and the associated generalized eigenvector is w;. |

LEMMA 2.4 (Wang, 1982) Let ©; € H and z; #0 (1 =1,2,--- ,N), yn+x €
H and yny41x # 0, k = 1,2,---, and HiN*1 denote the closed linear subspace
generated by {x1, T2, , Tim1, Tit1, TN, YN+1, YN+2, - t- If @i & HiNfl,
then there exists g1 € H such that < x;,g1 >=1(1=1,2,--- ,N), and

<Yp,g1>=0 (k=N+1,N+2,---).

AsSSUMPTION (G1) Let Ay be an invertible and closed densely defined linear
operator, and let Fy be a bounded linear operator. There exists A(l)/ ? and
EOA(I)/ 2 A(l)/ 2EO. Ey and Ay have only the finite generalized point spectrum.
Let {A;}3° be the set of all finite generalized points of the spectrum of Ey and
Ap, and any A, be a single, and ¢ be the associated generalized eigenvector,
ie.

Aopr = MEopr (K=1,2,---).

Let {1x}7° denote the set of all generalized eigenvectors of Ef and Af sat-
isfying

and there exist the following relations between {Epy }5° and {1 }$°:

1 k=1
<E030kawl>:{0 k‘;él (k7l:1725)

ASSUMPTION (Gz2) Let Ey, F' € R™*", Fy and F have only the finite generalized
point spectrum {r;}7°(no < n), every ri be a single, and uy be the associated
generalized eigenvector, i.e. Fuy = rpFEoui(k = 1,2,---,np). For the general-
ized eigenvalue 7, of E5 and F™*, the associated generalized eigenvector is vy,



558 7. GE

ie. F*up, = T E3ve(k = 1,2,--- ,ng), and there exist the following relations
between {Faug}7° and {v;}7°:

1 k=1

0 k?él (k:172a"'7n0)'

< Eguk,vl >= {

3. Main result and proof

THEOREM 3.1 Suppose Ey and Ag satisfy the assumption (G1), Ey and F sat-
isfy the assumption (Ga), and there ewists Ef. Let {a;} be an arbitrary
set of N complex numbers satisfying o, # «;(i # j; i,j = 1,2,---,N), and
a; ¢ op(Er,A)Uop(Ey, F)(i=1,2,--- ,N). If

dju = off < R(a;jEa, F)k,,g >#0 (j=1,2,--- ,N;u=0,1,2),

then there exist g, € H (1n=0,1,2) such that {o;}1 U{V/Ae} %41 C 0p(Bo, To),
and

N
g = g + 1= (B Ela,  (u=0,1,2,),
Jj=1

where

j:1a27"' aN;M:Oa172a
and a is any element in H.

Proof. Let x,; = of' < R(a; B2, F)ko,g > EgR(a?Eq, Ag)bo, i = 1,2,--- ,N;
p=0,1,2;

YN = Eoprpny  (K=1,2,--)
and Hi]:i*l denote the closed linear subspace generated by

{xp17x;l,27 S Ty Tpi42, " s INS YN+, YN+2, - }

Then x,; ¢ Hi]l\ifl(i =1,2,---,N).
In fact, if x,; € Hﬁfl(i =1,2,---,N), then there exist

But, Buzs -+ Bui—1, Buit1s - BuN BuN+1, Bun+2, -+
such that
N e’}
diwEoR(c} Eo, Ao )by = Z BujdiuEoR (o Eo, Ag)bo + Z Buk+NEoprtn.
=1 k=1

J#i
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Thus

N
dip, < EoR(a3Ey, Ag)bo, ¥ >= Zﬂujdju < EgR(o E, Ag)bo, ¥y >,

= (21)
I
1=1,2,---,N;u=0,1,2.
Since
(02 = N) B = 02Ejh — NEgih = (a2E; — A)i(l=1,2,--+ | N),
1 _
E(W’l:—Q — (Q?ES_AS)wl(l:172a7N)a
o — >\l
J
from (21), we obtain
N
diybr Buujdjpbi
— = et —(1=1,2,--- ,N;u=0,1,2). 22
a?—Al ;a?—Al( ) ) ) 7l'l' ) 7) ( )
i
1
Let blj = ﬁ(],l = 1,2,--- ,N) and DN = \_bljJNxN- Then
i 1
[T @-ao) ] =X
detDy = (_1)w 1<i<j<N 1<i<j<N

N N
IT1]z =)
i=15=1

Thus, detDy # 0 by the given assumptions. Therefore, (22) has no solution.
Hence

v @ Hy ' (i=1,2,--+ ,Nip=0,1,2).
Using Lemma 2.4, we obtain that there exist g, € H(u =0, 1,2) such that
dip < EoR(a3Eo, Ao)bo, g >=1/3 (i=1,2,--- ,N;u=0,1,2)  (23)

From (23) and (24), it is easy to prove w(a;) = 1 and

N
gn =00k 1 = (B§) " Egla (n=0,1,2)
k=1
where a is any element in H, and

N

1/3 = diy, < EoR(a; Eo, Ao)bo, gy >= diy ZQJ(-M) < EgRbg,1; >
=1
’ (1=0,1,2)
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i.e

S ) )
Zg]('u)iz: (i=1,2,---,N;p=0,1,2) (25)
j=1

0&2 — /\j 3di“

(2

The solution of (25) is

(k=1,2,--- ,N;u=0,1,2).
From Lemma 2.3, we have o; € 0,(Bo,Tp)(i = 1,2,--- ,N).
. AI/QQDk ] .
For \y € 0,(FEp, Ag)(i=N+1,N+2,---), let V}, = . It is eas
k »(Eo, Ao)( ) k { Ny Y
to prove that GoVi, = G1Vi, =0, and

A a1/2
w[%] - [ E)0%]-[a% ]| T
0 Gy F 0 G2V
2 2V GVl
I o A% v
— Vn| 0 B Vo | =vas | .
-G E> 0
Thus {vAx} 31 C 0p(Bo, To). Hence Theorem 2.1 holds. |

4. An illustrative example

Consider the following systems in H x H and R™ x R", respectively:
I o gu|_|An O O I BT
I 0 J2 Ag1 Az Y2 0

FHIEHEEESIFRE

where I; denotes the identity matrix in R™, A;; is a discrete spectral operator,

(26)

and there exists Afll; Aoy and Fss are invertible, there exists AééQ, Ag =
Ajp — Ago. Tt is easy to prove that

An 0 ]V2 A 0
Ao1 Az Ai{Q—A%Q A%Q

I 01[An 0o 1Y T[4y o 7°[1 0
I 0 Asy Az | Ay Ag I 0|

Let the feedback controls be

)

u=<z,g9>, v =< gj,g2>k2+<y1,g1>k1+<y1,g0>k0.
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Then (26) becomes
I 0 i1 Ay 0 Y1 by
. = <z,9 >
[I 0][2!2} [Am A22][y2 t<ang 0
I1 0 21 o F11 0 Z1
5ol ]-lE A lE )
[ < 41,92 > kot < 1,91 > k1+ < y1,90 > ko } .

+ 0

It is obvious that (27) is the second order coupled singular distributed parameter
system. From (27) we obtain
i = A+ <z1,9 > b (28)
Z1 = Fuzt <§1,92 > kot <91,91 > kit <wi,90 > ko

HypoTHESIS (Hy) Let A1 be a discrete spectral operator, {A;}5° be the set
of all point spectrum of Aj;, and any A be single, and i be the associated
eigenvector, i. e.

Ao = Mo (k=1,2,---).

There exists A7;'. Let {45 }5° denote the set of all eigenvector of A}, satisfying
Al =Ne - (k=1,2,--+),

there exist the following relations between {¢ }7° and {1 }5°:

1 k=1
<90kvwl>{ 0 k?él (kvl*]-v2a"')'

HypoTHESIS (Hz) Let Fyyp € R™*™, {r}7 be the set of all points of the spec-
trum of Fip, and every ri be a single, and u; be the associated eigenvector,
ie. Friug = rpuk(k =1,2,--- ,n). For the eigenvalue 7 of Fy;, the associated
eigenvector is v, i. e. Fjjvg = Trug(k = 1,2,--- ,n). There exist the following
relations between {uy}7 and {vi}7:

1 k=1
<umw>={0 by (nl=120m)

It is easy to prove that (27) satisfies the Assumptions (G;) and (Gg) of this
note if (28) satisfies the Hypotheses (H;) and (Hz). Therefore, there exists the
second order coupled singular distributed parameter system, which satisfies the
hypothesis of this note.
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Conclusion

In this paper, pole assignment by feedback control of the second order singu-
lar distributed parameter system coupled with the first order singular lumped
parameter system is discussed via functional analysis and operator theory in
Hilbert space. The solutions of the problem and the constructive expression of
the solutions are given by the generalized inverse one of bounded linear oper-
ator. This research is theoretically important and convenient for studying the
feedback control and pole assignment of the coupled singular distributed para-
meter systems. If (2) is the second order singular lumped parameter system,
the results which are obtained in this paper need to be modified.
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