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Abstract: We study a shape optimization problem for a paper
machine headbox which distributes a mixture of water and wood
fibers in the paper manufacturing process. The aim is to find a
shape which a priori ensures the given velocity profile on the out-
let part. The mathematical formulation leads to an optimal control
problem in which the control variable is the shape of the domain
representing the header, the state problem is represented by the gen-
eralised Navier-Stokes system with nontrivial boundary conditions.
The objective of this paper is to prove the existence of an optimal
shape.
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1. Introduction

Since very long ago paper has belonged to the most used everyday products.
About 19 centuries ago the ancient Chinese developed the paper manufacturing
technique using bark and hemp. Since that time many improvements have
been made in order to reduce costs and enhance quality, production speed and
environmental compatibility. Today paper production has become a complex
process.

Recently the paper machine technology has been developing mostly through
the experimental work in pilot plants. With increasing speeds and sophisticated
machines this approach has become too expensive and time-consuming so that
more effective methods must be used to bring further development. One of such
methods is mathematical modelling in the framework of continuum mechanics
resulting in the numerical simulations for a proposed model. The experimental
research is still needed to verify the simulated results.
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The first component in the paper making process is the headbox which is
located at the wet end of a paper machine. The headbox shape and the fluid
flow phenomena taking place there largely determine the quality of the produced
paper. The first flow passage in the headbox is a dividing manifold, called the
header. It is designed to distribute the fiber suspension on the wire so that the
produced paper has an optimal basis weight and fiber orientation across the
whole width of a paper machine. The aim of this work is to find an optimal
shape for the back wall of the header so that the outlet flow rate distribution
from the headbox results in an optimal paper quality.

The paper making pulp (also called the fibre suspension, furnish or stock)
is a mixture of wood fibres, water, filler clays and various chemicals at the con-
centration of 1% solids to 99 % water by weight. In the large-scale simulation it
seems reasonable to model this complex mixture as a single continuum, with the
fluid being an incompressible liquid described by the Navier—Stokes equations

pvt + pdiv(v ® v) = —=Vg + div (e D(v)), dive =0, (1)

where v, q, p, o are, respectively, the velocity, the pressure, the density and the
viscosity. The symbol D(v) = 1 (Vv + (Vv)T) means the symmetric part of

1/2
the gradient of v and |D(v)| = (% Zf,j:l D;;(v)Dy; (U)) / is its norm.

The turbulent character of the flow in the header is a desirable phenomenon
in the paper making process. Typically, the input Reynolds number defined as
Re = %’ where V' denotes the magnitude of the input velocity and ¢ is the
diameter of the input channel, is about 106. In the modelling of turbulence, the
velocity field v is usually decomposed into the sum of the average velocity u and
its fluctuation u’. Averaging of (1) then leads to the system

pu + pdiv(u @ u) = —=Vp + div (poD(u) + R), div u =0, (2)

where R denotes the so-called Reynolds tensor given as the average of —u’ ®@u’.
Since the flow in the header is steady and it is expected that the geometry of the
domain changes only in the part of the boundary, we use a classical algebraic
model, where

R = ply, o| D(w)|D(u) (3)

with experimentally determined mixing length 12 specified later. Note that

m,a
by inserting (3) into (2) we obtain the closed system for unknowns u and p.
Setting py = pl?, , and

T (p, D(u)) = =pI + (po + pa|D(w)|) D(u) (4)

we obtain the model appearing also in non-Newtonian fluid mechanics. The
models where the Cauchy stress T'(p, D(u)) takes the form

T(p,D(u)) = —pI + v (|D(w)]) D(u) (5)
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represent a class of non-Newtonian fluids called the fluids with shear-dependent
viscosity. Since in the case (4) the viscosity increases with increasing shear rate
(in a simple shear flow), (4) is a model for fluids that have the ability to shear
thicken, see Rajagopal (1993), Milek, Rajagopal, Ruzicka (1995) and M4lek,
Necas, Rokyta, Ruzicka (1996) for more details on non-Newtonian fluids and
their mathematical analysis.

Figure 1. The header

Fig. 1 shows the geometry of the header. The inlet is on the left and the
so-called recirculation on the right hand side. Typically about 10 % of the fluid
flows out through the recirculation. The main outlet is formed by a number
(usually several hundreds or thousands) of small tubes. This fact presents a
difficulty in the numerical simulation and thus the complicated geometry of
the tube bank is replaced by an effective medium using the homogenization
technique. It introduces a nonstandard boundary condition of the form

T = _U|uu|uu7 (6)

where T, u,, o are the stress tensor, normal component of the velocity and the
coefficient of suction, respectively.

This work was motivated by some previous papers: The fluid flow model
which is used here has been derived and studied numerically in Hamalainen
(1993). The shape optimization problem has also been solved numerically and
the results are presented in Hamé&ldinen, Mikinen and Tarvainen (2000), see
also Haslinger and Mékinen (2003). Both the fluid flow model and the shape
optimization problem have been studied there formally without establishing
existence results. Therefore our goal is to give the theoretical analysis of the
flow equations and of the whole optimization problem.

The text is organized as follows. In Section 2 we present the fluid flow model
and analyze the existence of a solution. The existence proof is based on the
appropriate energy estimates and the Galerkin method. A shape optimization
problem is then formulated in Section 3 and the existence of an optimal shape
is established. The continuous dependence of solutions to state problems with
respect to shape variations is the most important result of this part.
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Shape sensitivity analysis for this problem can be done using differential
calculus developed in Sokolowski and Zolésio (1992). This, together with an
approximation and convergence analysis will be published later on.

2. Steady flow of a non-Newtonian fluid

For describing the fluid flow in the header we shall use a two—dimensional sta-
tionary model. First we define the geometry of the problem.

2.1. Description of admissible domains
Let Li,Lo,Ls > 0, Hi > Hs > 0, Qmaz > Qmin > 0, v > 0 be given and
suppose that a € U4, where

Uad = {a € CV([0,L]); min < @ < Amaz,

Al = M, alip i1, = Ha o/ <5 ae. in [0, L]} (7)

Here C%1([0, L]) denotes the set of Lipschitz continuous functions on [0, L] and
L =L1+ Ly+ L3. With any « € U,4 we associate the domain Q(«), see Fig. 2:

Q(a):{(xl,x2)€R2;0<I1<L,O<x2<a(:171)} (8)
and introduce the system of admissible domains
O={D JaclUas: Q=Q(a)}.

Further we shall need the domains Q = (0, L) X (0, tmaz) and Qo = ((0,Ly) x
(0, H1)) U ((0, L) % (0, @tmin)) U ((L1 + La, L) x (0, Hy)). Notice that Qg € Q € Q
for all Q € O.

Clearly Q(a) € C%! for all @ € Uyq, where C%! is the system of bounded
domains with Lipschitz continuous boundaries. We shall denote the parts of the
boundary 0€2(«x) as follows (see Fig. 2):

I'p = (x1,22) € 00(); 21 =0 or a1 :L}

Tout = 9(z1,22) €0Q(a); L1 <21 < Ly + Lo, 20 = 0}

o = §(z1,22) € 0a); L1 <1 §L1+L2,12:a(11)}
Iy = 99>a)\ (Tp Ul UT,).

The components I'p, I'py: and I'y are fixed for every a € Uyg.
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Figure 2. Geometry of Q(«) and parts of the boundary 0Q(«a)

2.2. Classical formulation of the state problem

The fluid motion in Q(«) is described by the generalised Navier—Stokes system

—div T(p, D(u)) +pdiV(ud@i9V“2L _ 8 } in Q(a). (9)

Here u means the velocity, p the pressure, p is the density of the fluid and the
stress tensor T is defined by the following formulae:

T3(p, D(w)) = =pdij + 2u(| D(w)) Dij(u), 4,5 = 1,2,

p(ID(w)]) = po + pu(|D(w)]) = o + pli o D(w)], 410 > 0,
where 119 is a constant laminar viscosity and p:(|D(u)|) stands for a turbulent
viscosity. The function l,, o represents a mixing length in the algebraic model
of turbulence and it has the following form (see Hamaéldinen, Mékinen and
Tarvainen, 2000, for more details):

Ina(z) = %a(ml) l0.14 —0.08 (1 _ 2da($))2 006 (1 ~ 2da(x)>4] |

o(zy) o(x1)

where do(z) = min {xa, a(z1) — 22}, € Q(a).
The equations are completed by the following boundary conditions:

u = 0 onI'yUTl,,
u = up on I'p,
u-T=u1 = 0 on 'y, (10)
2
Yoije1 Ligvivi =Tes = —oluzuz on Loy,

where v, T stands for the unit normal, tangential vector, respectively and o > 0
is a given suction coefficient. The condition (10), originates from the homoge-
nization of a complex geometry (for more details we refer to Haméldinen, 1993).

By a classical solution we mean any velocity field u €(CHQ(a)) 2N (C* (Q(a))

and a pressure p € C1(Q(a)) NC(Q(a)) satisfying (9) and (10).
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2.3. Weak formulation of the state problem

Throughout the paper we assume that there exists a function ug € (Wl’?’(Qo))z,
which satisfies the Dirichlet boundary conditions in the sense of traces, i.e.

Uolr, =up, Uoloy\(NpUTew) =0, U0~ T|r,,, =0

and, in addition, div ug = 0 in €. We extend ug by zero on Q \ Q. Then, due
to the boundary conditions, ug € (W1’3(Q))2 and div ug = 0 in Q.

2.3.1. Function spaces

For any o € U,q we introduce the following function spaces:

Vie) = {ee @@ dive=0in )},
Vola) = {9 =(p1.¢2) € V(a)s 91 € CF(a)),
dist(supp(p2), 0Q(a) N Tour) > O},
W = V@'
Wio(e) = {veW(a); v—uye Wy(a)},
where the norm || - ||4 is defined by

[0lla = [|v]l1,2,000) + [1Mal D(0)]]l3,00),

with
Mo (z) = (lmya(a:))Q/B,:E € Q(a). (11)

Here we use standard notations: the norm in L*(Q(a)), W*(Q(a)) will be

denoted by || ||s,2(a), Il l£,s,02(a), respectively, in what follows. We shall also use

the Einstein summation convention, i.e. a;b; :== > 1, a;b;.

LEMMA 2.1 W («) and Wy(a) are separable reflexive Banach spaces.

DEFINITION 2.1 Define the operator A, : W(a) — (W(a))* by the formula
(Aa(v),w),, :z/ M3|D(v)|Di; (v)Dyj(w)dx; v,w € W(a).
Q(a)

Here <-, ->a denotes the duality pairing between (W(a))* and W(a).
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REMARK 2.1 Since Mo = 0 on 0Q(a) \ I'p, it can be extended by zero on

0 \ Q(a). The resulting function, which is continuous in Q and which will be
used in the subsequent analysis, will be denoted by M,,.

LEMMA 2.2 (Some properties of M, and Aa,_a € Upa)
(i) If oy = o in [0, L] then M, = Mg in Q.
(i) Aq is monotone in W(a):

(Aa(v) = Ag(w),v —w)_ >0 Yo,w e W(a),

and strictly monotone in Wy(a), i.e. the previous inequality is sharp for
v # w, where v,w € Wy(a).
(111) Aq is continuous in W(a).

DEFINITION 2.2 For every u,v,w € (Wl’Q(Q(a)))2 we define the trilinear form
bq:

ov;
ba(u, v, w) :z/ Uj—w; da.
Q(a) ]8$

J
REMARK 2.2 The same analysis can be done for any weight function M, : 6 —
R satisfying the following conditions:
(i) Yoo € Ugg M, € C(Q);
(i) Yo € Ugq it holds that Ma|aea) > 0;

(iii) Vo, o € Upg an = ain [0, L] = M,, = M, in 6

2.3.2. Definition of a weak solution

We are now ready to give the weak formulation of the state problem. It can be
formally derived by multiplying the equations (9) by a smooth solenoidal test
function ¢ and integrating over Q(«) with the use of the Green theorem.

DEFINITION 2.3 A function u := u(«) is said to be a weak solution of the state
problem (P(a)) iff

o u € Wy (a),

o for every p € Wy(a) there holds:

2p0 [ Dij(u)Dij(p) dx +2p(Aa(u), @)

Q(a) *

+ pba(u,u, ) + U/ |uz|uzpe dS =0. (12)
Cout

REMARK 2.3 Since ¢ =0 on 9Q(a) N\ Tour and div o = 0 in Q(«), the pressure
disappeared from the weak formulation.



290 J. HASLINGER, J. MALEK, J. STEBEL

In the following subsections the existence of a weak solution to (P(«)) on a
fixed domain Q(«), a € Uyq will be examined. Thus for simplicity of notations
the letter v in the argument will be omitted (we shall write Q := Q(a), W :=
W(a), b := b, etc. in what follows).

2.4. Energy estimates

Recall that the function ug is now defined in the whole O and it does not depend
on a € Uyq.

THEOREM 2.1 Let

IVuollyq <C  and  o>2, (13)

NI

where C > 0 is specified in (18) below. Then there exists a constant Cg :=
Ce([|Vuoll; ) such that for any weak solution u of (P(«)) the following estimate
holds:

|wm@Q+MﬂDwm&m5Amﬁdsch (14)

REMARK 2.4 From the proof it will be seen that the estimate (14) holds with a
constant C'g independent of a € Uygq.-

Proof of Theorem 2.1. We use ¢ := u — ug as a test function in (P(«)) and
estimate each term on the left of (P(«a)) from below.
(i) The first term can be estimated by means of Holder’s, Young’s and Korn’s
inequalities:

C? 1
A Dij(u)Dij(u — uo)dx > %HVUH;Q - §||VU0H§,§- (15)
The Korn inequality is applied to the zero extension of u from § to Q with
a constant Ckorpn := Ckorn(€2) which is independent of « € Upg.
(ii) The second term can be estimated by using Hélder’s and Young’s inequal-

ity:

(Afw),u— uo) = 5 IMIDIE g — 51 MID (o) (16)

|H3 G
3,0
(iii) The convective term can be rearranged as follows:

b(u, u,u — ug) = blu, u — ug, u — ug) + b, ug, w) — b(u, ug, up) -
—_—— — - ——

J1 J2 J3
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Since u = up on 9N\ T'yyy and div u = 0 in Q, we have:

0 |u—u0|2) lu — upl?
J=/u»—<7 d:vz/ u-v)——dS
! Q Ja%‘ 2 asz( ) 2

— upl? 1
_/divu [u = ol dr > — +m/|u2|3 dS—Cm/|u02|3 s
Q 2 2 Jr

out Fout

for any 71 > 0 with (), > 0 depending only on 7.
The term Jo can be estimated using the embedding W2(Q) < L3(€):

J2 2 —[[Vuollg gllulli o = —ClallVuolls gl Vull3 o, (17)

where W”(ﬁ) is the subspace of functions from W1’2((AZ), which are equal
to zero on the top of KAZ, ie.onT = (0, L) X {@maz} and Crpyp is the norm
of this embedding.

Further

50— CmHVU()Hgﬁ

Iz > —|lulls.f Vuoll3 glluolls g = =72l Vul
holds for any 7, > 0 with C,, > 0 depending only on 72, by making use of
the Friedrichs inequality on W12(Q) and the embedding of W'2(Q) into
L3(Q).

(iv) Finally the boundary term can be estimated as follows:

/|U2|U2(U2 — ’U,Og) ds Z (1 — 773)/ |U2|3 ds — Cﬁs / |U02|3 ds
r r r

out out out

holds for any n3 > 0 with (), > 0 depending only on 7s.
Multiplying each term by the respective physical constant and summing
them up we obtain that

2
(H0C%orn = POl ol = o2 ) 190l 0 + oI MID ()

1
+n1) |U2|3 dS
2 Fout

+ ((1 —nM3)0 = p

< Co IVl . IMID(@0)ll . | el 45, Vol )

holds for any 71, 72,13 > 0 with a constant C'g, which depends on the indicated
arguments. Choosing

2
Mo CKorn P
\Y 5 < — , = < 18
[Vuolls <= (Ozmb> 5 <0 (18)

we finally arrive at (14). Here we also used the fact that all arguments appear-
ing in CE can be estimated by ||Vuol; g |
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REMARK 2.5 Let us comment on the assumptions of Theorem 2.1.
(i) The condition o > & can be possibly satisfied by adjusting the outflow
properties of the headboz.

(ii) Assume that there exists a constant C > 0 such that
Vo € Ugg ||M071||27(l(a) <C. (19)

Then Theorem 2.1 holds for any ||[Vuo|l; g with a constant Cg > 0 inde-
pendent of o, provided that o > §.

Proof of (ii). We proceed in the same way as in the proof of Theorem 2.1
with the following minor change concerning the term .Jy. Using the embed-
ding W15 (Q) — L3(Q) with the norm Clmp > 0 we have the following lower
estimate:

o > ~CPIVul} o Vuoll, o (20)

6

Korn’s inequality on W§(€) with the constant C}

%orn > 0 and Holder’s in-
equality yield

_ _ C
s0= ClronllM 1MD(“)||§,Q < ———IM[D(u)|[|3 0 (21)

Korn

IVu

Korn

Inserting (21) into (20) and using Young’s inequality we then obtain for any
n > 0:

Ty = = MID@)| 30— Cyl[Vuol? 5

with a constant C);, > 0 depending only on 7. Finally, summing up all the terms
multiplied by the respective constants, the expression

1
(10 = ) IVl + 20 (3 =) DD

1+
+ (0= mo = p=g™) [ fuaf® as

out

appears on the left. Choosing 71,72,73,17 > 0 small enough and o > £ we
obtain the result. |

REMARK 2.6 A direct calculation shows that the function M, defined in (11)

does not satisfy condition (19) since M, ~ 13/3 in vicinity of 0Q(a)\Tp. This

1/2—

condition will be satisfied if M, decays as x5/~ with € > 0 arbitrarily small.
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2.5.

Existence and uniqueness

THEOREM 2.2 (Existence of a weak solution) Let the assumptions of Theorem
2.1 be satisfied. Then there exists a weak solution of (P(a)).

Proof. Will be done in two steps (for the sake of simplicity of notations we set
2u0 =2p=0=1):

(1)

Galerkin approximations

Let {ws}il be a dense set of linearly independent functions in W and
denote by Ky := span{wl, ywlV } the finite-dimensional subspace of Wj.
For every N = 1,2, ... we solve the Galerkin problem:

Find u™ € W such that u™ —ug € K and u® satisfies equation (12) for
all p € Kn.

Define a mapping Py : RV — RY by

PN(dN)S = / Dij(uN)Dij(ws)d:E + <A(UN),LUS>+

Q
1
+§b(uN,uN,wS) + / |ud [ulws dS; s =1,...N,
Cout
where u™ (z) := uo(z) + 3.V, dNw"(x). Then the Galerkin problem is

r=1"7

equivalent to finding EN € RY such that

Py@) =o. (22)

Next we show that this nonlinear algebraic system has a solution: Clearly
the mapping Py is continuous. Moreover, there exists R > 0 such that

va¥ e RN, |dN|=R: Py (dY)-dV >0

as follows from the energy estimates and positive definiteness of the Gramm
matrix. From Brouwer’s theorem the existence of & € RN solving (22)
follows.

Limit passages

Energy estimate (14) holds for every u” with the same constant:

Ce([Vuoll; 5)-

From this it follows that there exists u € W such that (a chosen subse-
quence is denoted again by the same index N)

u — u weakly in W as N — oo. (23)

Clearly u € W,,,. Further

ulV — u strongly in L4(Q),

N

u? — u strongly in L7(09Q2) as N — oo, (24)
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as follows from the compact embedding of W12(Q) into L4(£2), and L7(09),
q € [1,+00). Let ¢ € Wy be given. Then

/Dij(UN)Dij(Sﬁ)dCC*/Dij(U)Dij(@diﬂ,
Q Q

/|U§V|U§V@2 ds — / |uz|uaipa dS,
T Tout

b(u™, u?, ) = b(u™ —u,u", @) +blu, u, @) — bu,u, ), N — oo,
making use of (23) and (24).
It remains to analyze the second term in (12). We show that

A(N) = A(u) in W*, N — oo.

From the energy estimates the boundedness of {A(u™)} in W* follows:

[{(A@™),0)| < Cliglla,

where C' does not depend on N and therefore A(u’Y) — x in W*. To
prove that xy = A(u) we use the monotonicity of A:

Vi e W 0< (A@W™) — A(), u™ — 1)
= (A™),u™ —ug) — (A(¢),u™ = ¢) — (A(u™), ¢ —ug). (25)

Since u" —uy € Ky, the term <A(uN), ulV — u0> can be expressed by the
remaining terms of the Galerkin identity. Therefore (25) reads as follows:

1
Dy (™) Dy (u™ — ug)dx < —§b(uN, ™ uN = ug)
Q

— /F |u§v|uév(uév — ug2) dS — <A(1/)), ulv — 1/)> - <A(uN), P — u0>.

out

Letting N — oo and using weak lower semi-continuity of the left hand
side of the previous inequality and continuity of the remaining terms we
obtain:

Further, we use u” —ug, L < N as a test function in the Galerkin identity

for u"V. Passing then to the limit with N — oo and then with L — oo we
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have:

,/QDij (u)Djj(u — ug)dx + <x, U — u0>

1
+ §b(u, u,u—ug) + [ |uglua(us —ug2) dS =0. (27)

I‘out

From (26) and (27) we arrive at the inequality

0< (x—AW),u—1) VbeW (28)

We now use the so-called Minty trick. Instead of 1 we insert a function
u £ A into (28), where A > 0, £ € W

0.< (x — Alu= X, %E).
Dividing this inequality by A we obtain for A — 0+:
0< :|:<x — A(u),§> VE e W,

making use of radial continuity of A. Thus x = A(u).

It remains to verify that u is a weak solution: Choose ¢ € Wy. This
function can be approximated by a sequence {pl}, ¢f € Kp: ¢f —
@ in Wy, L — oo. Inserting ¥ into the Galerkin identity for u™, N > L
and letting N — oo and next L — oo, we see that (12) is satisfied for
every ¢ € Wy. Therefore u is a weak solution. m

THEOREM 2.3 (Uniqueness) Let all the assumptions of Theorem 2.1 be satisfied
and ||Vuol|; g be small enough. Then there exists a unique solution to (P(a)).

Proof. Let u and v be two solutions of (P(«)). We subtract the weak formula-
tions for u and v with ¢ = u —v € Wy as a test function. We obtain:

2410} D = v)|[3 0 + 2p( A(ur) — A(v),u—v)

>0

+0’/ (luz|uz — |v2]v2)(uz — v2) dS = pb(v—u, v, v—u)+pb(u, v—u, v—u).
I‘out

>0

The terms on the right hand side can be estimated making use of the Holder

~ ~

inequality, the imbedding of W1’2(Q) into L*(Q) and the energy estimates:
b(v —u,v,v —u) < ||VU||2,Q||U - ’UHZQ < CEC%mbHV(U - U)”%,Q?

b(u,v—u,v—u) < [Julls,0l|V(u—v)|zalu—vllae < CaCFlV(u—0)3q,
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where Cr,,p is the norm of the respective embedding and Cg := Cg (HVU()Hg ﬁ)
is the constant from the energy estimates. Applying the Korn inequality on the
left hand side, we finally obtain:

/’LOC%(O’I"H,HV(U - U)”%,Q < 2pCEC%mb”v(u - v)H%,Q’

2
from which it follows that u = v a.e. in Q if 2Cg < % (%) . [ |

Imb

REMARK 2.7 Let us observe that the bound guaranteeing uniqueness of the so-
lution to (P(«)) is also independent of o € Uyq.

3. Shape optimization problem

The aim of this part is to formulate a shape optimization problem and to prove
the existence of its solution.

3.1. Formulation of the problem

We proved that, under certain assumptions, which do not depend on a particular
choice of Q(a) € O, there exists at least one weak solution of the state problem
(P(a)). Let G be the graph of the control-to—state (generally multi-valued)

mapping:
G :={(a,u); o € Uyq, u is a weak solution of (P(«))}.

Further, let us define the cost functional J : G — R by
75 (@) = [ i =20l S, u= (ur,ua), (29)
r

where zp € L?(T) is a given function representing the desired outlet velocity
profile and I c T'puz- This choice of J reflects the optimization goal formulated
in Section 1

We now formulate the following problem:

Find (a*,u") € G such that J(a*,u*) < J(a,u) Y(a,u) € G. (P)
Next we introduce convergence of a sequence of domains.

DEFINITION 3.1 Let {Q(a)}, an € Ugq be a sequence of domains. We say that
{Q(an)} converges to Q(a), shortly Qay,) ~ Qa), iff an = « in [0, L].

As a direct consequence of the Arzela—Ascoli theorem we have the following
compactness result.

LEMMA 3.1 System O is compact with respect to convergence introduced in De-
finition 3.1.
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3.2. Existence of an optimal shape

First let us recall that the function uo which realizes the boundary conditions
is the same for all domains ©Q € 0. We now rewrite (P(«)), @ € Uyq using the
formulation on the fixed domain :

2110 /@ Dy; (i) Dij (@) da + 2p{Aa(ii()), §) g + pbg (ii(a), i(a), )

+o / s @) liiz(0) @2 dS = 0 Vo € Woa), (P(a))
T

out

where the symbol ~stands for the zero extension of functions from Q(«) on Q,
(Ao(i(@).)g = [ MDD (3(0)) Dy (7) da,

o (i(a), (), §) ;:/Aﬁj(a) a?x(j‘) @i da.

Further let
W(a) := {v e (W2(Q(a)))?; divv =0 in Q(a), My|D()| € L3(Q(a))}

and define

o~

W (@) := {v € W(a); v satisfies the Dirichlet
conditions (10); — (10), on 8Q(a)}.

REMARK 3.1 It holds that W, («) C WuO (). The question arises whether these
spaces are identical. This is in fact the density problem. For the moment we do
not know the answer.

Theorem 2.1 gives the following energy estimate:

IVa(a)[; g + | MalD(@a))[II3 5 + / luz(a)|* dS < Cr(|[Vuolly g)  (30)

out

for every (a,u(a)) € G with the constant Cr(||Vuoll, ) independent of o pro-
vided that (13) is satisfied.

THEOREM 3.1 Let ay, = a in [0, L], an, € Upg and uy, := u(ay,) be a solu-

tion of (P(ay)). Then there exists u € (VVLQ((AZ))2 and a subsequence of {un}
(denoted by the same symbol) such that

iy — 1 in (WH2(Q))°

Mo, D(ii) — MoD(@) in (L3(©))*"%, n — oo (51

In addition, the function u(cq) := o) solves (P(a)) provided that u(a) €
W ().
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Proof. Let us denote M, := M, , Q, := Q(ay,), <~, > = <~, ~>a ete.

n n

From energy estimate (30) it follows that
”ﬂn”l,z,ﬁ < C, ”MHD(an)Hg,ﬁ < C, (32)

where C' > 0 does not depend on n. Therefore we can pass to a subsequence of
{@n} (denoted again by the same symbol) so that

iy — @ in (W2(Q))°,
" 33
M,D(i,) =% in (L3@)%, n— . (33)

The following properties of & and Z are easily verified:
(i) 2=01in Q\ Q(a); 2=0in O\ Q(a);

(iv) w satisfies the required Dirichlet boundary conditions on 9Q(«).

We prove (ii). Since C*° (6) is dense in L3 ((AZ), it is sufficient to show that

N MnDU(ﬁn)U)” dCC — /A MaDij(a)’(/)ij dCC, n — oo
Q Q

=

holds for every ¢ € (C> (Q))2X2. Indeed:

<

/( (MnDij ()i — Mo Dy (a)1/)ij) dx

2

< /@ | My — Mo || Dij (i) 35 d$+’/ﬁf\2’a (Dij (n) — Dij (@) iz dx| — 0,

making use of the fact that M, = M, in ©, (33), and that M,t;; € L2(Q).

Let u(a) = Ulg). Then (i)-(iv) imply that u(a) € Wuo(a). Next we
prove that u(a) solves (P(«)) if u(a) € Wy, (). We start from the definition
of (P(awm)):

210 /ﬁ Dij (an)Dij (@) dr + 2P<An(an)7 95>§ + pbﬁ(ﬂ/na Up, 95)

+ a/ liiliina® dS = 0 Vi € Wolam). (34)
I

out

Let ¢ € V() be an arbitrary function. Then ¢|o, € Vo(ay,) for n suffi-
ciently large so that it can be used as a test function in (34). The limit passage
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in the first, third and fourth term in (34) is a classical one:

" Dij(iin)Dij(p) dx — [ Dij(a(a))Dij(p) du,
Q Q

/ izl iz B2 S — / iz @) 22() 3 dS. (35)
Tout Tout

bg (T, U, @) — bg(t(a), u(c), p), n — oo.

The most difficult is to handle the second term. Let B,, € (Wo(oz))* be the
functional defined by

20( B ), = ~240 /Q D (i) Dy () dv = plgy (i, i, )

o / (inslinath dS W € Wo(a).
T

out

From the energy estimate (30) it follows that ||Bn||( +» < CforallneN.

Wo(a))
Thus, there exists B € (Wo(a))* such that

B, — B,n — oo. (36)
In addition, if 1 € Vo(a) then 9lo, € Vo(aw) for n large enough and
<Bn7 1/1>a = <An(an)7 1L>Q (37)

Due to monotonicity of 4,, on W (w,) we have for any ¢ € W(ay,):

0 < <An(un) - An(w)aun - ¢>n = <An(un)u Up — u0>n_
- <An(1/))vun - 1/’>n - <An(un)v1/) - u0>n. (38)

In what follows we use 1 of the form ¢ = ug + @, where ¢ € Vo(a) is fixed.
Then

(An(un), ¥ = o), = (An(in), )5 = (Bus0),, (39)

for n large enough making use of (37). Since u, € Wy, (ay,), the definition of
(P(a)), (38) and (39) yield:

2#0 ADij (ﬂn)Dw (ﬁn — ’U,()) dx S —pbﬁ(ﬂn, ﬁn, ﬂn — ’U,())
Q

_ U/F|an2|an2(an2 — ugn) dS — (An(®),tn — ) — (B . (40)

out
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Letting n — oo in (40) we obtain:

210 /@Dij (@) Dij(u(cr) — uo) dx < —pbg(u(a), @(c), a(a) — uo)

— o [ |ag(a)|i (@) (G () — uoz) dS — (Aa(¥), u(a) — ¢>a — (B, 90>a

Cout
(41)
using that
<An(¢)a un>n - <Aa(1/})a u(a)>a = <Aa(1/;)a ﬂ‘(o‘)>ﬁa n — o0o. (42)
Indeed: from (33), and (ii) we know that
M, D(ii,) — MaD(i(a)) in (L3(€))* (43)

as U = t(«a). Further
Y f - - - g 3 5\)2%2
MZID($)|D(&) — MZID@)|D() in (LF ()7 n— o0
~ ~ ~\2
since M, = M, in O and ) € (W173(Q)) . From this and (43) we obtain (42).

By assumption there exists w(a) € Wy(a) such that u(a) = up + w(w). From
the definition of Wy («) it follows that one can find a sequence {wy}, wy € Vo()
such that

wy — w(a) in W(a), k — oco. (44)

Let k € N be fixed. Then wy|q, € Vo(ay,) for n large enough. Therefore wy|q,
can be used as a test function in (P(ay,)). Inserting wy, into (P(w,)) and passing
to the limit with n — oo and then £k — oo we obtain:

24 /D (@(0)) Dy ((0)) da + (B, w(@)),, + pbg(@(a), i(a), G(a))

+ U/F|ﬂ2(oz)|ﬁ2(oe)w2(o¢) dS =0 (45)

out

making use of (35), (36) and (44). From (41) and (45) we have:

—(Aa(@),@(0) =)g — (B, #),, + (B ,w(a)), >0 (46)

using that @(a) = () — ug. Since @(a) — 1 = w(a) — ¢ we see that (46) can
be written as follows:

(B~ Aa(),w(a) — p), 20 Vi € V(o). (47)
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From (47), density of Vy(«) in Wy(a), continuity of A, and the fact that ¢ =
uo|o(a) + 5 @ € Vo(a), we obtain:

(B —Aa(ug+ z),w(a) —z) >0 VzeWy(a). (48)

Let z € Wy(a) be of the form z = w(a) £ A0, A > 0, where § € Wy(«) is
arbitrary. Then

(B — An(uo + w(a) + \0), :I:/\9>a > 0.
Dividing this inequality by A and passing to the limit A — 0+ we finally obtain
B = Ay (ug + w(a)) = An(u(a)). (49)

This, together with (35),-(35), gives

240 A Dyj(ii(a))Dyj (@) da + 2p( Aa(ii(ex)), $)g

+ pbg (i(a), i(c), p) + o [ |az(a)|tz(a)Pe dS =0, (50)

Fout

for every ¢ € Vo(a) and consequently also for ¢ € Wy(a). [

REMARK 3.2 Under the assumptions which guarantee uniqueness of the solution
to (P(a)) the whole sequence {iy,} tends to u(a) in the sense of Theorem 3.1.

REMARK 3.3 If W, (a) = ﬁ/\ug (c), the assumption u(a) € Wy, (a) is automat-
ically satisfied.

THEOREM 3.2 (Existence of an optimal shape) Let there exist a minimizing
sequence {(n, un)}, (n,un) € G, of (P) with an accumulation point (a*,u*)
such that u*[qa«y € W, (). Then (a*,u*|qa~) is an optimal pair for (IP).

Proof. Without loss of generality we may assume that a, = o* € U,q in [0, L].
From the assumptions on the sequence {(ay, uy,)} it follows that there exists its

accumulation point (a*,u*) such that (a*, u*|q(+)) € G. Further

g= inf J(a,u(a)) = lim J(a,,u,) = J(@*,u*gn-)) > q

(a,u(a))eG n—0o0

making use of continuity of J. [ ]
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4. Conclusion

The paper consists of two parts. The first one deals with the existence proof
for the generalised steady-state Navier—Stokes system. In the second part the
shape optimization problem with the Navier—Stokes system as a state constraint
is studied.

Due to an algebraic turbulence model the weak formulation of the state
problem involves the weighted Sobolev spaces. The existence and uniqueness of
a solution is proved for small data and with a constraint imposed on the model
parameters by using energy estimates, the monotone operator theory and the
Galerkin method. The analysis of the state problem shares many similarities
with the techniques presented in Ladyzhenskaya (1968, 1969), Lions (1969) and
Parés (1992).

The proof of the continuous dependence of solutions on boundary variations
is the key result in the shape optimization part. This property is proved under
an additional assumption, namely that a limit function of a minimizing sequence
belongs to an appropriate space meaning that the existence of an optimal shape
is conditional. The paper suggests, however, a way of getting an unconditional
type of result.
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