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Abstract: The notion of internally positive 2D model (system)
with delays is introduced. Solution of the 2D linear models with
delays is derived. Necessary and sufficient conditions for the inter-
nal positivity and reachability of the models are established. The
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1. Introduction

The most popular models of two-dimensional (2D) linear systems are the models
introduced by Roesser (1975), Fornasini-Marchesini (1976, 1978) and Kurek
(1985). The models have been extended for positive systems in Kaczorek (1996,
2002), Valcher (1997), Xie and Wang (2003). The overviews of some recent
results in positive systems have been given in the monographs of Farina and
Rinaldi (2000), Kaczorek (2002), and in papers by Kaczorek (2003), Xie and
Wang (2003). The upper bound for for the reachability index of the positive 2D
general model has been considered in Kaczorek (2004). The reachability and
minimum energy control of positive discrete-time systems with one delay have
been analyzed in Kaczorek and Bustowicz (2004).

In this paper the notion of internally positive 2D model with delays will be
introduced and necessary and sufficient conditions for the interval positivity and
reachability will be established. The minimum energy control for this class of
2D systems will be formulated and solved. To the best knowledge of the author
these problems for positive 2D systems with delays have not been considered
yet.
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2. Preliminaries
Consider the 2D general model (without delays), Kurek (1985), Kaczorek (2002),

Tit1,j+1 = Aoij + A1xipr; + Ao j41 + Bougj + Biuivj + Bauij
Yij = Cxij + Du;; 4,5 € Z+  (the set of nonnegative integers) (1)
where z;; € R", u;; € R™, yij € RP are the state, input and output vectors and

A, € R™*™ By € R™™ k= 0,1,2, Cp € RPX" and D € RP¥™.
The boundary conditions for (1) are given by

Zi0, t € Z+ and T0j, YRsy/m (2)

where x;p and xg; are known.
Let RT"™™ be a set of m x n real matrices with nonnegative entries and R} =
1

R

DEFINITION 2.1 (Kaczorek, 2002) The model (system) (1) is called internally
positive (shortly positive) if for any boundary conditions x;o € R}, xo; € R,
i,j € Zy and every input sequence u;; € R, i,j € Zy we have x;; € R and
yij € RE for alli,j € 7y
THEOREM 2.1 (Kaczorek, 2002) The model (1) is positive if and only if

A e R™" B e R™™, fork=0,1,2 andC € R, DeRP™. (3)

Consider the 2D general model with delays

Zip1,j+1 = AooTij + A10Tiq1,j + A20Zi j41+
h
+ Z(Aokji—dik,j—djk + AkZi-diy+1,5-dj, T A2kTidyy, jdrn) T (4)
k=1
+ Boouij + Bioit1,; + Baotui j+1
yij = CoZij + Dousj, 4,j € Z4
where Z;; € R™, 4;; € R™, g;; € R? are the state, input and output vectors,
AOk7Alk;A2k S RﬁXﬁa k = 0715"'aha 3007310,320 S Rﬁxm; CO € RﬁXﬁa
Dy € RP*™ and d, dji, k =1,...,h are delays (nonnegative integer).
To simplify the notation we shall consider the model with only one delay
(dil = d1 2 ]., djl = d2 2 ].) and Bo = Boo, BIO = BQO =0 of the form

Tit1,j+1 = AooTij + A10Tit1,5 + A20Ti j+1 + A01Timdy+1,j—ds+
+ ANTi—d,41,j—ds + A21Ti—d, j—dot1 + Bousj (5)
¥ij = CoZij + Dowsj, 4,5 € Z4 .
We shall establish the necessary and sufficient condtions under which the
model (5) is positive and reachable. The Cayley-Hamilton theorem will be

extended for the models with delays. The minimum energy control problem will
be formulated and solved.
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3. Positivity of the model with delays

By defining
| ;iij ] _A()O 0...0 AOl_ _BO_
J_:i_l’j 0 0...00 0
Yig-1 0 0...0 0 0
Tij = Ti—1,j-1 cR", Ay = 71 0...0 0 ER™V" B = 0
Ti—dy+1,j—ds :
| Ti—di,j—ds | | 0 0...0 0 | | 0
_A100... OAll_ _AQOO. 0A21_
0 0...00 I 0...00
I 0...0 0 0 0...00
Al=| 0 0...00 |€ERY, Ay=| 9 o...0 0 | ERY™,
| 0 0...0 0 | L 0 0... 7T 0 |
C=[Coo .. 0] eB™ D=Dyerrm ©

we can write equation (5) in the form (1).
Applying Theorem 2.1 to the obtained equivalent model yields the following
theorem.

THEOREM 3.1 The model (5) is positive if and only if

Ay € R:L_X", k=0,1,2,i=0,1 Bye€ Rixm, Cy e Rﬁ_xn, and Dy € Rﬁ_xm.
(7)

In a similar way we may establish that the general model with delays (1) is
positive if and only if all its matrices have nonnegative entries.

4. Solution of the model with delay

The solution to the equation

Tit1,j+1 = AooTij + AroTig1,5 + A20Ti j+1 + Ao1Ti—d, j—ds +
FANTi—d+1,j—ds + A21Ti—dy j—dp+1 T Bolij (8)

with boundary conditions
Ti0, Toj, 1, €2y and k=—-1,...,—dy;; l=—-1,...,—d> (9)

and given input u;;, 7, j € Z4 will be derived by the use of the 2D Z transform.
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Taking into account that

Zlzis1 )= Z Tip1gr12 2 = 212 [X (21, 20) — X (21) — X (22) + woo]
=0 j
Zlxi-d,.j—d,] szi*dl,jfdzzfizgj =
i=0 j=
—di —ds
:zfdlz;‘b (21, 22) Z Z zy 22
k=—11=—1
Zlwipr] =21 [X(21,22) = X(22)],  Z[wij] = 22 [X(21,22) — X (21))]
where
[e.e] ) oo .
X (21, 22) Zmezl 27, X(z) = inozfz, X(z2) = Zxojz;j
=0 j=0 =0 7=0
we may write the equation (8) as follows
M(Zl,ZQ)X(Zl,ZQ) = N(Zl,ZQ) —l—BQU(Zl,ZQ) (10)
where
M(Zl, ZQ) = [I2122 — Aoo — A1021 — A2022 — A0121_d122_d2+
_ Allzl (11 2 _ A2lzl—d1221—d2]

N(Zl, 22) = 2129 (X(Zl) + X(ZQ) — J?OQ) — A1021X(2’2) — A2022X(21)+

-1 oo oo —1
—dy —d —k_—1 —k_—1
+ 27 My P E E Aoz 2y + E E Aoixrizy "2y +

k=—dy l=—d> k=0 i=—ds
—1 e’} e’} —1
1-k_—l 1—k_—1
+ g g Az Tz + g E Anzpzy "2y +
k=1—d; l=—d> k=0l=—ds
—1 e’} e’} —1
—k_1-1 —k_1-1
+ E E Aoz 2y "2y +E E Ao xp2y "2y
k=—d, l*lfdz k=01=1—d>
U(z1,22) E E Uij2, 22 .
1=0 j=0

Let

'(21, 22) ZZ@”Z*(ZH PR (11)

=0 j=0
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Comparison of the matrix coefficients at the same powers of z; and zo of the
equality

M (21, 22) Z Z @ijZ;(i+1)z;(j+1) = Z Z ‘I)ijZ;(Hl)zg(jJrl) WM (21,22)=1
i=0 j=0 i=0 j=0
(12
yields
I (the identity matrix) fori=3j=0
Ao Pi—1,j-1 + A10Ps 1+
Qi = +A20P 1 + A0 Pig—1,j-dr1+ (13)
+A1D g, j—dy—1+ A1 Pi—g,—1j—a, fori>05>0i+5>0
0 (the zero matrix) fori < 0or/and j <0.
From (12) it follows that
ApoPi—1,j—1 + A10Pij—1 + A20Pi—1,j + A1 Pi—a,—1,j—do—1+
+ AP, j—do—1 + A21Pi—g,—1,j—d, =
=®;_1 ;1400 + P j_1A10 + i1 ;A2+
+ P g 1j-do—1401 + Piay jodo—1A411 + Pi—g,—1,-d, A1 (14)

From (13) for (8) satisfying (7) we have ®;; € R}*" for i,j € Z,.
Knowing the matrices Aoy A1p A0 Ao1 A11 Az of the equation (8) and
using (13) we may find the transition matrices ®;; for i,j € Z.

From (10) and (11) we have

X(Zla 22) = ]\4—1(2;17 2,’2) [N(Zl, 22) + BOU(ZL 2;2)] — (15)
=>> B0 T 2y U [N (21, 20) + BoU (21, 20)]
i=0 j=0

and using the inverse 2D Z transform to (15) we obtain

i—1j—1

v =ali+ > Y i g1 1Bouw  fori,j € Zy (16)
k=0 1=0
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where

%

J
xfjc = Z (Pik,j — Pi—k—1,jA20) Tho + Z (®ij—1 — Dsj—1—1410) Zor+

=0 =0
—1 o)
—®; jT00 + E E Di_ g, —k—1,j—do—1—1A401TR1+
k——d1 I——ds
oo -1 —1 oo
+E E Qi —k—1j—do—i—1A01Tk1 + E E Qi —kj—ds—i—1A11TH1+
k=0 I=——ds k=1—d; I=——ds
e’} —1 —1 e’}
+ E E Di_aq,—kj—ds—1—1A11201 + E E Di_qy—k—1,j—do—1A21 T+
k=0 I=——ds k=—dy I=1—ds
[e%e] —1
+ E E Qi gy —k—1,j—do—1A21 Tk (17)
k=0 1=1—ds

is the transient component depending on the boundary conditions (9). Therefore
the following theorem has been proved.

THEOREM 4.1 The solution satisfying the boundary condition (9) of the equation
(8) has the form (16), (4).

In a similar way the solution to the model (1) can be derived.

5. Generalization of the Cayley-Hamilton theorem

Note that the inverse matrix M ~1(21, z2) can be always written in the form

H(z,22)

MYz, 20) = (o1, 22) (18)
where
N1 Nj o
H(Zl,ZQ) = ZZHUZiZ%, Hij (S R7Xn
i=0 j=0

is a 2D polynomial matrix and

N1 N2

d(zl,ZQ) = ZZd”zfzé, dij cR

k=0 1=0

is a 2D polynomial.
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THEOREM 5.1 Let M ~(21,22) have the form (18) and ®;; be the transition
matrices defined by (13). Then

N1 N2

ZZ dijq)i-i-kl,j—i-kg =0, fO’I" k?l, ko € Z+. (19)

i=0 j=0
Proof. Using (18) and (11) we may write
N1 N2 oo oo ) )
H(z1,2) = (Z Z%ﬁ%) Do By UV (20)
k=0 1=0 i=0 j=0

Comparison of the matrix coefficients at the same powers of z; V25 ™ for v, w €
Zy, (v+w > 0) of the equality (20) yields (19). [

Theorem 5.1 is an extension of the well-known Cayley-Hamilton theorem for
the 2D systems with delays.

EXAMPLE 5.1 Consider equation (8) with

01 —-10 10
A10=[10}7 A20=[1 1]7 A01=[01]7 (21)

00

Ago = A1 = Ao = [00

], and dy =dy = 1.

Using (13) we obtain

10 40 90 10 0
@112[01},‘1’22:[04]7‘1)242@42:[09]7‘1)33:[010]7
26 0 35 0 106 0
%5:‘1’53:[0 26}’(1)44:[0 35}"1)55:[0 106]' (22)

In this case the inverse matrix (18) has the form

-1_-1
M~ (21, 29) = 2122 + 29 — 2]~ 2 —z1 ~ H(z1,20)
1,%2) — —-1_-1 - d
—21 — 29 2129 — 23 — 2] %y (21, 22)
where
3 2.3 3,2
I [ (z122)? = 2i25 — 2120 2323
(21,22) = 3.2 2.3 3 2.3
2725 + 2725 (2122)° + 2725 — 2122

d(z1,22) = (z122)% — 2(z122)2 — 2208 — 2122 — (n12) + 1. (23)
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Using (19), (23) and (5) we obtain for k4 = k2 =0
Puq — 2Poy — Doy — Pyp — P33 + [ =

_[850] ,[40] [90] [90] [0 0], [10]_To0

“ 10 35 04 09 09 0 10 01| |00
and for k1 = ko =1

Os5 — 2P33 — P35 — sz — Pyy + P11 =

| 106 0 _2100 1260 |260] 350 +10_
| 0 106 0 10 0 26 0 26 0 35 01|
00

00|

6. Reachability of the model with delay

Consider the positive 2D model with delays described by the equation (8).

DEFINITION 6.1 The positive 2D model (8) is called reachable in the rectangle
Dqt:{(ZaJ)ZaJEZJﬂ O§Z<Q7 0§]<t}
if for every state xy € R’ there exists an input sequence u;; € R for (i,5) €

Dy which transfers the model from zero boundary condition to the desired state
Tf G Tqp = Tf.

DEFINITION 6.2 The positive 2D model (8) is called reachable if for every xy €
R there exist a rectangle Dyy and an input sequence ug; € R for (i,j) € Dy;
which transfers the model from zero boundary conditions to the desired state xy,
L.e. Tg = Tf.

A column is called monomial if and only if it contains only one positive entry
and the remaining entries are zero.

THEOREM 6.1 The positive 2D model (8) is reachable in the rectangle Dy if
and only if the reachability matriz

Ry = [®g—1,t-1Bo, ®g—2:-1Bo, Pg—1,-2Bo,...,Po1Bo, PooBo] (24)
contains n linearly independent monomial columns.

Proof. From (16) for i = ¢, j =t and zero boundary conditions we have

00
Tp=Tqr = thuqt (25)
T
where u)) = [udy, uly, Udy, U oy, UvqTthfJ and T denotes trans-

pose.

From (25) it follows that there exists for every xy € R’} an input sequence
ui; € R, (i,4) € Dy if and only if the matrix (24) contains n linearly inde-
pendent monomial columns. [ |
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THEOREM 6.2 The positive 2D model (8) is reachable if
rank Ry =n (26)

and

RL [Ry RL] ™ e R, (27)

Moreover, the input sequence that steers the model from zero boundary condition
to zy € R is given by

~1
ugy = Rl [Rye R (28)
where Ry is defined by (24).

Proof. If the condition (26) is satisfied then the matrix Ry R]; is invertible and
from (25) we have

00 T 711 t
ugg = Ry [RyuRy,|  xp € R

since (27) holds. m

7. Minimum energy control

Consider the positive 2D model (8) and the performance index

qg—1t—-1

I(w) =YY ulQui; (29)

i=0 j=0

where () € R™*™ is a symmetric positive definite weighting matrix. The mini-
mum energy control problem for the positive 2D model (8) can be stated as fol-
lows: Given the matrices Agg, A1o, A20, Ao1, A11, A21 € RP*", By € R*™,
the positive integers ¢, ¢ (defining the rectangle D), the final state 2y € R}
and the weighting matrix @, find an input sequence u;; € R for (i,j) € Dy
which transfers the model (8) from zero boundary condition to the desired final
state y and minimizes the performance index (29). The problem of minimal
energy control for standard (nonpositive) system was formulated and solved
by J. Klamka (1991) and for positive 1D system with delays in Kaczorek and
Bustowicz (2004).
To solve the problem we define the matrix

W = RuQqR}, € R™" (30)
where Ry is the reachability matrix of the form (24) and

th = dlag |:62717 Ceey Qil] c qutqut.
From (30) it follows that the matrix W is nonsingular if and only if (26) holds.
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Define the input sequence 4;; for (i,5) € Dy by

200 _ [»T ~T AT T T T _ A Ty —1
dgp = [@0o, 10y Uo1s- - Ugsg—1s Ug14-1] = QqRyW 'y, (31)

From (31) it follows that 439 € R for any z; € R if and only if

QuRLW ™1 e RPI™, (32)
Note that if W~ € R?*"™ and Q' € R7"*™ then the condition (32) is satisfied
since Ry € R

THEOREM 7.1 Let us assume that

i) the model (8) is reachable in the rectangle Dy,

i) the condition (32) is satisfied
and tg; € R for (i,5) € Dy is any input sequence that transfers the model
from zero boundary condition to the desired final state vy € R’t. Then the input
sequence U;; € Dy defined by (31) transfers also the model from zero boundary
conditions to the state xy and minimizes the performance index (29), i.e.

I(a) < I(a). (33)

Moreover, the minimal value of (29) is given by
I(a) = 27 Wy (34)

Proof. If the model (8) is reachable in the rectangle D, and (32) holds, then
for any xy € R’} we have 4;; € R, (i,7) € Dy;.

We shall show that the input sequence (31) steers the model from zero bound-
ary conditions to the state xf, i.e. x¢s = xy. From (16) fori = ¢, j =t, xfjc =0
and (24), (30), (31) we have

Tqt = Rarti)y = RpQquRL,W oy = ay

since ththRthW_l =1
Both input sequences u;; and 4;5, (¢,7) € Dgs transfer the model (8) from
zero boundary conditions to zy. Hence Ryl = Ry iy and

Ry (lgy —ugy) = 0. (35)
From (31) we have RLW ~'z; = Qq_tlzlgg and from (35) we obtain

(a9 — )" Ry, W ay = (a) — ay) " Qi =0 (36)
where

th = Q;ﬁl — diag [Q, . Q] c R™atxmat
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Using (36) it is easy to show that
_ A N A _ N T A _ ~
(ttg))" Qartigy = (iigy)" Qqriigy + (g —igy)” Qe (g — tg?) - (37)

The inequality (33) holds since the last term in (37) is always nonnegative.
To obtain the minimum value of (29) we substitute (31) into (29)

qg—1t—1
I(a) = I(a9)) = > > il Qi = (thRthW‘le)T Qqt (QuRLW 'zy) =
i=0 j=0

=2 W 'Ry QquRLW 'ap = af Wl

since thth =171 and W*IththRth =1 u

THEOREM 7.2 Let the weighting matriz () have the form Q = Ia, a > 0. Then

~ —1
dgp = Ry [Rgr, Ryy] g (38)

qt

minimizes the performance index (29) for Q = Ia, a > 0 and its minimal value
s given by

N —1
I(a) = ax? [Rqt, Rth] x5 (39)

Proof. If Q = Ia, then Qu = Ia™! € RT’thmqt and W = a™! [Ry, RL] €
R™ ™. From (31) we have

N = _ _ -1 —1
gy = QuRy,W 'zy = Ia ' Ria [Ry, R| x5 = RY [Ry, RY] a{d0)
Substitution of (38) into (29) for Q = Ia yields (39). [

EXAMPLE 7.1 Consider the positive 2D model (8) with the matrices

010 010 100
Ajp=1[{000], Ayp={100]|, A2 =]001], (41)
000 010 010
10
App=A11=A421=0,By= |00 |, dy =dr=1.
01
Find the optimal input sequence that transfers the model from zero boundary con-
1
ditions to the final state xy = | 1 | and minimizes the performance index (29)
1

withq=1t=2, Q = {(2)(2)]
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Using (13) and (24) we obtain the reachability matrix of the form

Ryy = [®11By, ®01Bo, P10Bo, PooBo) =
[(Ago + A10A20 + A20A10)Bo, A10Bo, A20Bo, Bo] =

10000000
00001000
00000001

By Theorem 5 the model is reachable in the rectangle

D22:{(i7j) : i7j€Z+70§Z’<2; O§]<2}

Taking into account that @ = 2 [(1) (1)} and using (38) we obtain the desired

optimal input sequence of the form

R N N N —1
439 = [tio0, 10, Go1])" = Riy [Ros R3] =11, 0, 0,0, 1,0, 0, 1]". (42)

8. Concluding remarks

The notion of internaly positive 2D model (system) has been introduced. The so-
lution to the 2D linear model with delays has been derived by using 2D Z trans-
form. The necessary and sufficient conditions for the internal positivity and for
reachability of the positive 2D models have been established.

The Cayley-Hamilton theorem for 2D linear models with delays has been ex-
tended. The minimum energy control for the internally positive 2 D models with
delays has been formulated and solved. The considerations are given in details
for the model (8) only with d; and ds delays, but they can be easily extended for
the model (1) with many delays. Using the well-known relationship between 2D
models the considerations can be extended for the Fornasini-Marchesini models
and the Roesser model. Extension of these considerations for continuous-time
2D models with delays is an open problem.
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