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1. Introduction

In recent years the development of the calculus in metric spaces has attracted
some attention (Ambrosio, Tilli, 2004; Lakshmikantham et al., 2006). Earlier,
De Blasi, Iervolino (1969) (see also Brandao, De Blasi, Iervolino, 1970) started
the investigation of set differential equations (SDEs) in semilinear metric spaces.
This has now evolved into the theory of SDEs as an independent discipline, (see
Lakshmikantham, 2004; Lakshmikantham et al., 2006; Plotnikov, Tumbrukaki,
2000; Plotnikov, Plotnikova, 1997; Plotnikov, Rashkov, 1999). On the other
hand, SDEs are useful in other areas of mathematics. For example, SDEs are
used, as an auxiliary tool, to prove existence results for differential inclusions
(Tolstonogov, 2000). Also, one can employ SDEs in the investigation of fuzzy
differential equations (see Lakshmikantham, Mohapatra, 2003). For alterna-
tive approaches to fuzzy differential equations and additional bibliography see
Rzezuchowski, Wasowski (2001). Moreover, SDEs are a natural generalization
of the usual ordinary differential equations in finite (or infinite) dimensional
Banach spaces.

In this paper, we consider set differential inclusions (SDIs) in semilinear met-
ric spaces, and prove an existence result under the assumption that the right
hand side is upper semicontinuous. Our approach has its origin in the classi-
cal Severini method (Severini, 1898) for solving ordinary differential equations
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based on the construction of a sequence of “regular” approximating differen-
tial equations and on a compactness argument for the corresponding solutions.
For differential inclusions in IR* the Severini approach was adopted by Cellina
(1970), in combination with an approximate selection theorem (Cellina, 1969).
In our setting, by using an analogous approximate selection result, valid in -
convex metric spaces, we construct, as in Cellina (1970), a sequence of “regular”
approximating SDE’s and show the convergence of the corresponding solutions.
However, unlike the IR case, the proof that the limit is actually a solution of
the given SDI is more delicate, and it is carried out by a technical argument,
in which an important characterization theorem of integrals, due to Hermes
(1968), plays a crucial role.

Our presentation intends to be elementary and self contained. For this reason
direct proofs are supplied also for a few auxiliary results which are essentially
contained in the monograph by Hu and Papageorgiou (1997).

The rest of the paper is organized as follows. In Section 2, we introduce the
terminology and formulate the Cauchy problem under study. Section 3 contains
a few auxiliary results that we use in the proof of our existence theorem. In
Section 4 we establish the existence of solutions to the Cauchy problem for SDIs.

2. Notations and preliminaries

Let Z be a nonempty metric space with a metric p, and
P(Z)={A c Z| A is bounded and nonempty}.
Forze Zand ¢ #AC Z , set
d(z,A) = infea p(z,a).
Moreover, if A, B € P(Z) put
e(A, B) = sup,¢ 4 d(a, B) and e(B, A) = sup,cp d(b, A).

These notions will occasionally be used also when A, B are nonempty subsets
of Z.

By Bz(a,r) and Bz[a,r] we mean an open and a closed ball in Z, with
center a and radius r.

Let T be a metric space. A multifunction ® : T — P(Z) is called upper
semicontinuous (u.s.c) (resp. lower semicontinuous (L.s.c)) at xg € T if for every
€ > 0 there exists a § > 0 such that

e(®(z), ®(z0)) <€, (resp. e(®(zp),P(x)) <€), for every x € Br(wo,0).

® is said to be continuous at xq if it is u.s.c. and l.s.c.zg.
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Now set

£ = {A C R*| A is compact, convex and nonempty},
and equip ¥ with the Pompeiu-Hausdorff metric
h(A, B) = max{e(4, B),e(B,A)}, A,Be€%.

Under this metric ¥ is a complete metric space.

Set I = [0,1]. We denote by C(I,%) the space of all continuous maps X :
I — ¥ equipped with the metric of uniform convergence. Clearly, C(I,%) is a
complete metric space.
Furthermore, set

C(¥) = {A C ¥| A is compact, convex and nonempty}.
C(%¥) is endowed with the corresponding Pompeiu-Hausdorff metric
H(A,B) = max{e(A,B),e(B, A}, ABcCC#),

under which it becomes a complete metric space.
Occasionally, we consider the space

# = {A C IR*| A is compact and nonempty},

and equip it with the Pompeiu-Hausdorff metric h.

A map U : I — 8 is said to be measurable if the set {t € I|U(t) N C # ¢} is
(Lebesgue) measurable for every closed set C C IRF. Observe that if U : [ — 8
is measurable, then so is the map t — @ U(t), t € I, where ¢ U (t) stands for
the closed convex hull of U(t). By m(J) we mean the (Lebesgue) measure of
JCR.

The space I x ¥ is endowed with the metric

max{|t —t'|, (X, X")}, (X),(t,X)elx%.
Now, consider the Cauchy problem
(CP) DX(t) € ®(t,X(t), X(0)=X,.

Here DX (t) denotes the Hukuhara derivative of X at t, (see Hukuhara, 1967),
Xo € ¥ and @ is supposed to satisfy the following assumptions:

(h1) ®:Ix%—C(¥)is us.c.
(he) H(®(t,X),{0}) < M for every (t,X) eI x¥ M >1.

A map X : I — ¥ is called a solution of the Cauchy problem (CP) if there exists
a measurable map U : I — ¥ such that:

t
X(t):X0+/ U(s)ds tel,
0

Ut) € d(t,X(t)), tel,ae.
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Here the integral is in the sense of Hukuhara (1967). (This integral certainly
exists, if U is measurable and the real map ¢t — h(U(t),{0}) is integrable on I.)

By virtue of De Blasi, Iervolino (1969), Hukuhara (1967), if X is a solution
of the Cauchy problem, then X is continuous on I, has Hukuhara derivative
DX ae. inl,and DX(t) =U(t), for t € I, a.e.

3. Auxiliary results

Given ¢ : I x¥ — ¥ and ® : I x ¥ — C(¥), the % graph of ¢, denoted by Gr ¢

and the ¥ - graph of ® denoted by Gr ®, are defined by
Gro={(t,X,p(t, X)) e I x¥x¥|(t,X) € I x ¥},
Cro={(tX,Y)eIxEx¥(tX)elxEandY € ot X)}.

The IR* - graph of a map ¢ : I — ¥, denoted by graph ¢, is defined by
graphp = {(t,y) € I x R*|t € I,y € p(1)}.

Let @ : I x ¥ — C(¥) and € > 0. Any continuous function ¢, : I x ¥ — ¥
satisfying e(Gr ¢¢, Gr @) < € is called a continuous approximate selection of ®.

REMARK 1 Observe that e(Gr ¢, Gr @) < ¢ if and only if for every (¢, X) € I x%,
there exist (¢, X’) € I x £ and Y’ € ®(¢/, X') such that

t'—t| <e RX,X)<e Y ot X)) <e
The reverse implication is valid with < in place of < .

The following is a metric version of theorem of Cellina (1969).

THEOREM 1 (De Blasi, Pianigiani, 2004a) Let ® : I x £ — C(¥) satisfy the
assumptions (h1) and (he). Then, there exists a sequence {p,} continuous
approzimate selections o, : I X ¥ — ¥ of ® such that:

(a1) h(pn(t,X),{0}) < M, for every (t,X) e I x%, andn € IN.
(az) e(Gre,,Gro) < l, for every n € IN.
n

Proof. The space ¥, equipped with the convexity map « : £ x ¥ x [0, 1] — ¥ given
by a(X,Y,t) = (1 — )X +tY, (X,Y) € ¥2, t € [0,1] is an a- convex metric
space. Moreover, By[0, M] is an a- convex subset of ¥. As ® is u.s.c and its
values are contained in By [0, M], the statement follows from Proposition 5.1 of
De Blasi, Pianigiani (2004a). [ |

In the sequel we shall employ a result of Hermes (1968), where the following
definition of measurability is used.

A map U : I — B is called Borel measurable if graph U is a Borel subset of
I x IR*. Observe that any Borel measurable map U : I — # is also measurable.
The following is a special case of Theorem 2.1 in Hermes (1968).
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THEOREM 2 (Hermes, 1968) Let {Q,} be a sequence of Borel measurable maps
Q, : I — B satisfying Q,(t) C Bre[0,M], t € I, and suppose that the corre-
sponding sequence {Yy}, where

converges uniformly to a map Y : I — B. Then, there exists a Borel measurable
map Q0 : I — B with Q(t) C Brr[0, M],t € I, such that

Y(t) = (A) /Otgz(s) ds, tel.

The symbol (A) before the above integrals is to point out that they are
understood in the sense of Aumann (1965).

PROPOSITION 1 Let {U,} be a sequence of measurable maps Uy, : I — ¥ satis-
fying U, (t) C Bre[0,M], t € I, and suppose that the corresponding sequence
{X,}, where

converges uniformly to a map X : I — ¥. Then, there exists a measurable map
U:1— %, withU(t) C Bre[0,M], t € I such that

Proof. By Lusin-Plis Theorem, for every n € IN there exists a closed set I, € T
with m(I\I,)) < 1 such that U, restricted to I, is continuous. Define ® : I —
C(¥) by
U,t)}, tel,
A [LCA0)
B, teI\I,,
where B = {X € ¥| X C Br«[0,M]}. ® is lower semicontinuous on I and thus
by De Blasi, Pianigiani (2004b), it admits a continuous selection Q,, : I — ¥
satisfying ,(t) = U,(t), t € I, and Q,(t) C Bgr[0, M], t € I. Moreover, Q,

is Borel measurable, for graph ), is a compact subset of I x IRF.
We claim that the sequence {Y,,}, given by
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converges uniformly to X : I — ¥. In fact, denoting by x . the characteristic
function of J C I, for each t € I we have

WYa(t), X () < h(/otﬂn(s) ds,/ot Un(s) ds) FR(Xn (1), X (1)
= 0 [ e s+ [ alsiens, () s,

| U ds+ [ Uatopns, 6)ds) + X0, X(0)

0 0

IN

h(/ot Qn(s)x1, () ds,/ot U, (8)x1, () ds)

#il [ o), [ 0o ()05

+maxscr h(Xn(t>a X(t))
< 2Mm(I\L,) + maxee; h(Xa(t), X(2).

Since the latter quantity vanishes as n — oo, the sequence {Y,} converges
uniformly to X on 1.

Furthermore, from (1), by the equality of Aumann’s and Hukuhara’s inte-
grals (see De Blasi, Lasota, 1968), for each n € IN we have

t
Yo (t) = (A)/ On(s)ds, tel,
0
where (2,, is Borel measurable.

Then, by Theorem 2, there exists a Borel measurable (hence measurable)
map Q: I — # with Q(¢t) C Bgrr[0, M], t € I, satisfying

X(t)_(A)/O Q(s)ds, tel. 2)

Define U : I — ¥ by U(t) = 0 Q(t), t € I. Clearly, U is measurable,
U(t) € Bg:[0,M], t € I and, moreover, by Aumann (1965),

(A)/O Q(s)ds = (A)/O U(s)ds, tel. (3)

As the latter integral is equal to the corresponding Hukuhara integral of U,
combining (2) and (3) gives

X(t)—/OtU(s)ds, tel

This completes the proof. [ |
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PROPOSITION 2 Let U : I — ¥ and ¥ : I — C(¥) be measurable maps. Then the
function t — d(U(t), U(t)) is measurable on I.

Proof. In fact, ¥ is a complete, separable metric space, and thus, by Himmel-
berg (1975, Theorems 3.5 (iii) and 5.6) there exists a countable family {V;,} of
measurable selectors V;, : I — % of ¥ such that ¥(¢) = cl{V,(¢)}>2,, tel.

Here, the closure is in #. Since d(U(t), ¥(t)) = inf,, h(U(t), V,(t)), the state-
ment follows. [ |

For A € C(¥) and r > 0 set Ng[A,r] = {X € ¥[d(X, A) <r}.
PROPOSITION 3 For A € C(¥) and r > 0 we have Ng[A,r] € C(¥).

Proof. Let X, X’ € Ng[A,r] and A\, \" > 0 with A+ )\ = 1, be arbitrary. Take
A, A" e Aso that h(X,A) =d(X, A) and h(X', A') = d(X’', A), Then, d(AX +
NX',A) < h(AX + VX", A + N A) < M(X, A) + Nh(X', A') < 7, and thus
Ng[A,r] is convex. The compactness of Ng[A,7] being obvious, the statement
follows. ]

4. Existence theorem

THEOREM 3 Let ® : I x ¥ — C(¥) satisfy the assumptions (h1), (hz2), and let
Xo € ¥. Then, the Cauchy problem (CP) has at least one solution X : I — ¥.

Proof. By Theorem 1, there is a sequence {®,, } of continuous maps ¢,, : I x¥ — ¥
satisfying the properties (a1) and (az). For each n € IN consider the following
Volterra set integral equation

X(t)=Xo+ /0 on(s, X (s))ds. (4)

By De Blasi, Iervolino (1969), this equation has a solution X,, : I — ¥, i.e. X,
is continuous and satisfies (4) for each ¢ € I. Hence X, is also solution of the
Cauchy problem

DX(t) = on(t, X(t)), X(0) = Xo.

Consider now the sequence {X,}. It is routine to see that the maps X,, are
equicontinuous and take their values in some closed ball Bg[{0}, R] C ¥. As
this ball is a compact subset of ¥, by Ascoli-Arzeld’s theorem there exist a
subsequence, say {X,}, and a continuous map X : I — ¥ such that

X, — X, uniformly on I. (5)

Since the sequence {X,, — Xo}, where

¢
Xn(t)—on/ on(s, Xn(s))ds, tel,
0
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converges uniformly to X — X, and ¢, (¢, X,,(t)) C Bg«[0, M], by Proposition 1,
there exists a measurable map U : I — ¥, with U(t) C Bg[0, M], t € I, such
that

t
X(t) = Xo +/ U(s)ds, foreveryte I. (6)
0

Claim: The map X : I — ¥ is a solution of the Cauchy Problem (CP).
For this, it suffices to show that

AU L), d(t, X (1) =0, tel,ae. (7)

Define A : I — IR by A(t) = d(U(t), ®(¢t, X (¢))). The map t — ®(¢, X (¢)) is
u.s.c., and thus measurable. Hence, by Proposition 2, A is measurable. Arguing
by contradiction, suppose that (7) is not true. Then, there exists 0 < € < 1 such
that the set J' = {t € I| A\(t) > €} has measure m(J') > 0.

By Plis theorem, there exists a closed set J C J’ with m(J) > 0 such that
U restricted to J is continuous.

Let 7 € J, 0 < 7 < 1, be a density point of J, that is

lim m(Lr,NJ)

04 2p = 1, Where IT-,P = [7’ — p,7—+p]

Let 0 < 6 < §. Since A(t) > € we have
€ €
BelU(r), § +6] 1 Ngla(r, X (7)), ] = 6. )

Now fix pg > 0, with I, ,, C I, small enough so that the following properties
are satisfied:

U(t) € Bg[U(7), i], for every t € Ir.p, N J 9)
m(I-,\J) 0
2 < Wi for every 0 < p < po. (10)

Such a pg certainly exists, because U restricted to J is continuous and 7 is a
density point of J.
By hypothesis @ is u.s.c. and thus there exists 0 < o < pg such that

e(B(t, Z),0(r, X (1)) < g for every t € I , and Z € Bg[X(r),0]. (11)
Since X is continuous, there is 0 < § < § such that

h(X(t), X (1)) < for every t € I 5. (12)

o
4
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Moreover, by (5), X,, — X uniformly, and thus there exists a mg € IN such
that

h(Xn(t), X (t)) < % for every ¢t € I 5, n > my. (13)
Combining (12) and (13) gives
hMX,(t), X (7)) < %, for every t € I; s and n > my. (14)

Fix ng > mg such that nio < min{d, §}. Let n > ng and t € I, 5 be arbitrary.

By construction, e(Gr ¢, Gr ®) < % and thus, by Remark 1, corresponding to
(t,Xn(t)) € I x ¥ there exist a (#/,X’) € I x £ and some Y’ € ®(t', X') such

that
1 1 1
[t —t| < - hX', X, (1)) < - h(Y' on(t, Xn(t))) < —. (15)

n

We have, t' € I; ,, and X' € Bg[X(7),0]. In fact,
1 1
[t —7| <t/ —t|+|t—T|<=+6< —+0< 25 <o,
n no
while by virtue of (15) and (14), we have
1
AX', X (7)) < (X', X (1) + WX (8), X(7)) < =~ + 2 <6+ 2 <o

2 2

Hence, by (11),
e((t', X'), ®(r, X (7)) < <. (16)
By virtue of (15) and (16), as Y’ € ®(¢', X’), we have
d(pn(t; Xn(t)), ®(7, X (7)) < hleon(t, Xn(2)),Y") +d(Y', (¢, X))+
e(®(t', X'), ®(r, X()))

< 1 n € < €
n 8 4’
1 1 5
for n S o < g
Therefore,

on(t, Xn(t)) € Ng[®(T, X (7)), Z] for every t € I;5 and n > ng.

Thus, by Proposition 3, for all n > ng, we have

Xn(r+5)—xn(f—5)7i/
25 - 25 17’6 @n(S7Xn(S)) dS

€ Ngl®(r, X (7). 7]
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from which, letting n — oo, it follows,
X(t4+6)—X(r—90)

26
On the other hand, as § < pg, (9) implies

€ Ng[d(r, X (7)), Z].

U(t) € Bg[U(7), Z], for each t € I, 5N J.

Now, by (6),
X(r+0)—-X(r-¢6) 1
= — d
26 26/1 Uls)ds
1
= — U(s)ds + — U(s)ds
20 J1. 500 (=) 20 )1 o\

Denote by w1 (6) and wz(d) the last two quantities. We have,

m(I;sNJ) 1 /
’ U(s)ds
26 mrsNJ) J1 00 (s)

M0 gt ), 5, by (19)
3

= B\ O)U (1), A(0) ],

w1 (5) —

where A\(d) = w
Any X € ¥ lying in the above ball satisfies

(X, U(7)) < (X, A(8)U(7)) + h(A(S)U(7),U(7))
< A(a)i + (1= AO)M

< 1 + (1 —=A(0))M.

Since m(I; sNJ)+m(I:5\J) = 2§, one has 1 — A(0) = W. From this and
(10), as § < po, it follows that (1 —\(8))M < &. Therefore, h(X,U(1)) < £+,

showing that Bg[A(0)U(7), A(6)§] C Bg[U(7), £ + §]. Hence, by (20),

wi(8) € BglU(7), Z + g].

Moreover,

Mww»mn=h<%/‘ U@Mamg
I 5\7

1
S%AMUMW%WD%

S Mm(IT’é\J) < Q

(21)
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By (19), in view of (21) and (22), it follows

X(r+0)—X(r-19) €
B -4 0]. 2
- € BylU(r), & +6] (23)
Since (17) and (23) contradict (8), the claim is true. Hence, X : I — ¥ is a
solution of the Cauchy problem (CP). This completes the proof. [ ]
References

AMBROSIO, L., and TiLLIL, L. (2004) Topics on Analysis in Metric Spaces.
Oxford Lecture Series in Mathematics and its Applications 25. Oxford
University Press, Oxford.

AumaNN, R.J. (1965) Integrals of set-valued functions. J. Math. Anal. Appl.,
12, 1-12.

BraNDAO Lopes PiNTO, A.J., DE BLasi, F.S. and IErvOLINO, F. (1970)
Uniqueness and existence theorems for differential equations with convex
valued solutions. Boll. Un. Mat.Ital. 4 (3), 1-12.

CELLINA, A. (1969) Approximation of set valued functions and fixed points
theorems. Ann. Mat. Pura Appl. 82, 17-24.

CELLINA, A. (1970) Multivalued differential equations and ordinary differen-
tial equations. SIAM J. Appl. Math. 18, 533-538.

DE Brasi, F.S. and IERvOLINO, F. (1969) Equazioni differenziali con soluzioni
a valore compatto convesso. Boll. Un. Mat. Ital. 4 (2), 491-501.

DE Brast, F.S. and LasoTa, A. (1968) Daniell’s method in the theory of
Aumann-Hukuhara integral of set-valued functions. Atti Accad. Naz.
Lincei Rend. Cl. Sci. Fis. Mat. Natur. 8 (45), 252-256.

DE Brasi, F.S. and P1aNIGIANI, G. (2004a) Approximate selections in a-con-
vex metric spaces and topological degree. Topo. Meth. Nonl. Anal. 24,
347- 375.

DE Brasr, F.S. and P1aNiGiaNnI, G. (2004b) Continuous selections in a-convex
metric spaces. Bull. Pol. Acad. Sci. Math. 52, 303-317.

HERMES, H. (1968) Calculus of Set Valued Functions and Control. J. Math.
Mech. 18, 43-59.

HIMMELBERG, C.J. (1975) Measurable relations. Fund. Math. 87, 53-72.

Hu, S. and PAPAGEORGIOU, N.S. (1997) Handbook of Multivalued Analysis,
Vol. I, II, Kluwer, Dordrecht.

HUKUHARA, M. (1967) Intégration des applications mesurables dont la valeur
est un compact convexe. Funkcial. Fkvac. 10, 205-223.

LAKSHMIKANTHAM, V. (2004) The connection between set and fuzzy differ-
ential equations. Facta Univ. Ser. Mech. Automat. Control. Robot 4,
1-10.

LAKSHMIKANTHAM, V., GNANA BHASKAR, T. and VASUNDHARA DEVI, J.
(2006) Theory of Set Differential Equations in a Metric Space. Cambridge



582 F.S. DE BLASI, V. LAKSHMIKANTHAM, T. GNANA BHASKAR

Scientific Publishers.

LAKSHMIKANTHAM, V. and MOHAPATRA, R.N. (2003) Theory of Fuzzy Dif-
ferential Equations and Inclusions. Taylor & Francis, London.

PrLorNikOv, A.V. and TUMBRUKAKI, A.V. (2000) Integrodifferential equa-
tions with multivalued solutions. Ukr. Mat. Zh. 52, 359-367.

PrLoTNikOVv, V.A. and PLoTNIKOVA, L.I. (1997) Averaging of equations of
controlled motion on a metric space. Cybernet. Systems Anal. 33, 601-
606.

ProTNikov, V.A., RasHkov, P.I. (1999) Averaging in differential equations
with Hukuhara derivative and delay. International Conference on Dif-
ferential and Functional Differential Equations (Moscow, 1999), Funct.
Differ.Equ., 8 (2001), 371-381.

RzezucHOowsKI, T. and WAsowskI, J. (2001) Differential equations with fuzzy
parameters via differential inclusions. J. Math. Anal. Appl. 255 (1), 177-
194.

SEVERINI, C. (1898) Sull’ integrazione delle equazioni differenziali ordinarie
del primo ordine. Rend. R. Ist. Lombardo Sc. e Lett., 657-667.

TOoLSTONOGOV, A. (2000) Differential Inclusions in a Banach Space. Kluwer
Academic Publishers, Dordrechet.



