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1. Introduction

In stability and sensitivity analysis for optimal control problems, conditions are
investigated, under which the solutions and the associated Lagrange multipliers
are locally Lipschitz continuous and directionally differentiable functions of the
parameters. It is known that these conditions consist of constraint qualifications
and second order sufficient optimality conditions, which should be satisfied at
the reference point.

For control constrained problems a complete characterization of the Lipschitz
stability was derived (see Dontchev and Malanowski, 2000, and Malanowski,
2001). The situation was different for problems with first order state con-
straints, where strong second order sufficient optimality conditions were used
(Malanowski, 1995; Dontchev and Hager, 1998). However, in a series of the re-
cent papers of the author (see Malanowski, 2007 a,b,c,d), it was shown that the
stability and sensitivity results can be obtained under weakened second order
conditions. These conditions are weaker in the sense that they take into ac-
count the strongly active state constraints. In this paper, we show that the new
weakened second order conditions, together with the constraint qualifications,
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constitute not only sufficient, but also necessary conditions of Lipschitz stabil-
ity and directional differentiability of the solutions and Lagrange multipliers for
optimal control problems subject to first order state constraints. Thus, they
constitute a characterization of these properties.

The organization of the paper is the following. In Section 2 the model op-
timal control problem is introduced and the basic assumptions are formulated.
In Section 3, the sufficient conditions of Lipschitz stability and directional dif-
ferentiability of the solutions and Lagrange multipliers, derived in Malanowski
(2007d), are recalled. It is shown in Section 4, that those conditions are also ne-
cessary, and so they constitute a characterization of the stability and sensitivity
properties.

2. Optimal control problem
In this section our model optimal control problem is formulated. Let us intro-

duce the following spaces:

Z = L?(0,1;R™) x L?(0,1;R™) x L?(0,1;R") x W2(0,1;R),
H=Wh*(0,1;R") x Wh>(0,1;R™) x Wh>(0,1;R") x W2>(0, 1;R),
XP =W, P(0,1;R?) x LP(0,1;R™), p e [1,00].
(1)
H C Z and X? will be the spaces of parameters and arguments, respectively.

Consider the family of the following optimal control problems depending on
h e H:

(0),, Find (zp,us) € X? such that

1
F(zp,up, h) = min {F(x,u, h):= /0 go(x(t),u(t),h(t))dt} (2)

subject to
() — f(z(t),u(t),h(t)) =0 for a.a. t € 0,1], (3)
2(0) = 0, (4)
I(z(t), h(t)) <0, for all t € [0,1] , (5)
where
p(a(t), u(t), h(t) = eo(x(t), u(t)) = (ha(t), z(t)) — (ha(t), u(t)),
fa(), u(t), h(t)) = folax(t), u(t)) — hs(t), (©)
D(@(t), h(t)) = Do(z(t)) — ha(t),
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REMARK 1 To minimize technicalities, we consider the homogeneous initial con-
dition (4) of the state equation and the scalar-valued state constraints. However,
the results can be extended to general the two-point boundary conditions and
vector-valued state constraints.

The following standing assumptions are supposed to be satisfied throughout
the paper:
(I) There exist open sets R™ C R™ and R™ C R™ such that the functions
wo(+,-) and fo(-,-) are twice Fréchet differentiable in (x,u) on R™ x R™,
whereas ¥ (+) is three times differentiable in z on R™.

(IT) For a given reference value h € H of the parameter there exists a reference
solution (z,u) of (O);, where u € C(0,1;R™) and (2(t), u(t)) € R" x R™
for all t € [0, 1].

To simplify notation, the functions evaluated at the reference solution will be
denoted by “hat”, e.g., @ := o(Z,u,h), ¥ := H(Z,h). Let us define the following
spaces of multipliers

YP = LP(0,1;R™) x WP(0,1;R), p € [1, 0], (1)
and introduce the Lagrangian and Hamiltonian for (O):
L:X2xY?xH—-R, H:R"xR™xR"xR xR+ LR
L(z,u,p,psh) = F(z,u,h) = (p,@ = f(x,u, 1))
{ +p(0)9((0), h(0)) + (j1, Dao(@) f (1, h) = ha),

{ H(a(t), u(t). p(t), fot): (1), (1)) = (a(t), u(t), h(t)) |
Hp(t), £ (@(t), ult), h())) + () (Dato(@(t) £ (2(t), u(t), h(t)) ~ ha (1)).

(8)

(9)

REMARK 2 Lagrangian (8) is in the so called indirect or Pontryagin form (see
Section 5 in Hartl, Sethi and Vickson, 1995, as well as Hager, 1979 and Neustadt,
1976), where the state constraints are considered in the space W2(0,1; R). The
general form of linear functionals, in that space, is given by u(0)y(0) + (1, 9),
with u € W12(0,1;R). Hence, using the state equation, we get

1(0)9(2(0), 1(0)) + (2, F9(x, h)) = .
(0)9(2(0). H(0)) + (i Do) F (1 ) — o).
Denote by K = {d € W'2(0,1;R) | d(t) < 0} the cone of nonpositive

functions in W12(0,1;R). The cone polar to K is given (see e.g., Outrata and
Schindler, 1980) by:

KT = {W"2(0,1;R) | £(0)—(0+) >0, f2(t) > 0 and ji(-) is nonincreasing}.
(10)
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Clearly, if p € W?22(0,1;R), the last condition in (10) reduces to ji(t) < 0 for
almost all ¢ € [0,1]. The normal cone to KT at u is denoted by

{y e W20, LR) | (y,v —ph2 <0V e KT}, ifpe KT,
0 ifug K.
(11)

In view of (6), the stationarity conditions of Lagrangian (8) can be expressed
by the following system:

N )= {

P+ Dy H(x,u,p, i; by h)
= P+ Dy f§ (2, u)p + Dapo(@,u) + (Dy fi (z, ) Dy 95 (2)

(ol w) — ha)* D2, 05 (@) — iy = 0, (12)
p(1) =0,
{ Dy H(w, u,p, fi; b, h) (13)
= Du@O(Ia u)+Dufg(Ia u)p+Dufg(Ia u, h)DIﬁS(x)u —hy =0,
190(,@) —hg € NK+ (/L) (14)

simplicity, we will denote £ = (z,u) € X2, A = (p,u) € Y2,

In Malanowski (2007d) conditions were studied, under which the solutions
and Lagrange multipliers of (O);, are locally Lipschitz continuous and direction-
ally differentiable functions of the parameter, in a neighborhood of the reference
point. The purpose of this paper is to investigate how far the sufficient condi-
tions derived in Malanowski (2007d) are from the conditions necessary for those
properties.

3. Basic stability and sensitivity results

The assumptions needed in stability and sensitivity analysis in Malanowski
(2007d) consist of some constraint qualifications and coercivity conditions, sat-
isfied at the reference point. To formulate constraint qualifications, for a fixed
« > 0, introduce the set of a-active constraints:

M, = {t €[0,1] | 9(&F(t),h(t)) > —a}. (15)

Assume:
(A1) There exists o > 0 such that 0 & M,.
(A2) (Linear independence) There exist o > 0 and x > 0 such that

IDuF (1) D0 (1) > x  for all t € M,,.

Note that by (A2) the analysis is restricted to the so called first order state
constraints, Hartl, Sethi and Vickson (1995). By Theorem 4.3 in Malanowski
(2003) we get:
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LEMMA 1 If assumptions (Al) an
Lagrange multiplier X = (p,1i) € Y2 such that the first order optimality condi-
tions (12)-(14) hold at (Z,u,p, [1).

d (A2) are satisfied, then there exists a unique

In addition to the constraint qualifications, we will need some coercivity
conditions. Assume:

(A3) (Legandre-Clebsch condition) there exists ¥ > 0 such that
(v, D2, L(t)) > 7|v|? for all v € R™ and all t € [0,1].

The following regularity result is a special case of Theorem 2.1 in Hager, 1979
(see Proposition 6.6 in Malanowski, 1995):

LEMMA 2 If assumptions (A1) — (A3) are satisfied, then u, Z,p, 1 are Lipschitz
continuous on [0, 1].

Let us denote by ¢ > 0 the Lipschitz modulus in Lemma 2. For a fixed
o > o introduce the following sets:

E={(z,u) € X*|||illoc; [l <0}, A={(p.1s) €Y | Blloc llillc < 0}
(16)

In view of the uniqueness and regularity of i, we can introduce the following
sets, open in [0, 1], which depend on the parameter o > 0:

No=1[0,1]\{t€[0,1] | —i(t) < a}, aswellas No= | J Na. (17)
a>0
Define
§(t) = Do f(£)y(t) — Duf(t)o(t) =0,
Ea =13 (y,v) € X2 | { (DO(t),y(t)) =0 Vt€E N, . (18)
U%WUw<»:olm4>>o

DL =D, 00 L@ 0P, i TL)
[ D2,H(E 4,51 hoh)  D2,H(Z, 0,5, 7 hy ) (19)
D2, H(%,,p,fi;h, h) D2, H(Z,7,p, [i; h, h)

Assume:
(A4) (Coercivity) There exist constants o > 0 and v > 0 such that

(), D22(y,v)) = 4(Iyll3 o+ 10]3) for all (y,v) € Ear (20)
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REMARK 3 The coercivity condition (A4) takes into account strongly active
state constraints. It is weaker than the strong coercivity condition, where the ac-
tive inequality constraints are ignored. The latter condition was used in stability
analysis in Malanowski (1995) and in Dontchev and Hager (1998). The applica-
tion of the weaker condition (A4) is the main new contribution of Malanowski
(2007a,b,c,d). In this paper, necessity of conditions (A1), (A2), (A3) and (A4)
will be investigated.

The following result is proved in Malanowski (2007d) (see Lemma 3.2):
LEMMA 3 If conditions (A1) and (A2) are satisfied, then (A4) implies (A3).

We will need the following necessary optimality condition for (O); (see Theo-
rem 3.5 in Malanowski, 2007d):

PROPOSITION 1 If (Z,u) is a solution of (O); and conditions (Al)-(A2) are
satisfied, then

((y,v), D2‘C(y7 ) >0 fOT all (y,v) € X? such that
§(t) — Do f(t)y(t) — Duf(tyu(t) =0, y(0) =0, (21)
(Dz () y(t)) =0 for all t € M.

In the sequel, by B2 (y) = {z € X | |lz — y|z < p} we will denote the open
ball in a Banach space X of radius p > 0, centered at y. Moreover, we will
denote BEXAM(E,X) = BX>Y(£,0) N (2 x A).

For our purpose, the principal stability and sensitivity results obtained in
Malanowski (2007d) can be formulated as follows:

THEOREM 1 Suppose that (A1)—(A4) are satisfied. Then there exist constants
0 >0, 7>0 and ¢ > 0 such that for each h € Bf(ﬁ), there exists a stationary
point (&, An) := (Th, Un, phy pn) of (O)n, which is unique in BEXA(E, :\\), where
(xp,up) is a solution. Moreover

s —penl[1,2 < LR —h"|| 2

Zn —2no 1,2, [|un —une |2, [|pr —par

2 (22)
for all B/, h"" € BI(h).

Finally, (€n, \p) is directionally differentiable on B} (ﬁ) and the directional dif-
ferential at h € BE(h), in the direction g = (g1, 92,93, 94) € H, is given by the
stationary point of the following linear-quadratic optimal control problem:

(DO)y,,  Minimize Jy(y,v; g) subject to
§(t) = Do f (wn (), un(t), h(8))y(t) — Duf (@n(t), un(t), h(t))v(t)
—g3(t) =0, y(0) =0,

D3(n0. 1)) -0 { g r o e o
(Ded(an () b)) 51} — (D) =0 if in(1=) >0,
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where

In(y,vig) =3 ((y,v), D*L(zn, un, ph, pin; h)(y,v)) — (91, y) — (92,v),

My =A{t €[0,1] | I(n(t), h(t)) = 0},
Now =0, 1\TE@D ] —finl®) Zal, fora >0,
Nh,O = Ua>0 Nh,oc-

REMARK 4 Note that in condition (22) two norms are involved. That estimate
holds for h in a ball in H, whereas, on the right hand side of the inequality,
there appears the weaker norm of the space Z, defined in (1). The fact that
we have to confine ourselves to more regular perturbations, is connected with
the difficulties arising in the application of the Robinson’s implicit function
theorem (Robinson, 1980) to state-constrained optimal control problems (see
Malanowski, 1993). These difficulties are caused by the phenomenon of the so
called two-norm discrepancy (see Maurer, 1981).

(23)

Suppose that the following strict complementarity conditions hold at h:
Hh,o = Nh,o and Nh(l_) > 0 if 0($h(1)7 h(l)) =0, (24‘)

then only the equality type constraints are present in (DO)j, , and the stationary
point becomes independent of the sign of the vector g. Hence we get:

COROLLARY 1 If, in addition to the assumptions of Theorem 1, the strict com-
plementarity conditions (24) hold, then the stationary point (§n, An) is Gateaux
differentiable on H at h.

4. Necessary conditions for stability and sensitivity

In this section the conditions are investigated necessary in order that the sta-
bility and sensitivity properties be sasfied for (O);. We assume:

(H) Conditions (I) and (II) hold and there exist constants § > 0, 7 > 0 and
¢ > 0, such that, for each B (ﬁ) there is a unique in BTEXA(E, :\\) stationary
point (§n, An) := (Th, un, pr, pn) of (O)n, where &, is a solution. Moreover,
the estimates (22) hold and (&, Ap) is directionally differentiable in H.

We will show that (H) implies that conditions (A1)-(A4) hold with some a0,
so, in view of Theorem 1, these conditions constitute a characterization of the
Lipschitz stability and directional differentiability properties for the solutions
and Lagrange multipliers of (O);. Let us start with the following lemma:

LEMMA 4 If conditions (A1), (A2) and (A4) are satisfied for oo = 0, then they
are also satisfied for some a > 0.

Proof. For (A1) and (A2), the proof follows immediately from the continuity of
9(-) and of D, f*(-)D,9*(-). To prove the assertion of the lemma for (A4), let
us assume that there exists 7 > 0, such that

(v 0). D*2(y,v)) = A(lyl32 + [0]3) for all (y,v) € &. (25)
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Then, by Lemma 3, there exists ¥ > 0 such that
(U,Dfmfv) > ||v||2 for all v € L2(0, 1;R™). (26)

Suppose that the assertion of the lemma is not true. Then, for any v > 0 and
any o > 0, there exists (Yo, va) € €a, ||(Ya, Va)||x2 = 1, such that

(e v). DL (g va)) < 7. (27)

Let us choose a sequence {(a;,7;)} — (0,0) and let {(ya,;,va;)} be the corre-
sponding sequence of normalized elements (Yo, Va;) € Ea,, such that (27) holds
for v = ;. We can extract a weakly convergent subsequence, still denoted
{(Ya;» Va;) }, i-e., there exists an element (g,7) € X? such that:

Yo, — § weakly in W12(0,1;R"), i.e., strongly in C(0,1;R"),

Va; — U weakly in L?(0,1;R™). (28)

Note that, in view of (26), (v,DﬁuﬁAv) is weakly lower-semicontinuous on
L?(0,1;R™). Hence, passing to the limit in (27), we get

0 =1lim ooy > lim, oo ((yai,vai), DQEA(ya“vai))
> lim, . (s va)s D*L (Y v )
=lim, ., yai,Dizfyai) + 2lim, (ya“Dquvai)
+lim, (vai,Dquvai) > ((g,@),DQE(g,a)) .

On the other hand, by the strong convergence y,, — ¢ in C(0,1;R"), we get
(g,9) € &. Thus, (25) and (29) imply that (g,v) = (0,0) and

h—mlﬂoo ((yai7 Uaz‘)’ D2E(y011'7 Uaz‘)) = ((gu ’D)u D2E(g7 5)) =0.
In particular, we get lim; . (’Uai , D?WEU%,) = (17, D?WET)> = 0, which, in view
of (A3), is equivalent to

[vaillz = lIo]l2 = 0. (30)
By (28) and (30), we get va, — 0, strongly in L?(0,1;R™), which, in view of

(20) implies (Ya,,Va;) — (¥,0) = (0,0) strongly in X2. That contradicts the
assumption || (Yo, , Vo, )||x2 = 1 and completes the proof of the lemma. [ |

It follows from Lemmas 4 and 3 that to prove that conditions (A1)—(A4) are
satisfied for some a > 0, it is enough to show that they hold for o = 0.
We will need the following result:
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PROPOSITION 2 Suppose that (H) is satisfied and there exists h € Bf(ﬁ) such
that the strict complementarity conditions (24) hold at (xp,wn,pn, prn). Then
the following conditions, similar to (Al) — (A4) are satisfied:
(A1) 9(2n(0),h(0)) <0,
(A2);, There exists x > 0, such that

| Dy fr(t)Dg05(t)] > x  for all t € My, 0,

(A3)y, There exists ¥ > 0 such that
(v, D2, La(t)0) > Aol for all v € R™,

(A4)y, There exists v > 0 such that
((ya 1)), D2£h(ya 1))) > 7||(yvv)||§(2 fOT all (ya 1)) € Eh,Ov

where we denoted:
Ln = L(Th, Un, Dhs i D),
fu() = flzn(t),un(t), h(t), In(t) = I(zn(t), h(t)),
_ y(t) — Do fr()y(t) — Dufr(t)v(t) =0,
o= ex {5 o L

Proof. By (A1) and (24), as well as by Corollary 1, the stationary point (O)
is Gateaux differentiable in H at h, and the Gateaux differential, in a direction
g € H, is given by the stationary point (yg4, vy, gg, V) of the following linear-
quadratic optimal control problem, with equality constraints:
(DO);,, Minimize Jx(y, v;g) subject to
Y(t) = Do f (wn(t), un(t), h(t))y(t) — Duf(zn(t), un(t), h(t))v(t)
(Dg9(xp(t), h(t)),y(t)) — ga(t) =0 for all ¢t € M.

The optimality system for (DO);, 4 takes the following form:

where My, (t) = H(zn(t), un(t), pu(t), pa(t), h(t), h(t)).
The system (31) must have a unique solution (y4,vg,qq,vy) for any g € H.
Moreover, in view of (22),

1Ygll1.2; [[vgll2, g2, Vgl < Lllgllz  forall g € H. (32)
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Since the map given by the left-hand side of (31) is continuous from X?2x Y2
into Z and H is dense in Z, (31) must have a unique solution, satisfying (32),
for any g € Z. Suppose that 0 € Mjy, . Then, for any g4, such that g4(0) # 0,
(31) has no solution. The obtained contradiction shows that (A1), must be
satisfied.

We will show that (A2), holds with x = £=1. Suppose that this is not true,
then there exists € > 0 and a subinterval M C M}, o of positive measure, such
that

| D f* (@ (8), un(t), h(2)) Do (xn(t), h(2))]

D@ (), () D f (n (L), un(t), h(£))] < 0L — ¢ for all ¢ € M. 3%)

Choose any t' and 7 > 0 such that (¢’ — 7, +7) C M, and set g = (0,0,0, g4),
where
. 1 fort t—
Ga(t) =0fort & (' —7,t' +7), g4(t)_{ ert € (i),

-1 forte(r,t'+71), (34)

and 7 < 7. Let (g, ,q,7) be the solution of (31) corresponding to g. It follows
from (32) that

19lloc = o(T). (35)
In view of (6), we obtain from (31)

94(t) = D2, 00(xn(t))2n (t)y(t) + Dado(wn(t))y(t)

= (D390 (@n(t))in(t) + Davo(n(t)) Da fo(zn(t), un(t))) 7(t)
+D,00(xn (t)) Dy folxn(t), un(t))v(t).
Thus, using (33) and (35), we get |ga(t)| — o(7) < (£~ —€)|v(¢)|. Hence, in view
of (34), we find that, for t € (¢ — 7,t' +7), |ga(t)] < (k(7))72(~t = €)|v(t)],
where k(7) 7 1 as 7 — 0. Choosing 7 > 0 so small that k() > ﬁﬁ, we
get |ga(t)| < (671 —¢/2)|0(t)|. Integrating this inequality over (¢’ —7,t' + ), we
obtain

) t'+r . B € t' 47 . 3
nmu—|@m2_</ ﬁmﬁ> sw4—5></ ﬁ@mg
t'—T t'—T

< (" = )llell,
which contradicts (32) and completes the proof of (A2)p,.
We will show that (A4);, holds with v = ¢=1. To this end, choose § =
(91,72,0,0) € Z and denote by (7,9, p,7) the corresponding solution of (31).
Then we get

o [M(y® N\ (D2 MR D2 ML ()
(1) 020, = | (vu)) (Dzmh Dzmh) (@@) " (36)
= (g1,y) + (g2,v) for all (y,v) € &y
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Note that any linear continuous functional ¢ defined on the subspace &}, o can be
expressed in the form ¢(y,v) = (g1,y) + (92, v), where (g1, g2) € L*(0,1;R") x
L?(0,1;R™). Indeed, a general form of a linear continuous functional on X2
is given by ¢(y,v) = (¢1,9) + (¢2,v), where (¢1,¢2) € X2. Hence, using the
state equation, we obtain ¢(y,v) = (Dufi é1,y) + (b2 + Dufi b1,v), for all
(y,’U) (S gh,O- Thus, we get g1 = sz;: (bl, g2 = ¢2 —+ Duf;; gf)l.

Since equation (36) must have a unique solution for any (g1, g2) € L2(0, 1; R™)
x L?(0,1;R™), the operator D?L}, must be invertible on & o. Clearly, in view of

32), the equation (D?L; — AT Y = 0 cannot have a nontrivial solution in
v

Eno for any A € (—¢~1,¢71). Thus, (—¢£~1,£~!) cannot belong to the spectrum
o of D*L;,. Since by Proposition 3 we have ((y,v), D*Ly(y,v)) > 0, for all
(y,v) € €1, it is enough to find necessary conditions under which o C [(71, o0].
By the well known property of the spectrum of self-adjoint operators in Hilbert
spaces, we have

mln{)‘ eR | A€ 0} = inf{((y,v),DQEh(y,v)) | (y,v) € gh,Ou ||(yvv)||X2 = 1} .

Hence the condition o C [{71, 0o] implies that (A4), must hold with v = ¢=1.
To complete the proof of the proposition, let us note that, in view of Lemma 3,
(A4)h implies (A3)h |

We are going to show that (H) implies (A1) — (A4). To prove this result for
constraint qualifications (A1) and (A2), we will construct a perturbed value of
the parameter h¢ = h+ Ah¢, where Ah¢ can be arbitrarily small, such that, at
the stationary point (z¢, u®, p¢, u¢) of (O)xe, the strict complementarity holds
and Mpe g = Npeo = My. Then, using Proposition 2, we show that condition
(A2) holds with o = 0, which, by Lemma 4, implies that it holds with an « > 0.

The analogous procedure will be applied to prove coercivity conditions. We
introduce h® = h + Ah®  such that, at the stationary point (z*,u®,p*, u®) of
(O)ps, the strict complementarity holds and Mps o = Nps o = Ny. Using again
Proposition 2 and Lemma 4 we prove that (A4) holds.

The crucial point is that the perturbations Ah¢ and Ah® are constructed
in such a way that the corresponding solutions (Z,u), as well as the Lagrange
multipliers p, remain unchanged, and only the multipliers p can differ from .
The construction of Ah¢ and Ah® will be presented in the following two lemmas.

LEMMA 5 If (H) holds, then (A2) is satisfied.
Proof. Note that inclusion (14 ) is equivalent to
Vo(x) — ha = Pk (Yo(x) — ha + 1),  p= Pre+ (Vo) — ha + p), (37)

where Py and Pg+ denote the metric projections in W12(0,1;R) onto K an
K™, respectively. Clearly, we have

00(Z) — ha = Pr(90(Z) — ha +11), i = Prc+ (00(Z) — ha + i)
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Equation (37) will be satisfied by (Z, ha + Ahy, i+ Ap) for any perturbations
Ahyg and Ay such that

—Ahs€ K, ApcKtand (0o(F) — (hy+ Ahy), i+ Ap)1o=0. (38)

In the special situation, where Ahy = 0, it follows from (10) and (15) that (38)
is satisfied, provided that:

Ap(0) =0,
Afi(+) is nonincreasing and Afi(-) = const on each subinterval in [0, 1]\ My,
Ap(1=) >0 and Aji(1—) = 0 if 9o(Z)(1) — hu(1) < 0.

(39)

We will construct Agc, satisfying (39) and such that Apc is decreasing on My
and Ap(1—) > 0 if 99(F(1)) + ha(1) = 0. Thus, the strict complementary
conditions will be satisfied at (Z, 714, p¢) and Mpe g = Npe o = M.

Denote by (t;,t)) C My a subinterval belonging to M. Fix any € > 0 and

construct Aac(+) on [0, 1], backward in ¢, as follows

ey =€ if 9o(2(1)) + ha(1) = 0,
a Y 0 i 9e(E(1) + ha(1) <0,
e (ti—t)  fort e [t 3 (t + 1),
Njie(t) =4 @ t—t)  forte [3(t] + )¢,

0 for t € [0,1] \ Mo.

Moreover, we set Auc(0) = 0. It can be easily checked that Au€ satisfies all the
required conditions (39) and |[|Auc)||2,00 = O(e).

We set hj = h4 and choose the remaining components h{, h§, h§ of h¢ in
such a way that (Z,4,p, u°) is a stationary point of (O)pe. Namely, the state
equation holds if we set h§ = hs, whereas (12) and (13) will be satisfied, if we
set h¢ = hy + ARS and hS = hy + AhS, where
AN = (Do f3 @ DDL05@) + (fal@0) — k) DEIG(E)) i, (4

Ah§ = D, fi(Z,u) D 95(T) ApC.

Hence, we find that (Z,u, p, u°) is a stationary point of (O)x.. Moreover,
[ARS[[1,00 = O(€), |ARS|[1,00 = O(e), e, [[ARS||lm = O(e).

Choosing € > 0 sufficiently small, we get h¢ € B} (?L) and (Z,u,p, uc) €
BEXA(€,\). Thus, by Proposition 2, condition (A2). is satisfied. Since zjc = 2

and h§ = hg4, condition (A2)xe coincides with (A2) for = 0. We use now
Lemma 4 to find that (A2) holds for some a > 0. [
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LEMMA 6 If (H) holds, then (A4) is satisfied.

Proof. As in the proof of Lemma 5, we use (38). Let us consider first the
situation, where the strict complementarity condition is not violated at ¢ = 1,

i.e., either ¥o(7(1)) — ha(1) < 0 or ¥o(F(1)) — hu(1 ) =0 and i(1) > 0. In thlS
case we introduce only a variation Ahy, whereas ji remains unchanged. Thus,

equation (38) will be satisfied by (T, ha + Ahg, i), provided that —Ahy € K,
and (99(Z) — (ha + Ahy), 1)1,2 = 0. These conditions hold, if

Ahy(t) >0, and Ahy(t) =0 fort e Np. (41)

We will construct Ahj € C?(0,1;R) satisfying (41), which is positive on each
subiterval (t,t/) in [0,1] \ No. Thus, strict complementarity will be satisfied
by (z, h§, i), whereas Mps g = Nps o = Np.

Let (t,¢) C [0,1]\ Ny denote a subinterval of [0, 1]\ Ny. Fix any € > 0 and

177
set
Ahi(t) =0 forte Ny,
A (t)
ey (t—15) for t € (t),t) + 17 — )
(t;/8ft;,) ((t) + 3(t] —t5)) —t) for t € (¢ + (] — 1)), ¢ + 3(t] — 1)),
B (t;/8ft;) (t— 5] +1))) for t € (t) + 3(t7 — t)), ¢} + (7 + 1)),
- (t;/gft;>(%(f}’ +1t5) —t) for t € (3(t7 +1t)), ¢ + (7 — 1)),
ey (t = (8 + 3] — 1)) for t € (¢ + 5(t] — 1)), 45 + 5 — 1)),
(t;’g—ét;) (tf — 1) for t € (t; + L(t) —t;),t)).

(42)

It is easy to see that Ahj] satisfies all the required conditions. Moreover,
IARS]|2,00 = O(€). Weset Ah® = (Ah§, AhS, Ah§, Ahj), where Ah = 0, Ahj =
0, Ah§ = 0. It can be easily checked that (Z, u, p, i) remains a stationary point
of (O)p= and ||[AR®||g = O(e). Thus, for any € > 0 sufficiently small, we get
hs € B} (h) and condition (A4)p follows from Proposition 2. Note that, in view
of (6), the Hessian of the Lagrangian and the set &, ¢ do not depend directly
on h. Therefore, since (zps,ups,prs, i) = (T,4,D, 1), we get Lps = L and
Ens0 = &. Thus, (Ad)p. is equivalent to (A4) for o = 0. Finally, Lemma 4
implies that (A4) holds, for some o > 0.

Let us pass now to the situation, where the strict complementarity condition

is violated at t = 1, i.e., if ¥o(Z(1)) — h4( ) =0 and fi(1) = 0. We consider two
cases:

(i) 7i(t) = 0 on a subinterval (7, 1],
(ii) f(-) is decreasing on a subinterval (7, 1].
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In the case (i), let us choose (7,1] to be the maximal subinterval on which
f(t) = 0. On [, 1], we define the variation Ah§ by setting

(t—7)
(1-7)

ARY(T) =0, Ahi(T) =0, ARj(t)=¢ (43)

Clearly, we get 9o(Z(t)) — (ha(t) + ARS(t)) < 0 for ¢ € (,1], so the strict com-
plementarity condition is trivially satisfied on that subinterval. On subinterval
[0, 7] we construct Ah§ as in (42) and the proof of (A4) follows in the same way
as in the previous situation.

Finally, let us consider case (ii). Choose € < 1—7, where 7 is given in (ii). On
[1 — €, 1] define an auxiliary variation Ahy given by (43), where 7 is substituted
by 1 —e. On subinterval [0,1 — €] we construct Ahy = Ahj, as in (42). In
contrast to the previous case, equation (38) is no longer satisfied for Ay = 0.
Hence, we have to introduce a variation Ay # 0. R

Note that on the subinterval [1 — €, 1] we have ¥(Z(t)) — ha(t) = 0 and the
function £ (—Ahy(-)) is decreasing from 0, whereas <7i(-) is decreasing to 0.
Hence, there is a unique point 7 € (1 — ¢, 1) such that 4 (—Ahg(n) + fi(n)) =0
and ¥(Z(-)) — (ﬁ4() + Ahg(?)) + () = —Ahg(-) + () assumes its maximum at
1. We define

(t) fort € 0,1 — ¢,
pi(t) =4 [(t) — Ahy(t) fort € [1 — e, 1, (44)
pi(n) = Aha(n) — for ¢ € [n,1].

=)

Moreover, we set Ah§(t) = Ahy(t) for ¢ € [0,1 — €], whereas on [1 —¢,1] we
define

—AR}() =

{ 0 fort € [1 —e,n], (45)

(1(t) = Aha(t)) — (i(n) — Aha(n)) ~ fort € [n,1].

It can be easily seen that conditions (38) are satisfied by Ah§ and Ap® = p® — .
Moreover, the strict complementarity condition is satisfied at (Z, hy + Ah§, )
and

Mhs70 :Nhs)o :No\(l—T],l). (46)

As in (40) we choose

Ab = (Do fs @ D)De0G(E) + (ol ) — hs)* D3, 05(@)) A, 4y
A3 = D, f(2,0) D05 (R)Af®,  AhS =0,

and set Ah® = (Ah3, Ah§, Ah§, Ah), as well as h® = h + Ah®. Tt can be seen
that (Z,u,p, 1) is a stationary point of (O)ps.
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It follows from (43) and (45) that
[ARG]

200 = 0(e) and | Ap°|

1,00 — 0(6) (48)

From (47) and (48), we get | Ah®|| g = O(€). Thus, choosing € > 0 sufficiently
small, we obtain h® € B (h) and (Z, 4, p, u°) € BX**Y? (£, X). Morover, we have

ess swp () — O] = O() and [t =¢ Vie[1—n1.
te[p,1—n)

Hence, for € > 0 sufficiently small, we get ||ji°||cc < 0, where o is given in (16).
Thus, (&, @, p, 4°) € BN (E,N).

Therefore, by Lemma 2, condition (A4)ys is satisfied. Note that, in view of
(8) and (48) we get |[D2Lps — D2L| x2— x> = O(e). Hence, shrinking € > 0 if
necessary, and using (A4)s, we obtain

~ 1
((y,v),D2£(y,U)) > §7||(y,v)||§(2 for all (y,v) € s . (49)

However, in view of (46), we have & C &g 5=, so that (49) holds for all (y,v) € &.
Finally, Lemma 4 implies that (A4) is satisfied for some o > 0. That concludes
the proof of the lemma. [ ]

Note that the necessity of (Al) follows, as in the proof of Proposition 2,
whereas in view of Lemma 3, (A4) together with (A1) and (A2) implies (A3).
Thus, we have shown that (H) implies (A1)—(A4). Therefore, in view of Theorem
1, we have arrived at the following characterization of the Lipschitz stability and
directional differentiability properties of the solutions and Lagrange multipliers
of (O)p, which is the principal result of this paper:

THEOREM 2 Conditions (A1)—(A4) are necessary and sufficient in order that
(H) is satisfied.
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