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1. Introduction

In the reflexive Banach setting the Attouch theorem gives the equivalence of
Mosco convergence of convex lower semicontinuous functions to the Kuratowski-
Painleve graph convergence of its subdifferentials, see Attouch (1984) for exam-
ple. Unfortunately, this result is no longer true in nonreflexive Banach spaces,
see Proposition 4.1 of Attouch and Beer (1993) for a general couterexample or
Example 1.1 of Zagrodny (2005) where it is shown that even if the limit of Mosco
converging sequence is the norm of I, then its subgradients can not be suitably
approximated. There are results extending the Attouch theorem to arbitrary
Banach space, but in order to obtain this, additional assumptions are needed,
see Attouch and Beer (1993), Beer and Théra (1994), Combari and Thibault
(1998) for more details. It seems that the main obstacle in extending the theo-
rem to a larger class of spaces is the strong topology, which is involved in the
graph convergence of subdifferentials. Recently, it has been shown that for each
subgradient z* of f, the Mosco convergence of {f,}°2 ; to f with the additional
assumption that the sequence of functions is uniformly bounded from above on
some open set, ensures the existence of a sequence of subgradients =, € 0 f,,(zy),
which is weakly* convergent to z*, see Zagrodny (2005a,b). Of course, the uni-
form boundedness assumption is a restrictive one. Herein, it is shown that it
can be relaxed to (we consider the case f(0) =0, 0 € 9f(0))

Hentrl, C10,00),6, \N0:3IM >0:VneN,Vz € X,
falz) + Mdg(z) +€n 20 (1)
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and the result still holds true if @ is convex weakly compact and generates the
space, where dg stands for the distance from ). This result is applied to provide
an extension of the Kronecker lemma, see Moricz (1982) for example.

2. Preliminaries

In the sequel E will be a real Banach space which is weakly compactly generated
(WCG). We recall that a Banach space is WCG if there exists a weakly compact
subset @ of E that spans a dense linear space in F, see Phelps (1984) for more
details. We may assume that 0 € @ and @ is symmetric, i.e. Q = —Q, then,
equivalently, F is WCG if E = ¢l Uzo:l n@, where ”cl” stands for the topological
closure. By E* we denote the dual space to E.

For any convex function f : E — RU{oo} finite at « and € > 0, by 0. f(z)
we denote its e-subdifferential i.e.

Ocf(x) :={z" € E* |<z*,h><e+ f(x+ h) — f(z) for every h € E}.

When € = 0 then e-subdifferential is called subdifferential and it is denoted by
Of (x), see Attouch (1984), Phelps (1984) for properties.

Let us remind that for any sequence {¢;}52; C @ there is a subsequence
{gi, 132, € {4152, C Q which is weakly convergent to an element of (). This is
a consequence of the Eberlein-Smulian theorem, see Theorem 5.3.1 of Rolewicz
(1984).

Below we recall a powerful existence result, the Brondsted-Rockafellar the-
orem, see Theorem 3.18 of Phelps (1984), for example.

THEOREM 1 Suppose that f is a convex proper lower semicontinuos function
on the Banach space E. Then, given any point xg € dom(f), € > 0 and any
x§ € Ocf (zo) there exists xe in dom(f) and xf in E* such that

w; € 0f(ze), [|ze — w0l < Ve and [|z7 — 25| < Ve
In particular, the domain of Of is dense in dom(f).

Finally let us recall the notion of Mosco convergence. Attouch and Beer
(1993) give a very convenient condition characterizing the notion. Following
them we say that a function f is the Mosco limit of a sequence of proper lower
semicontinuous functions {f,}52, we write f = Mosco — lim,,__, fn, if the
two following conditions are satisfied:

S1: whenever {z,,}°2 is a sequence weakly convergent to xz, then f(z) <

liminf, o frn(Zn);

S2: for each x € E there exists a sequence {z, }72, converging in norm to

x, for which f(z) = lim,—— o0 fn(zn).
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3. Results

In this section we show that if for some y, — 0 with f,(y,) — 0 and (1)
holds true, then there are sequences {z,}52, C E , {}>2, C E* such that
xn, — 0, fn(zn) — 0, ) k) with xf € Ofn(xy). Moreover, for some
sequence {ky,}2°, C (0,00), k, — 00 we get

sup |< ), q>|— 0. (2)
q€knQ

Since E = cl U, ; kn@Q, so we can say that (2) gives “almost” strong convergence
of {zX}52, to 0. If, additionally, the sequence of functionals is bounded, then
« weak™
—_—

(2) implies that z 0. Of course, (2) alone does not ensure the weak*
convergence to 0, see Example 2, below.

THEOREM 2 Let E be a real WCG Banach space (i.e. for some symmetric
convex weakly compact subset Q C E, E = cl|J,;—,nQ), {€,.}22; C (0,00),
en — 0 and M > 0 be given. Let f, f1, f2,... E — R U {oo} be lower semi-
continuous functions such that:

it for some {yn}5>2; C E we have

lim y, =0 and lim f,(y,)=0;

ii: Vn e N,Va € E, fo(z) + Mdg(z) + €, > 0.

Then there are {x,}22, C E, {z}}5°, C E* such that:
a: lim, o0 2 =0, limy, 00 fr(2n) = 0;
b: Yn e N, af € 0fn(zn);

. % weak”
c: ) 0

d: I{r,}52, C (0,00), 1 — 0: Ik}, C (0,00), ky, —> 00: Vg € Q,
VneN, |< xk, kng >|< 1.

Proof. Assume that f,(0) = 0. By (ii) we have Vn € N\Vz € E, f.(z) +
Mdg(z) + €, > 0; thus Vn € N,0 € 9, (fu(-) + Mdg(+))(0).

By the Brondsted-Rockafellar theorem there are x,, € dom(f,), yi € E*
such that

znll < Ve, llynll < Ven,
Yn € a(fn() + MdQ())(In) = 8(fn) (zn) + 8(MdQ)(33n)7

which implies that f,,(z,) + Mdg(xn)— <y, z, >< fn(0) = 0.

Again by (ii) and the following inequalities: f,,(z,) + Mdg(xn) < fn(0)

+ < yr,zn >< €, we get Yn € N,0 < f,(z,) + Mdg(zy,) + €, < 2¢,, hence
fn(zn) — 0, which gives (a). There are z}, € df,(xy,) and z; € Mddg(zy,)
such that ||z} + 2} || < /€, thus ||z} || < 2M for n large enough and
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VneN,Ve € E, <z, —xp, >< M(dQ(x) - dQ(azn)>.

Let us choose {k,}>2; C (0,00) such that k, — oo and
K, (|< zh oy > +Mdg(xy,) + \/Endiam(Q)) — 0,

where diam(Q) = sup{||¢g1 — ¢2|| | ¢1,¢2 € Q}. For every n € N put
n o=k (|< 25, @p > +Mdg(x,) + Ve, diam(Q)).

For every ¢ € Q@ = —Q we get

< zp kng >=ky < 20,9 >< kn(< 20,2 > —Mdg(zy,))
< kn(|< 25, 0 > +Mdg(2n)),

thus |< 25, kng >|< ky (|< 25, 20 >| +Mdg(2y)), which implies

|< I:;, knq >|§ kn(|< Z:van >| +MdQ(:En) + \/Endmm(Q)),
so (d) is fulfilled. In order to get (c), let us observe that for every z € E there
are ¢, € @ such that k,q, — x and

|< :E;;,I >|§|< Ty, @ — kngqy >| + |< Irw kngn >|§ 2MH‘T - kn‘]n” + T,
so < x},x >— 0. In order to finish the proof let us notice that if f,,(y,) — 0
then by (ii) we get

Vn e N,Vz € E,0< fo(z) — fulyn) + Mdo(z) + €n+ | frlyn) | -
Putting g,(2) := fr(yn + ) = fu(yn), €n = €0 + Mdq(yn)+ | fulyn) |, we get

Vn e N,Vz € E,0 < g,(z) + Mdg(z) + €,
so we can apply the first part of the proof to g,. By the equality 9g,(z,) =
O fn(yYn + zn) we get the statements. [ ]
REMARK 1 Let us observe that (a)-(d) imply (i),(ii) with M := sup, oy ||z}, ||
and e = 2(n+ | falen) | +5Upgeq |< 5 q >| +Mza])-

Indeed, by (a)-(d) we get €, — 0 (keeping in mind that the Banach-
Steinhaus theorem implies that the sequence {||z%|/}52; is bounded). For every
q € Q and y € E we have

In(y+ ) — falon) 2<ah,y—q>+ <x),q>
> =My +zn —ql| = M||z,|| — sup |< 2,9 >,
q€Q

thus Vn € N,Vz € E,0 < f,(z) + Mdg(x) + €n.

Let us mention two important consequences of the theorem. First, it yields
a new proof of the necessity part of the Attouch theorem. It also encompasses
a result on weak* convergence of subdifferentials.
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THEOREM 3 (The necessity part of the Attouch theorem) Let f, f1, fo,... :
E — RU{+o0} be convex lower semicontinuous on a reflexive Banach space
E and f = Mosco — lim, .o fn. For any x* € 0f(Z) there are sequences
{2,322, C E, {z3}22, C E* such that

a: lim, o0 T = T, limy, oo fr(zn) = f(T);

b: Yn e N, af € df,(zn);

c: xt — xt.
Proof. Let (S1) and (S2) be satisfied, lim;,—— oo Yy = 0, limy,—— o0 fr(yn + T) =
fn(Z), x* € 8f(Z) and g, : E — R U {+0o0} be defined as follows:

fn($+yn+3_3)_fn(yn+f)_<3;*a17>a if flzf] <1
gn(z) i= .
+00, otherwise .

For any M > 0 we have
VneN,Vz € E,0 < gy(z) + Mdg(z) + €n, (3)

where @Q :={z € E | ||z]| <1} and
€n =2 | f]réiél(fn(q + Yo +T) — falyn +7)= <a*,¢>) |

It is enough to show that €, — 0. We have
néig)l(fn(q +yn+T) = fulyn +2)— <2*,q >) <0.
q

If for some gy, € Q and 6 >0
f"lk(an + Yny, +‘f) - fnk(ynk +i‘)_ < ‘T_*?an >< =0 <0,

then, assuming that g, weaf d (we are able to do it by the Eberlein-Smulian
theorem, taking a subsequence if needed), by (S1) we get

0< f(G+7) — f(@)— < a*,§>< lliminf<fnk(an + Y, + 7)
— fop Yy +T)— < 2%, G0, >> < -6 <0,

a contradiction. Hence, for functions g, the assumptions (i) and (ii) of Theo-
rem 2 are satisfied. Thus, there are sequences {z,}52, C E, {z:}°2, C E*
such that
o lim, oo Ty =7, limy—— oo fu(Tn) — f(Z)— < 2%, 2, — T >= 0;
e VneN, z} €dfn(zn);
e 7 — x* (keep in mind that ||z — z*|| < 7.k, ! by (d) of Theorem 2).
|

Below we show that results concerning weak™ convergence of subdiferentials,
see Zagrodny (2005a,b), can be inferred from Theorem 2 as well. Namely, we
show that if the assumptions of Theorem 2.4 of Zagrodny (2005b) are satisfied,
then the assumptions of Theorem 2 are also satisfied.
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THEOREM 4 Let FE be a WCG Banach space, (T,x*) € E x E* be fized and f :
E — RU{+0o0} be a lower semicontinuous convex function such that f(z) € R,
z* € Of (z). Assume that f, : E — RU{+o0} are lower semicontinuous convex
functions such that:

it f= Mosco—lim,__. fn;

ii: there is an open nonempty subset U of E and a constant ¢ € R such that

for every w € U and n € N we have f,(u) < c.
Then there are sequences {x,}>2, C E, {zX}>°, C E* and {k,} C N with
k, — oo such that:
a: limy, oz =7, limy .00 fn(xn) = f(i')’
b: Yn e N, af € 0f,(zn);
P
d: limsup,, . sup,cq < 2 — =, k,'q >= 0 for any sequence {k,}52, C
(0,00) such that kI, — oo and :—i‘ — 0.
Proof. Let us assume that £ = 0, z* = 0, f(0) = 0. Considering max{f,,—1},
if needed, we may assume that Vo € E,Vn € N, f,,(x) > —1 and

Vo € Bla,r), fu(z) <c
for some a € E, r > 0. We may assume that f,(0) = 0 (if not, then consider
fn(‘r) = fn(x + yn) - fn(yn)a where y, — 0, fn(yn) - O) Let us put

n =2 in f, .

€ | min fu(q) |
Similar reasoning as in the above proof of the Attouch theorem gives €, — 0.
We have also

Vo € E,¥n €N, ([[z]? + fu(2)) + Mdo(z) + €5 > 0

for some M > 0. In fact, if not, then for some {z,, }?°, C E and M,, — oo
we get

(”xnk ”2 + frs (mnk )) + Mnde(xnk) +€n, <O0. (4)
Since the functions are uniformly bounded from below, so dg(z,, ) — 0, hence
T, weak 3 for some i € E, so by (S2) and the lower semicontinuity of || - || we

get,

0 <[|z]* + f(2) <0,
thus 2 = 0 and My, dg(xy,) — 0. Let us choose a sequence {s;}7°; C (0, 00)
such that

Sk — 00, $pdg(Zn, ) — 0 and s M, dg(zn, ) — 0.

We are able to choose g € @ such that spqr — a and ¢ € @Q for which
dg(zn,) = ||Zn, — gkll- We have si(xn, — gx) — 0, so by (ii) we obtain
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Frn (855 — sk(1 — 83, 1) (T, — Gi)) < c for k large enough,

thus, keeping in mind (4),

(1= 5 (e P+ S 00) + e, + Moy,
+ s o sk — se(1 = 5 (@, — ) < esp
By convexity we get
fn;C ((1 - 5];1)(]76 + Qk) + (1 - Slzl)enk + (1 - Slzl)Mnde(Ink) < CS/ZI-

By the definition of €, the sum of the first two terms is nonnegative, thus

81 My, do (s, ) < c(1 —s; ')~ for k large enough,
which is impossible, since the left hand side of the above inequality tends to
infinity. Hence the assumptions of Theorem 2 are satisfied and we get the

statement in this case. In general it is enough to repeat the above reasoning for
the functions

gn(2) == fu(z 4+ yn) = frlyn)— < x*, x> forallz € E
where v, — T, fn(yn) — f(T). -

The next two examples shed some light on assumptions of Theorem 2. The
first one shows that we can not put the norm instead of the distance in (ii).

EXAMPLE 1 Let us put E := ¢, ¢; := (0,...,0,1,0,...) for i = 1,2, ..., where
1 is in 4*"-position. Let us define functions f,, as f,(z) := z,, where x =
(z1,29,...) € E and the set Q as Q := ¢l conv{ ey, Tes,...}. The set is
weakly compact and Q = —Q, cl|J,, nQ = E.

We have 0f,(x) = {e,} for every x € E and n € N. Moreover

Ve e E,VneN, f,(x)+|z] >0.

Let us observe that f,(e,) =1 for every n € N, thus (c) of Theorem 2 does not
hold.

In the next example we show that (a),(b),(d) of Theorem 2 do not yield (c).
In order to have this implication ( (a, b, d) => (c) ) some additional assumptions
are needed, giving the boundedness of the sequence.

EXAMPLE 2 Let us define g : R — R as

o) = {—\/—_t, ift <0

+00 otherwise.

Let us put
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fn(x) = 1I£1ia<xn{—fl +g(z;)} for n € Nyx = (21, 22,...) € co.
Of course, f,,(z) < fnt1(x), so there is f which is the Mosco limit of the sequence
of functions, i.e. f = Mosco — lim,_, o fn, moreover f(0) = 0, f(x) > 0 for
x € cg, s0 0 € 9f(0). Using Theorem 2.2 of Zagrodny (2005b) we infer the
existence of {z,}72, C ¢o, {z5}52, C i such that z, — 0, fn(z,) — O,
xf € Ofp(xy) for every n € N and for some k,, — o0

sup |< z, kng >|— 0.
qeQ

Of course we have
In

=) M@y
i=dn,

for some d,, < gn, d, — 00, AP > 0 with Zf;dn A =1, x, = (2}, 25,...) €

co. Put y, := (/[ 27 [,/ 25 |,...) and observe that < z,y, >= 3, so the
sequence {||z]/}22; is unbounded and can not weak* converge to 0.

4. Kronecker Lemma-weak* subdifferential convergence ap-
proach

The Kronecker lemma ensures that if a series > .-, ; of real numbers is con-
vergent and {b;}5°, is a nondecreasing sequence of positive numbers tending to
oo then

1 o0
=1

see Moricz (1982) for example. In this section we are going to show that this
result pertains to much more general considerations than it appears to. Namely,
in what follows a real WCG Banach space is provided such that weak* conver-
gence of some functionals to zero corresponds to the convergence in (5). Thus
Theorem 2 gives some possibilities of extending such kind of results to much
more general cases. However, this is not the subject of the present paper, only
the possibility is indicated here.

EXAMPLE 3 Let us put

E:={z=(x1,22,...) | VieN,z;€R and lim y;=0, where y;:=sup |Zxk|}

m2i e

It is not difficult to show that (E,| - ||) is a real WCG Banach space with
|zl == sup,cp, | Dopep 2k |and Q:={z e E|VieN, |z;|<27'}.
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In the sequel, F and @ stand for the space and the set given in the above
example.

The corollary below is a slight modification of the Kronecker and Knopp
results, see theorems A B,C,C’ of Moricz (1982).

COROLLARY 1 Let ajp,bin, n € Nyi=1,...,n be reals such that
i: dM >0,Vn € N, E?l'bm_ i— 1n|<M'

it Hkp}2, CN:k, — 00 and El 1 ain |—>O
Then for every n € N there are Ay, € [0,1] fori=1,...,n such that

n

Ve e E, lim Z ()\mam + (1 — )\zn)bm>$z =0.
=1

Proof. If k, > n then put A\, = 1,..., A\pp = 1, and the statement is a simple
consequence of (ii). Assume that k, < n. For these n’s let us consider convex
functions f,, : E — R U {oo} defined as follows

" max{ainx;, binzi}, if [|z]| <1
h@%_{zhl { b ]

+00 otherwise.

We have
n
>Zaznxl+ Z b'LnI’L = Z | Ain | H-I”"' Z bln QZ)+ Z binqia
i=kn+1 i1=kn,+1 i=kn+1
where ¢ € Q and dg(z) = ||z — ¢||. Putting by, = 0 we get

7

Z bin Z Z in ] ln z_qi)

n
i=kn+1 i=kn,+1 j=1

:i( Xn: (Ii—qi))(ba‘n— j—1n) _—|\$—Q||Z|bgn— j—1n |

j=1 “i=max {kn+1,5}
> —MdQ(w)
and
Z bingi = Z Z qi(bjn — bj—1n) = — Z 27 M > — M2,
i=kn+1 j=1i=max {k,+1,5} i=kn+1
Thus

kn
la) 2 = (3 Vo [ 431274 ) = Mdg(o),
i—1

so, by putting €, = M2 F» 4+ Zfﬁl | ain | we get that the assumptions of
Theorem 2 are satisfied which gives the assertion. ]



802 D. ZAGRODNY

REMARK 2 Let us observe that if by < by < ... — o0, then by putting
@in = bin, = 5—1’ we have (i) and (ii) satisfied with M = 1 and k,, chosen properly,
so we get the Kronecker lemma as a corollary.

EXAMPLE 4 Let us consider the (h, g)-transform of a sequence = = (21, x2, . ..),
i.e. for some d > 0 functions g, h : [d,00) — (d,00) are nondecreasing with
g(n) — 0, @iy = bin = Wlh(i)’ aon = bon = g(}l—)d, and f(z) := > | ainxi.
In Jajte (2003) the (h,g)-transform is used in formulating the strong law of
large numbers. There are also examples of (h, g)-transformations. Following
the author, we recall them, i.e., [h(y) = 1,9(y) = y], [h(y) = y,9(y) = logy],
[h(y) = 1,9(y) =y=,0 < a < 2,0 # 1.

If x € FE then by the above corollary we get f,(z) — 0. Indeed, let
us observe that by the definition of a;, we are able to choose k, such that
k, — oo and Zf;l a;n — 0. We have also

S o wie LY
e in i—1n g(n) d h(n) )

so (i) and (ii) of the corollary are satisfied, which gives f,(z) — 0.
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