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Abstract: The paper deals with optimal control problems for
semilinear elliptic and parabolic PDEs subject to pointwise state
constraints. The main issue is that the controls are taken from a
restricted control space. In the parabolic case, they are R™ -vector-
valued functions of time, while they are vectors of R™ in elliptic
problems. Under natural assumptions, first- and second-order suffi-
cient optimality conditions are derived. The main result is the ex-
tension of second-order sufficient conditions to semilinear parabolic
equations in domains of arbitrary dimension. In the elliptic case, the
problems can be handled by known results of semi-infinite optimiza-
tion. Here, different examples are discussed that exhibit different
forms of active sets and where second-order sufficient conditions are
satisfied at the optimal solution.
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1. Introduction

This paper is a further contribution to second-order optimality conditions in
the optimal control of partial differential equations. A large number of papers
has been devoted to this issue so far and conditions of this type are used as an
essential assumption in publications on numerical methods.

Sufficient conditions were investigated first for problems with control con-
straints. Their main focus was on second-order optimality conditions that are
close to the associated necessary ones, for instance, by Bonnans (1998), Casas,
Troltzsch and Unger (1996), Goldberg and Troltzsch (1989); see also the exam-
ples for the control of PDEs in the recent monograph by Bonnans and Shapiro
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(2000). The situation changes, if pointwise state constraints are given. Here, the
theory is essentially more difficult as the Lagrange multipliers associated with
the state constraints are Borel measures. Therefore, the associated theory is less
complete than that for control constraints. Although considerable progress has
been made in this issue, see Casas, Troltzsch and Unger (2000), Raymond and
Troltzsch (2000), Casas and Mateos (2002), Casas, De los Reyes and Troltzsch
(2007), there remain open questions, if pointwise state constraints are formu-
lated in the whole domain: in the elliptic case of boundary or distributed control
with pointwise state-constraints, the conditions are sufficiently general only for
spatial dimension 2 or 3, respectively, Casas, Troltzsch and Unger (2000), Casas,
de los Reyes, Troltzsch (2007). For parabolic problems, only distributed con-
trols in one-dimensional domains can be handled in full generality, Raymond
and F. Troltzsch (2000).

The difficulties mentioned above are intrinsic for problems with pointwise
state constraints and it seems that they cannot be entirely avoided. However,
a review on the application of optimal control problems for partial differential
equations shows that the situation is often easier in practice: In many cases,
the control function depends only on finitely many parameters that may also
depend on time in parabolic problems.

For instance, in all applications that the group of the fourth author has been
engaged in so far, the controls are finite-dimensional in this sense. This finite-
dimensionality seems to be characteristic for real applications of control theory.
This concerns the cooling of steel profiles by water discussed in Eppler and
Troltzsch (2001), Troltzsch et al. (1997), and Troltzsch and Unger (2001, some
problems of flow control, see Henning and King (2005), the sublimation process
for the production of SiC single crystals, see Meyer and Philip (2005), and
local hyperthermia in tumor therapy, Deuflhard et al. (1997). In all of these
problems, the controls are represented by finitely many real values, namely,
the intensities of finitely many spray nozzles in cooling steel, amplitude and
frequency of controlled suction or blowing in flow control, frequency and power
of the electrical current in sublimation crystal growth, and the energy of finitely
many microwave antennas in local hyperthermia.

In some cases, these finitely many real values depend on time. Moreover,
in all the applications mentioned above, pointwise state constraints are very
important. Problems of this type are the main issue of our paper. We address
the following points:

First, we consider semilinear parabolic equations with distributed controls
of the type f(z,t) = Zle e;(z)u;(t), where the functions e; are bounded and
the control functions wu; are taken from a set of admissible controls. Thanks
to the boundedness of the fixed functions e;, we are able to extend a result of
Casas, de los Reyes and Troltzsch (2007) for one-dimensional parabolic prob-
lems to domains € of arbitrary dimension. Although our regularity results can
be extended to controls f € L2(0,7T;L>(f2)), we need the restriction to the
finite-dimensional ansatz above to deal with second-order sufficient optimality
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conditions, see Remark 2.

Moreover, we consider different problems with finite-dimensional controls
u € R™. If the control is a vector of R™, pointwise state constraints generate
a semi-infinite optimization problem. The associated constraint set is infinite
by its nature. The Lagrange multipliers for the state-constraints remain Borel
measures. Therefore, this class of problems is sufficiently interesting for the
numerical analysis. This setting belongs to the class of semi-infinite optimization
problems. Here, we are able to invoke the known theory of first- and second-
order optimality conditions. In the case of partial differential equations, this
theory needs special adaptations that are briefly sketched. Moreover, we present
different examples of state-constrained control problems, where second-order
sufficient conditions are satisfied at the optimal solution. These problems can
be used to test numerical methods and show how diverse the active set may
look like.

2. Semilinear parabolic problems
2.1. Problem statement

We consider the following distributed optimal control problem with time-de-
pendent control functions,

min J(u) = /QL(x,t,y(:v,t),u(t)) dxdt—l—/zf(x,t,y(:v,t)) dS(z)dt

uEU.q

+/ r(z,y(z,T))dzx

Q
P1) subject to (1)
ye + Ay(a,t) +d(z, ty(z,t) = X e(@)ult) in Q,
dylz,t) = 0 on X,
y(2,0) —yo(z) = 0 in @,
g(x,t,y(x,t)) <0 forall (v,t) € K C Q,
where u = (u1,...,uy,)" and Uyg is defined by

Upg = {u € L=(0,T;R™) : ug(t) < ult) <up(t) ae. t€[0,T]}.

In this setting,  is a subset of R™ (n > 1) with boundary T', we have set
Q=0x(0,T),2=Tx(0,T), Ais a second-order elliptic differential operator,
K is a non-empty compact subset of @, and T > 0 is a fixed real number.
Moreover, functions L : Q Xx RXxR™ - R, d: QxR - R, /: X xR — R,
r: QxR — R, g: KxR — R, an initial state yo € C(Q), fixed functions
e, : Q—=R,i=1,...,m, and fixed bounds u,, u, € L*>(0,T;R™) are given
such that uq(t) < up(t) holds a.e. on (0,7) in the componentwise sense. The
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symbol 0, denotes the derivative in the direction of the outward unit normal v
at I".

2.2. Main assumptions and well-posedness of the state equation

In the parabolic case, we rely on the following assumptions:

(A.1) The set Q C R™ is an open and bounded Lipschitz domain in the sense
of Necas (1967). The differential operator A is defined by

n

Ay(z) = = Y 0s,(aij(2)0,y(x))

ij=1
with coefficients a;; € L>°(Q) satisfying
n

Aa |§|2 < Z a;ij(2)&& VEER", Ve e

4,j=1

for some A4 > 0.

(A.2) (Caratheodory type assumption) For each fixed pair (z,t) € Q =
Q x (0,T) or ¥ =T x (0,T), respectively, the functions d = d(z,t,y) and
¢ = {(x,t,y) are twice partially differentiable with respect to y. For all fixed
y € R, they are Lebesgue measurable with respect to (z,t) € @, or x € X
respectively.

Analogously, for each fixed pair (z,t) € Q, L = L(x,t,y,u) is twice partially
differentiable with respect to (y,u) € R™*!. For all fixed (y,u) € R™*! L is
Lebesgue measurable with respect to (x,t) € Q.

The function g = g(x, t,y) is supposed to be twice continuously differentiable

. . dg d%g .
with respect to y on K x R, i.e. g, =, and —5 are continuous on K x R.

Ay Oy?

(A.3) (Monotonicity) For almost all (z,t) € Q or (z,t) € X, respectively, and
all y € R it holds that

od
Az, t,y) > 0.
ay(:v, Y) >

(A.4) (Boundedness and Lipschitz properties) The functions e;, i = 1,...,m,

belong to L>(92). There is a constant Cy and, for all M > 0, a constant Cr,(M)
such that the estimates

od 0%d
|d(x,t,0)|+|a—y(x,t,0)|+|a—y2(x,t,0)| < Cy
0%d 0%d
|8_y2($7t7y1)_8—y2(x7t7y2)| < CL(M) |y1_y2|
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hold for almost all (z,t) € @ and all |y;| < M, i = 1,2. The functions ¢, and g
are assumed to satisfy these boundedness and Lipschitz properties on ¥ and @,
respectively. The function r is assumed to obey these assumptions with x € Q
substituted for (z,t) € Q. Analogously,

|L(£C,t,0,0)| + |L/(£C,t,070)| + |L”(Iat7050)| < CO
|LH($7tay17U1) - Lll(x7t7y27u2)| < CL(M) (lyl - y2| + |’U,1 - U2|)

hold for almost all (z,t) € @ and all |y;| < M, |u;| < M, i = 1,2. Here,
L’ and L"” denote the gradient and the Hessian matrix of L with respect to
(y,u) € RM*L,

2.3. Well-posedness of the state equation
2.3.1. State equation and existence of optimal controls

In this subsection, we show that the control-to-state mapping G : u — y is
well defined for all admissible controls u. Moreover, we show certain continuity
properties of G. Later, we will also discuss the differentiability of G. In all what
follows, we denote the state function y associated with u by vy, i.e. y, = G(u).

THEOREM 1 Suppose that the assumptions (A.1) —(A.4) are satisfied. Then,
for every w € L9(0,T;R™) with ¢ > n/2 + 1, the state equation (1) has a
unique solution y, € C(Q) N W (0,T). If ux — u weakly in Li(0,T;R™) with
G = max{q,2}, then y., — y. strongly in C(Q).

Proof. The functions e; are bounded, hence the right-hand side

of equation (1) belongs to L9(Q) with ¢ > % 4 1. Therefore, existence, unique-
ness and continuity of the solution y € W(0,T) of (1) follow from Casas (1997).
It remains to show that uy — u weakly in L(0,7,R™) implies yu, — Yu

strongly in C(Q). To this aim, we first re-write the parabolic equation as

d m .
% +Ayr = wpi=), ei(@)ur(t) —d(x, tyr) in Q,
Oy = 0 on Y, (2)
yr(z,0) = yo(x) in Q,

where we introduced yi, := y,, . The sequence of right-hand sides (v, ) is bounded

in L9(Q). Therefore, the boundedness of the sequence y;, in C(Q) is a standard
conclusion, Casas (1997), so that (d(z,t,yx)) is bounded in L*(Q). In view
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of this, the sequence (vg) is bounded in L?(0,T; LP(f2)), where p is taken suffi-
ciently large to meet the assumptions of Theorem 3. Therefore, (vy) contains a
sub-sequence (vg,) with vy, — v weakly in L2(0,T; LP(Q)), | — oo,

W.lL.o.g we can assume 39 = 0, since the solution ¢ of 4 + Ag =0, 0,y =0
and §(z,0) = yo(z) can be subtracted from the sequence y;. This fixed function
does not influence the convergence properties.

Thanks to Theorem 3, the mapping vy +— yi defined by (2) is linear and con-
tinuous from L?(0,T; LP(9)) to the Holder space C%(Q) for some a > 0. By the
compactness of the injection C*(Q) — C(Q), (yx,) converges uniformly to some
y € C(Q). This implies (d(z,t,yx,)) — (d(x,t,y)) in L>(Q) — L2(0,T; LP(Q))
so that the right-hand side converges weakly to v = »_." | e; u; — d(-,y). There-
fore, y is associated with this function v and solves the semilinear equation with
control uw. By uniqueness, there must hold y = y,, hence the same result is
obtained for any subsequence of (vx), and a standard argument yields yr — y

in C(Q) as k — oo. m

It is obvious that only those parts of the assumption (A.4) are needed in
the theorem that are related to d and d,.

THEOREM 2 Assume that the assumptions (A.1) —(A.4) are fulfilled, the func-
tion L = L(x,t,y,u) is conver with respect to u € R™ and the set of feasible
controls is nonempty. Then the control problem (P1) has at least one solution.

This theorem is a standard consequence of Theorem 1 and the lower semi-
continuity of J that needs the convexity of L with respect to wu.

2.3.2. Holder regularity for linear parabolic equations

The results of this subsection are needed for the extension of second-order suf-
ficient conditions to the case of n-dimensional domains, if controls depend only
on time. To derive second-order sufficient conditions, linearized equations are
considered for L2-controls, and the regularity of associated states is derived
in Theorem 3, which has already been used in the proof of Theorem 1. The
theorem is proved by recent results on maximal parabolic regularity. Through-
out this section, € is allowed to be a Lipschitz domain in the sense of Grisvard
(1985). This is more general than domains with Lipschitz boundary in the sense
of Necas (1967).
We consider the linear parabolic problem

d
it +Az+¢cz = v in Q,
Oz = 0 in X%,
z(xz,0) = 0 in

where ¢y € L>®(Q) is given fixed. Later, ¢y stands for the partial derivative
0d/0y taken at the optimal state. To deal with equation (3), we provide some
basic facts on maximal parabolic regularity.
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We denote by A € L*°(Q; R™*™) the matrix function A(z) = (a;;(x)), with
aij, 1,7 € {1,...,n} defined in (A.1) . Associated with our differential opera-
tor A, the linear and continuous operator —V- AV : H*(Q) — H(Q)’ is defined
by

<=V -AVy,w >:=/AVU-de:E Vo, we HY(Q). (4)
Q

The restriction of this operator to the spaces LP(€Q)) with p > 2 is denoted by
Ap. Its domain is given by

D(Ap) = {y € H'(Q) : Ay e LP(Q)}

equipped with the associated graph norm. It is known that A, incorporates a
(homogeneous) Neumann boundary condition, see Gajewski, Groger, Zacharias
(1974), Ch. 11.2, or Ciarlet (1979), Ch. 1.2.

Let us next recall the concept of maximal regularity: Let X be a Banach
space and A denote a closed operator with dense domain D C X equipped with
the graph norm. Moreover, let S = (Tp,T) C R be a bounded interval. Suppose

€ (1,00). Then A is said to satisfy maximal parabolic L"(S; X )-regularity iff
for any f € L"(S; X) there is a unique function w € W (S; X)NL"(S; D) that
satisfies

w +Aw=f, w(Tp) =0. (5)
ot
By W1r(S; X), we denote the set of those elements from L"(S; X) whose distri-
butional derivative also belongs to L"(S; X). If X,Y are Banach spaces which
form an interpolation couple, then we denote by [X, Y]y the corresponding com-
plex interpolation space and by (X,Y")s , the real interpolation space, see Triebel
(1978). Below we well employ the following fact: There is a continuous injection

£: W (S;X) N L(8;D) — C(S;(X,D)1,,), (6)

see Amann (1995) Ch. III Thm. 4.10.2, and also Triebel (1978), Ch. 1.8. More-

over, for any 7 € (0,1 — 1) there is a continuous embedding (X, D), 1, —

[X, D], and, consequently, a continuous embedding

C(S;(X,D)y_1,) = C(S;[X, Dly). (7)
Next, we need the following

LEMMA 1 Assume 7 € (0,1 — %) Then there is an index x > 0 such that
WLr(S; X)N L™(S; D) continuously embeds into C*(S;[X,D],).

Proof. First of all, the estimate

r—1

) wtallx =1 [ wsrasts < ([ weas) ([ as) 7 <
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-
< wllwrr(six) [t —to|

gives us a (continuous) embedding from W17 (S; X) into C%(S; X), where § =

TT_l. Let 1 be a number from (7,1 — %) Then, putting A\ = - we obtain by the
reiteration theorem for complex interpolation, see Triebel (1978), Ch. 1.9.3,

lw(®) —w(s)lxpy, _ | lwt) —wo)lixxonn
[t — s|0(1=X) = |t — s[30-2) =
lw(t) — w(s)|x
se¢ 0 — S|6(17>\5X [w(t) = w(s)lix,p), <
lw(t) —w(s)||x\1~ A
= (w) (2lwlosx.o,) < ellwlwirsonso):

COROLLARY 1 Assume that A satisfies mazimal parabolic L"(S; X)-regularity
and let 7 € (0,1 — %) be given. Then, the mapping that assigns to every f €

L"(S; X) the solution of (5) is continuous from L"(S; X) into C*(S;[X,D];)
for a certain k > 0.

Proof. The mapping

0

5+ A:WE(S; X)NL"(S; D) N {w|w(Ty) =0} — L"(S; X)

is continuous and bijective. Hence, the inverse is also continuous by the open
mapping theorem. Combining this with the preceding lemma gives the asser-
tion. [

Now we are able to show our main result on parabolic regularity: Holder regu-
larity can be obtained for functions which exhibit only to L?-regularity in time,
if their spatial regularity is L? and p is sufficiently large.

THEOREM 3 If f belongs to L"(S; LP(?)) with r > 1 and sufficiently large p,
then the solution w of

7]
8—7“:+pr=]”, w(0) =0 (8)

is from a space C*(S;CP(QQ)). Moreover, the mapping f — w is continuous
from L™(S; LP(Q)) to C*(S;CP(Q)).

Proof. We apply the general results on maximal parabolic regularity to our oper-
ator Ap. It is known that A, enjoys maximal parabolic L"(S; L?(Q2))-regularity
for every p € (1,00) and r > 1. We refer to Griepentrog, Kaiser and Rehberg
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(2001), Thm. 7.4. Moreover, the following interpolation result is known: If
6 € (0,1) and

ﬁ::@a—(l—@)g>0, 9)

then
[LP (), C* ()] — C”(9). (10)

The result is shown in Griepentrog, Kaiser and Rehberg (2001), see the proof of
Thm. 7.1. In general, the domain of A, is difficult to determine. However, the

following embedding result is helpful: For p > 7, there exists o > 0 such that
the continuous embedding

dom(A,) — C(Q) (11)

holds true. This result is proved in Griepentrog (2002). Keeping a > 0 fixed we
can increase p so that also (9) is satisfied. Clearly, (10) and (11) remain true.
Taking now into account Corollary 1 for X = L?(f2), the assertion follows from
(10) and (11). ]

COROLLARY 2 Ifr > 1 and p is sufficiently large, then for allv € L"(S; LP(Q)),
the weak solution of (3) belongs to C*(Q) with some o« > 0. The mapping v — z

is continuous from L"(0,T; LP(Q)) to C*(Q).

Proof. The operator %—FAP is a topological isomorphism between L"(S; D(A,))N
W (S; LP(Q))N{z : 2(Tp) = 0} and L"(S; LP(2)), and is therefore a Fredholm
operator of index zero. Obviously, the multiplication operator induced by ¢ is
bounded on L?(S; LP(Q)); hence, the domain of %—l—AP +cp equals the domain of
% + A, — which, due to Theorem 3, compactly embeds into L"(S; LP(€2)). Thus,
the multiplication operator induced by ¢q is relatively compact with respect to
% + A,. By a well known perturbation theorem, % + A, + ¢o must also be a
Fredholm operator and is also of index zero (see Kato, 1995, Ch. IV.5.3). Let us
show that it is injective: Let z be a solution of % + Apz + coz = 0 or, equiva-
lently, %—i—Apz = —c¢pz. Asasolution of this parabolic equation with right hand
side —c¢pz, z has then the representation z(t) = — fot els=4p ¢y (s, )2(s) ds. But
the semigroup e~*4» is contractive on LP(Q) (see Griepentrog, Kaiser and Re-
hberg, 2001, Thm. 4.11) and ¢ is essentially bounded; thus Gronwall’s lemma
yields z = 0. Therefore, % + A, + ¢ is injective. Because it is Fredholm and,
additionally, of index zero, it is also surjective. Consequently, the inverse op-
erator maps L"(S; LP(Q2)) continuously into the domain of % + Ay, and this is

continuously embedded into a space C*(Q). L]

Notice that, in particular, L?(0,T; L>(2)) is mapped continuously into a

space C*(Q). This is what we need for the discussion of second-order sufficient
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conditions. The theorem refers to the PDE (3) with homogeneous initial condi-
tion. It is obvious that the result extends to inhomogeneous Holder continuous
initial data.

REMARK 1 The Hoélder regularity might also be deduced from Ladyzhenskaya,
Solonnikov, and Ural’tseva (1968) under the assumption that T is a Lipschitz
boundary in the sense of Necas (1967), see also Casas (1997). Under this as-
sumption, the continuity of the state function for our restricted class of controls
was also shown in Raymond and Tréltzsch (2000). The use of mazimal parabolic
reqularity permits to extend these results to Lipschitz domains in the sense of
Grisvard (1985). Moreover, this approach is not restricted to Neumann condi-
tions. It also allows for mized boundary conditions and, of course, for Dirichlet
conditions. Last, but not least, our approach essentially shortens and unifies the
associated proofs.

2.4. Necessary optimality conditions

The control-to-state mapping G(u) = yy, G : L= (0, T;R™) — C(Q)NW(0,T),
and the reduced objective functional J are of class C? from L>°(0,T;R™) to
their image spaces, provided that the assumptions (A.1) -(A.4) are satisfied.
This follows by the arguments of Casas (1997).

We define, for v € L*°(0, T;R™), the function z, as the unique solution to

dz, d m .
2y et Dtz = S eleu(®) in Q.
dt y
Ovzy = 0 in X, (12)
y(z,0) =0 in Q.

Then G'(u), G : L>®(0,T;R™) — C(Q) N W(0,T) is given by G'(u)v = z,.
Moreover, for v1, v € L*°(0,T;R™), we introduce z,, = G'(u)v;, i = 1,2, and
obtain G”(u)v1ve = 2y,4,, Where z,,,, is the solution to

dZyy v ad 0%d .
—2+ Azmvz + _(xutayu)zmvz + 8—(x7tayu)zv1zv2 =0in @,

dt dy y?
81/251)11)2 =0in %, (13)
Zuyws (2,0) = 0 in £

The adjoint state g, € W(0,T"), associated with w and J, is introduced as the
unique solution to

dy ad oL

— A 90+a—y(x,t,yu)sﬁ: a—y(x,tvyuvw in Q,
Ovp = g_j(ff,t,yu) in %, (14)
o(z,T) = ﬁ(:1c,yu(:1c,T)) in €,

oy
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where A* is the formally adjoint operator to A. Standard computations show

"(u)v = /OTi {/Q <g—i(x,t,yu,u) +¢0uei(x)> d:c} vi(t)dt,  (15)

0%L 0%L
J" (u)vyve :/ [8 5 (@, b, Yoy W) 20y 20, + D90 —— (2, t, Yu, w) - (20, V2 + 24, 01)

0%’L 0%d
+UIW(J:7 tu Yus U)UZ - @Oua—yz(xu ta yu)z'u1 Z’U2:| dl’dﬁ,
82
5 Jy 2(

82

Xyt Yu) 2oy 2o, AS dt

As in (16), we will use a dot to denote the inner product of R™. Notice that
the z,, and g, depend on (z,t), while the v; depend on t only.

We require the following linearized Slater condition: There exists a function
ug € L0, T;R™) with ug(t) < ug(t) < up(t) for a.e. t € (0,T) such that

dg
g9(x,t,y(x, 1)) + 3—y( tg(@, 1) 2ue—a(x, ) <0 V(z,t) € K. (17)
Inserting ¢ = 0, this imposes a condition on the initial state yo. Therefore, to
satisfy (17), we have to assume that

9(2,0,y0(7)) <0 V€ Q with (z,0) € K. (18)

Upon defining the Hamiltonian H by

H(x,t,y,u,p) = L(x, [iel u; —d(z,t,y)|,

i=1
the first-order necessary conditions admit the following form:

THEOREM 4 Let @ be a local solution of (P1). Suppose that the assumptions
(A.1) —(A.4) hold and assume the Slater condition (17) with some uy €
L>(0,T;R™), ug(t) < ug(t) < up(t) for a.e. t € (0,T). Then there exists
a measure i € M(K) and a function ¢ € L*(0,T; W7 (Q)) for all s, o € [1,2)
with (2/s) + (n/o) > n + 1 such that

dp .. od _ 0L _ . Og -
oy TATe ay(fzf ty)p= ay(xﬂﬁ,y,u)Jr ay(xﬂt,y)mQ,
N o9
O p(z,t) = 9y (@, t,yu(z, 1)) + Dy (@, t,9(x, 1)y, (19)
_ ar, _ dg _ _
oz, T)= a—y(:v, glx,T)) + 8—y(x,T, Y@ T)) gy oy
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for a.a. x € Q,t e (0,T), where Rlos My, and o iy denote the restrictions
of i to Q, X, and Q x {T'}, respectively,

/ (z(z,t)—g(x, t,y(z, t))dp(z, t) <0 Vze C(K) with z(x,t) <0V(z,t) € K,
K

(20)
and, for almost all t € (0,T),
5 %—Ii(x,t, g(x,t),u(t), (x, b)) de - (u—u(t)) >0 Vu € [ug(t), up(t)]. (21)

This theorem follows from Casas (1997) using the admissible set

m

Uga = {v|v= Z ei(ui(+), uqi(t) < wui(t) < up,i(t) ae. on (0,7)}

=1

and writing the associated variational inequality in terms of u. The inequality
(20) implies the well-known complementary slackness condition

/ g(z, t,g(x,t))din(z,t) = 0. (22)
K

Notice that 0H/0u is a m—vector function. Since we need the integrated form
of H and its derivatives at the optimal point, we introduce the vector function

H(0) = [ S tgte0),at). ple.0) do (23)

and the (m, m)-matrix valued function

0’H

Holl) = | 5

(z,t,9(z,1),u(t), p(w,t)) dx (24)
with entries

Hy,y, (t) = (Huu)i; (), i,5€{1,...,m}.

The (reduced) Lagrange function is defined in a standard way by

Llu,p) = /QL(x,t,yu(x,t),u(t))d:cdt+/Eﬁ(x,t,yu(a:,t))det

+/Qr(x,yu(a:,T)) da:—i—/}(g(x,t,yu(:z:,t))du(x,t).
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For later use, we establish the second-order derivative of £ with increments
v; € L=(0,T;R™), i = 1,2. The expressions below contain functions z,,(x,t)
and v;(t), but we suppress their arguments for short.

9L 9L
W(u,u)vlvzz ; 8—y2(;v,t,yu,u)zvlzv2

°L 0L
" @(‘T’t’yu’“) (20,02 + 20,01) + 04 w(w,t,yu,u)vg (25)
25

02d 0%*r
_wua_yz(xvtayu)zmzvz dxdt + W(I5yu(I5T>)Z'U1 (@, T)20, (2, T) dx
o Jdy

T 92 82
g _
+/0 6—y2(x7 t, yu)z’Ul Zug dt + L a—yg(xv L, yu)zvlzvz d,u(xv t),
where ¢, is the solution of (19) with u taken for @, y, for g, and p for f,
respectively.

2.5. Second-order sufficient optimality conditions

The regularity results of the preceding section at hand, we are able to discuss
second-order sufficient conditions for arbitrary dimensions of Q. To establish
them and to show their sufficiency, we follow the recent paper, Casas, de los
Reyes, Troltzsch (2007). The presentation here is similar to the one in Casas,
de los Reyes, Troltzsch (2007), but there occur some differences due to the
appearance of vector-valued control functions. We do not assume that the reader
is familiar with the results of Casas, de los Reyes, Troltzsch (2007). Therefore,
we sketch the main steps of the analysis. For an easier comparison with the
arguments presented in Casas, de los Reyes, Troltzsch (2007), we adopt also
part of the notation used there.
First, we define the cone of critical directions associated with @ by

Cy = {h € L*(0,T;R™) : h satisfies (26), (27) and (28) below},

>0 if ’ﬁl(t) = ua,i(t),

Vie{L,...omb hi(t) =4 <0 if w(t) = upi(t), (26)
=0 if Huﬁi(t) #0,

g

gy @b U@ )zl ) <0 3 9@t 5(,1)) =0, (27)
K %(I,t,g(l‘,f))zh(x,t) dpi(z,t) = 0. (28)

The vector function H,, was defined in (23).
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Moreover, we define, for fixed 7 > 0 and all ¢ € {1,...,m}, the sets of
”sufficiently active control constraints”

ET ={te[0,T]: [Hy:(t)| >} (29)

In the next theorem, we write diag(x g7 (t)) for the matrix diag(x g7 (t), - . ., x&7, (1))
The second-order sufficient optimality conditions for @ are stated in the
following result:

THEOREM 5 Let 4 be a feasible control of problem (P1) that satisfies, together
with the associated state § and (p, i) € L*(0,T; Who(Q)) x M(K) for all s, o €
[1,2) with (2/s) 4+ (n/o) > n+ 1, the first-order conditions (19)-(21). Assume
in addition that there exist constants w > 0,a9 > 0, and 7 > 0 such that for all
o > Qo

dT(Huu(t)—i—adiag(XEir(t)))d > wld? ae te0,T], VdeR™, (30)
L.,

Then there exist € > 0 and § > 0 such that, for every admissible control u of
problem (P1), the following inequality holds

., 0 _ . _
J(u) + 5”“ - UH%%O,T;Rm) < J(u) if fu-— UJHL“’(O,T;RM) <é&. (32)

Proof. The proof is by contradiction. It follows the one presented in Casas, de
los Reyes and Troltzsch (2007) for an elliptic control problem. Nevertheless, we
sketch the main steps, since there are some essential changes due to the different
nature of our problem.

Suppose that @ does not satisfy the quadratic growth condition (32). Then
there exists a sequence {uy}p>, C L*(0,7;R™) of feasible controls for (P1)
such that uy — @ in L>°(0,T;R™) and

_ 1 _
J(u) + EHuk - U||2L2(0,T;Rm) > J(ug) Vk. (33)

Define py, = |lux — || 120, 7;rm) and
1 _
hk = —Huk — u||L2(01T;Rm).
Pk

Since ||hx||z2(0,7;rm) = 1, a weakly converging subsequence can be extracted.
W.lLo.g. we can assume that hy — h weakly in L?(0,T;R™), k — oco. Now, the
proof is split into several steps.

Step 1: It is shown that

g—i(a,ﬂ)h =0. (34)
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The arguments are the same as in Casas, de los Reyes and Troltzsch (2007).
Moreover, they are analogous to the classical proof for finite-dimensional prob-
lems. Therefore, we omit them.

Step 2:  h € Cyz. We have to confirm (26)—(28). It is easy to verify that h
satisfies the sign conditions of (26). To see that h;(t) vanishes, where H,, ;(t) #
0, we notice that (21) implies, after a standard discussion that, for all i €

{1,...,m}

Therefore,
T m T
|3 mld = [ )b = S =0
0 o 0 8U

must hold in view of (34). This implies h;(t) = 0 if H,, ;(t) # 0, hence (26) is
verified.
The proof of (27) is fairly standard and follows from

zn = G'(W)h = lim Yatoehe Y 3y C(Q),
k—oo Pk

0 for every (z,t) € K, since

<
holds for all (z,t) considered

and from g(l’, L, Ya+prhy (LL', t)) = g((E, t, yk(xv t))
uy, is feasible. Notice that g(z,t,y(z,t)) = 0
in (27).

It remains to show (28). We get from the complementary slackness condi-
tion (22) that

dg, _ _ . 1/ 1 g
=, 9)zndi = lim — “Ya —9(,y)| dp =
/Kay( Pandp = Jim —- | 90 yatpon) = 9(9)] di
1
= lim —/ 9(, Yuy,) dit <0, (36)
k—oo pr J i

since i > 0 and g(z,t, yu, (z,t)) <0 on K. On the other hand, (33) yields

_ he) — _ _ _
P — 1 2O ) T@) () — T @)
k—oo Pk k—o0 Pk k—oo k

Now, (34), (36), (37) and the simple identity
oL dg

— (21 11 — Uty = 7l m
au(“’“)h J'(u)h + Kay(:v,t,y(w,t))Zh(w,t)du(:v,t)
imply that
J(@)h = / 99z 1, gl t))2n (2, 2) di(a, £) = 0,
K 5y

hence (28) holds and we have shown h € Cj.
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Step 3: h = 0. In view of (31), it suffices to show

0%L
T —
For this purpose, we perform a second-order Taylor expansion of the Lagrangian,
oL 20%L
Llup, i) = £(@, 1) + pr 52 (@ )i+ B (o, )2, (39)

where wy, is an intermediate point between u and ug. Re-writing this equation,
we get

oc, pr oL, o,
pk%(ua fi)he + ?6—(% [i)hi;
i o pr [02°L, %L
zﬁ(uk,u)—ﬁ(u,u)—i-?k T2 (@, ) — 5 —— (wg, i) | 3. (40)

Moreover, we mention that (33) can be written in terms of £ as

2

Llup, i) - L3, ) < ZE. (41)

Taking into account the expression (25) of the second derivative of the La-

grangian, the assumptions (A.1) -(A.4) , Theorem 1, (12) and the fact that
up, — @ in L°(0,T;R™) and [|hg| z2(0,7;rm) = 1, we get that

oL, . 9L
|Gt~ St 2] <
%L %L
(1)~ 25 (e ) a0z
Hau2 ow? P R

oL, . 0L
= HW(UMUJ) ou Q(wka:u)

— 0 when k — oo, (42)
B(L?(0,T;R™))

where B(L?(0,T;R™)) is the space of quadratic forms in L?(0,T;R™).
From (35) and the definition of hy we know that H, ;(¢) hy ;(t) > 0 for a.a.
t€[0,7] and all i € {1,...,m}, therefore

oc, r -
ge@ e = [ B0 0@z [ )@

>o7 /E bk a(®)] dt. (43)

For any € > 0, there exists k. such that

Y

||thk||L°°(O,T;]RM) = H’EL — uk||L°°(O,T;Rm) <e€ Vk Z ks;
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therefore
Thi (¢
p’“%“() < pelhii(t)] Yk > ke, ae. te€l0,T).
From this inequality and (43) it follows that
oL
Ly (4, N)hk>PkTZ/ [P i (t |dt> Z/ hi. t. (44)

Collecting (40)-(42) and (44) and dividing by p%/2 we obtain for any k > k.

0L, 2 ||o%c. _ . 0
Z/ﬁ e+ Gz @t < 1 | G .- S o

B(L2(0.1Rm)
(45)

Let us consider the left-hand side of this inequality. First of all we notice that
from (25) and

2
Huu(t)_L%(x,t,g(x,t),ﬁ(t))d:r (46)

it follows that
32 T B
——(u, i)h: _/ {hk(t)THuu(t)hk(t) +2/ Lyy(x,t)zn, (z,t) de - hi(t)| dt
0 Q
—|—/ l_/yy(x,t)z,%k(:v,t) dxdt—i—/fyy(:v,t)z,%k(x,t) dsdt
Q

2
+ [ @t @) e+ [ SRt )4, (o) diGe.o),

where H,,,(t) was defined in (24) and Lyy, Lyy, £y, and 7, are defined by

- 0L i i . 0%L _ i
Luy(xvt) = auay (xvta y(xvt)a u(t))v Lyy(xvt) = a—yg(xvta y(:z:, t)vu(t))a

nlet) = S (@t t). Tle) = 52 (oo 1))

The first integral of o ﬁ( fi)h? needs special care. We notice that

m T
% Z [E hii(t) dt = /0 his(t) " (% diag(x g7 (t)))hk(t)dt. (47)
=1 i

Thanks to assumption (30), it holds that

2
dT (Huu(t) + ?T diag(x 7 (t)))d >wld? Y0 <e < e, (48)
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if g9 is taken sufficiently small. Therefore, the matrix function

Hou(0) + 2 diag(x: (1)

is uniformly positive definite, and hence we infer that

T
lim inf / Kl (t) (Huu(t) n 2?7 diag(XEZ)(t)))hk(t) dt

k—oo 0

T 2T .
> / BT (2) (Fuu(t) + = diags; (1) ) () . (49)

Finally, taking into account that, by Corollary 2 with ¢y = g—;(-, U)s Zh, — 2n
strongly in C(Q), we deduce from (45)-(49) and (42)

T —
/ hT(t)(H ()+—d1agXEf())) ()dt+/ 2 Luy(, t)zn (2, t) - h(t) dzdt
0

+/L (xt)zhxtda:dt—l—/ (@, )27 (2, 1) dsdt
Q

-I—/nyy( x)zi (2, T) da?—l—/K 052 ( t,y(z, )28 (z,t) di(z, t) < 0.

This expression can be written as
2 A
Z hi () dt + 5= (@, i) h* <0,

which, along with (31) and the fact that h € Cg, implies that h = 0.

Step 4: hy — 0 strongly in L?(0,T;R™). We have already proved that hy — 0
weakly in L2(0, T; R™), therefore 25, — 0 strongly in C(Q) by Corollary 2. In
view of (45) and ||hg|[L2(0,7mm) = 1 we get

T
0 < w= wlimsup/ |hi(t)]? dt
0

k—o0

T
2
< timsup [ (0) (Bluu(t) + 2 dinglosr () ) hu(0) e
k—oo 0
2 oL, 0L
< hmsup{ H3 7 (4 1) = 5 (W, f1)
k—oo B(L?(0,T;R™))

N /Q [2 Luy(@,t)zn(2,t) - h(t) — Lyy(z, )22 (x, t)} dudt

/fyyxt)zh:vtdsdt—/ x)zi(x, T) da
Q

62
- Ka—yg(‘rvt ( )) (‘Tvt)d( )

Thus we have got a contradiction so that our hypotheses (33) cannot be true. m
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REMARK 2 A study of the proof reveals, why the special form of time-dependent
controls is important: The sequence (hy) converges in L*(0,T;R™). This space
is associated with the domain (0,T), where the controls can vary (notice that the
functions e; € L>=(2) are fized). Controls of L*(0,T;R™) are mapped continu-
ously to continuous state functions. This fact is essential for the theory to work.
For more general control functions f € L?(0,T; L>(R2)), the associated domain
of wvariability is Q x (0,T). Here, the space L*(2 x (0,T)) would underlie the
proof. However, state functions associated with controls of L*(Q x (0,T)) are
not in general continuous so that the proof does not go through.

Let us briefly comment on the consequences of the assumption (30) for the
matrix function H,,,. To this aim, we consider a certain index set I C {1,...,m}
and assume that

E=()E (50)
il
is non-empty. To avoid a re-numbering, let us assume that I = {1,...,k}. We
write H,,, + adiag(xg(t)) as a block matrix in the form

H,,(t) + adiag(xe(t) = g(tht—)i_ ald ggg

Then (30) is satisfied on the set F, if C(t) is uniformly positive definite there:
there must exist 8 > 0 such that

ETCt)E > B¢ VE e R,

but no condition on A(t) is needed. This is seen as follows: We split d € R™ in
d; € R¥, containing the first & components and do € R™~* with the remaining
m — k components. Then

dr (Huu(t) + adiag(XE(t))) d=d] A(t)dy + o |dy|? + 2d] B(t)dy + df C(t)d,
> a|di|? = caldi|?* = ep|di|? — e|da|? + Blda|?
o 5
> Y2 Z1ay? > wld)?
> Sl + 5 ldaf? > wld)

by the Young inequality, if « is sufficiently large, ¢ > 0 is taken sufficiently
small, and w = min{«, 5}/2.

In the particular case of k = m, i.e. on E =), E7, we do not need any
condition on H,,, while H,, must be uniformly positive definite on [0, 7] \
U™, ET, where no strong activity helps.

Certainly, there are many possible index sets I, and the discussion of all
different cases is mainly a matter of combinatorics. We do not dwell upon this
point. Instead, let us discuss the case of m = 2, where H,,,, + adiag(XElr,xE;)

is given as follows:
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—In ET N EJ, we have

. Hu(t)+a  Hu(l)
H,, + adiag(xer, xg;) = His(t) Has(t) + a

This matrix is uniformly positive definite on E] N EJ for all sufficiently large
a. Therefore, the matrix H,,, satisfies (30) on this subset without any further
assumption on positive definiteness of H,,,.

—In ET \ (E] N EJ), there holds

. Hyy(t) + o Hua(t)
Hy. + adiag(xer, xr;) = His(t) Hyo(t)

so that we need Has(t) > B > 0 to make the matrix positive definite on
E7\ (E]NET) for sufficiently large a. An analogous condition must be imposed
on Hyi(t) on EJ \ (E] N EY).

—In [0,T]\ (E] UEY), the matrix H,,, (t) must be uniformly positive definite
to satisfy (30), since diag(x g7, xrm;) vanishes here.

Finally, we mention the case of a diagonal matrix H,,, (t) = diag(Huy,, (t)).
Here, (30) is satisfied, if and only if

Vie{l,...,m}: Hyu(t)>w Vte[0,T]\E7.

This happens in the standard setting where u appears only in a Tikhonov reg-
ularization term, i.e.

L= L(z,t,y) + Alul®.

3. Semilinear elliptic case
3.1. Problem statement

In this section, the following elliptic problem with pointwise state constraints is
considered:

min Jw) = [ Leyl@)) do+ [ ey(a) as()

subject to

TN ay) + )+ deye)w) =0 oy
Oy(x) +b(x,y(x)) =0 on T,

g(z,y(z)) <0 forall z € Q,
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where Uyg := {u € R™ : uy < u < up}. In this setting, Q@ C R™ (n > 2) is
a bounded domain with Lipschitz boundary I". Moreover, sufficiently smooth
functions L,d : Q x R xR™ - R, g: QxR - R, and b,/ : T x R — R are
given; u, and up with u, < up are vectors of R™. We adopt the notation from
the preceding sections.

Similar to Casas and Mateos (2002), Casas, Troltzsch and Unger (1996),
the following assumptions are imposed on L, ¢, d, b:

(A.5) (Caratheodory type assumption) For each fixed 2z € Q or T, respectively,
the functions L = L(x,y,u), £ = l(x,y), d = d(z,y,u), b = b(x,y), are of class
C? with respect to (y,u). For all fixed (y,u) or fixed y, respectively, they are
Lebesgue measurable with respect to the variable z € ), or x € T' respectively.
The function g = g(x,y) is supposed to be twice continuously differentiable with
respect to i on Q x R.

(A.6) (Monotonicity) For almost all z € Q, or # € T, respectively, and any

fixed u € Uyq when applies, there holds

ad ob
ga > &z > 0.
9y (z,y,u) >0, 9y (z,y) >0

(A.7) (Boundedness and Lipschitz properties) There is a constant Cy and, for
all M > 0, an C(M) such that the estimates

d(z,0,0)] + |d'(z,0,0)| + |d"(x,0,0)]
|d”($, ylvul) - dl/(xu Y2, U2)|

Co
Cr(M)(ly1 — ya| + [u1 — ua)

hold for almost all x € Q, all u, u; € Uy, and all |y;| < M, i=1,2.
The functions L, ¢, b, and g are assumed to satisfy (A.7) as well.

<
<

3.2. First-order necessary conditions

In this section, we consider optimality conditions for problem (P2). Since the
controls are in R™ and infinitely many pointwise state constraints are given,
this problem belongs to the class of semi-infinite mathematical programming
problems.

Therefore, the first- and second-order optimality conditions might be de-
duced from the theory of semi-infinite programming. Nevertheless, the transfer
of these results to the control of PDEs needs the handling of the associated par-
tial differential equations and discussing the differentiability properties of the
underlying control-to-state mappings so that these facts are worth mentioning.

First, we derive some basic results for the control-to-state mapping that are
standard for problems with control functions appearing linearly on the right
hand side of the PDE. Since our setting includes controls appearing nonlinearly,
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we have to slightly update the arguments, and we state them for the convenience
of the reader.

THEOREM 6 Let Q@ C R"™ be a bounded and Lipschitz domain. Suppose that the
conditions (A.5) and (A.6) are satisfied. Then, for all u € Uyq, the partial
differential equation

—Ay(z) +y(z) +d(z,y(z),u) =0 in Q

Oy(x) +b(z,y(x)) =0 on T, (52)
has a unique solution y,, € H*(Q) N C(Q) and the estimate
1Yull 1 ) + lvullog@) < em (53)

holds with a constant cp; that does not depend on u, if u belongs to Uyq.

Proof. The result follows by setting

d(z,y) = d(z,y,u),

and applying regularity results for semilinear elliptic equations obtained in Alib-
ert and Raymond (1997) or Casas (1986). Notice that d is a monotone function
with respect to y. [

REMARK 3 Due to (53), the control-to-state mapping G : R™ — H*(Q)NC(Q)
that assigns to each u € Uyq the solution y, of equation (52), satisfies the
boundedness condition ||G(u)| g1 (o)nc@) < em for all u € Uaq.

REMARK 4 Due to our assumptions, the weak solution of (52) lies in the space
Yop={y € H'(Q): —Ay+y € LUQ), 0,y e L'(I)}

for all p, ¢ > 1. Yy, is known to be continuously embedded in H*(Q)NC(Q) for
each ¢ > n/2 and each p > n — 1, see Alibert and Raymond (1997) or Casas,
Troltzsch and Unger (2000).

REMARK 5 The operator G : Uyqg — HY(Q)NC(Q) obeys the Lipschitz property
1 — y2||H1(Q) +llyr — y2”c(s’z) < CL(M)|ur — g (54)
for all y; such that y; = G(u;), with u; € R™ and |u;| < M fori=1,2.

REMARK 6 Under Assumption (A.7) , the control-to-state mapping G : R™ —
HY(Q) N C(Q) is twice continuously Fréchet-differentiable. For arbitrary ele-
ments @ and u of Uyq, and for § = G(a), the function y = G'(a)v is the unique
solution of the problem

od,

—Azy + 2y + VU, W)z = (x,g,u)v in Q
T,y

Ou
y)zy, =0 on I

(55)
2,

o
8y$
Oyz +6b
v~v 8y
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Moreover, y satisfies the inequality
120l 110y + 120l o(q) < csolv] (56)

for some constant coo independent of .
The function zy,v,, defined by zy,o, = G (u)[v1,v2], is the unique solution

of

ad .
_AZ'UI'U2 + Zvivg + 6_y(x7yu7u)z'l)l’02 = _(yunu;r) d”(:l?, Yu, u) (yuwu;)—r in {2

ob 9%b
auzmvz + 8_y($7 yu)ZUﬂJz = _8—y2(x7yu)yu1yu2 onI.
(57)

The proofs of these results are fairly standard. For control functions appear-
ing linearly in the right hand side of (52), it is given in Casas and Troltzsch
(2002). Tt can also be found in Troltzsch (2005). The adaptation to the vec-
tor case needed here is more or less straightforward. We omit the associated
arguments.

We first note that the set feasible set of this problem is closed and bounded
in R™ due to the continuity of g. Therefore, the reduced functional f, defined
above, is continuous and compactness guarantees existence of an optimal control
u, provided that the feasible set is non-empty.

Notice that this existence result is not in general true for control functions
appearing nonlinearly. In the sequel, u stands for an optimal control with
state § = G(u). Later, in the context of second-order conditions, it is again a
candidate for local optimality. Henceforth we assume the following linearized
Slater condition:

(A.8) (Regularity Condition) There exists ug € Uyq such that
9(@,5(x)) + gy (@, 5(2)) 2up—a(z) <0 for all z € Q, (58)

where ¢ satisfies (52).

It is well known, see Kurcyusz and Zowe (1979), that this condition guarantees
the existence of a nonnegative Lagrange multiplier y in the space M (Q) = C(Q)*
of regular Borel measures on ), and an associated adjoint state ¢ € W1 ()

for all 1 <o <n/(n—1), defined by the adjoint equation

. od, oL, _ _ _ 0 _ )
—Acp—l—so-l——(,y,U)cp = (7y7u)+MQ_g(7y) m Q
y y dy (59)
b, o dg

8u<p+a—y(~,y)<ﬂ _a_y("y)+“Fa_y("y) on T,

where fig and fir denote the restrictions of g € M(Q2) to © and I, respectively.
Following Casas (1986) or Casas, Troltzsch and Unger (2000), we know that
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equation (59) admits a unique solution ¢ € Wh7(Q), for all ¢ < n/(n — 1).
Moreover the variational inequality

H (u—a) >0, Yu€ Uy, (60)
holds, where the vector H,, € R™ is defined by H,, = (Hy;)i=1

oL, _ i _ od
Hao= [ 5o (ea(e). @) - o) o

.....

(z,y(x),u) d,

and the complementarity condition

/ 9(z, §(x))da(z) = 0 (61)

is satisfied.
For the ease of later computations, we introduce a different form of the
Lagrange function L : Yy, x R™ x Who(Q) x M(Q) — R,

Ly, u, ¢, 1) =J(y,U)—/Q(—Aererd(w,y,U))sD dz

- / @y + bz, 9)e dS + (1 9 9))ey (62)

which accounts also for the state-equation. Clearly, it holds that L = L, if y
satisfies the state equation. Moreover, it is known that it holds for the partial
derivatives of £ with respect to y and u

Ly(ga0,n)y=0  VyeH(Q) (63)
Lo, p)(u—u) =H, (u—1) =0 Yu € Uy (64)
Therefore, the Lagrange function is an appropriate tool to express optimality
conditions in a convenient way, in particular it is useful to verify second-order
sufficient conditions by checking L” (4, @, @, ii)[(zn, h)]?> > 0 for all 2, satisfying

the linearized equation (55). This second derivative of £ with respect to (y,u)
is expressed by

L//(gu U, :u’)[(ylv U1), (y27 u2)] =

>L O°L O’L +0%L
Fyly? + WW “up + % S Uyl + U Wuz dx

0%d 0%d
/waz —/ (8 sY1Y2 + auayy2'u1

0%d 9%b
") da — / c ds
Tuzy oo Suz)p dx L gV

+ aya
0%g >

+ 3 '77 ) 65

<M 8y2( Y)y1y2 (65)

Q
where the derivatives of L and d are taken at x, y, and u, respectively.
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3.3. Second-order sufficient optimality conditions

In this section, we discuss second-order sufficient conditions for problem (P2).
Since our controls belong to R™, the low regularity of the adjoint state does
not cause troubles in the estimations of £”. Therefore, second-order sufficient
conditions can be obtained for arbitrary dimension of the domain.

The proof of these conditions can either be performed analogously as in to
Section 2.4. or derived by transferring the known second-order conditions from
the theory of semi-infinite programming problems to our control problem.

Therefore, we state the second-order sufficient optimality conditions without
proof. Let d = (H, ) denote the first-order derivative of the Lagrangian function
with respect to u introduced in (60). For convenience, we introduce the following
sets: Ay = {i :d; >0}, A_ = {i : d; < 0}, and A := Ay UA_. Let
7 :=min{|d;| : i € A} > 0. We also define the critical cone associated with @

Co={heR™:h; =0 Vie A, and satisfies (66)-(68)}

>0 if U =g
hi = { <0 if u;= Ub,i (66)
Z—Zm,m))zh(x) <0, if gl 5(x)) = 0 (67)
g, _ B
[ 20 o gta))on ) =0, (68)

where zp, stands for G’(@)h.

REMARK 7 It is not difficult to see that this definition of the critical cone Cy is
equivalent to the one used for semi-infinite programing in Bonnans and Shapiro
(2000). We only include the restrictions on the control in the restriction func-
tion of the semi-infinite problem.

THEOREM 7 Let @ be a feasible control for problem (P2) with associated state §
satisfying the first-order necessary conditions formulated in Section 3.2. Assume
that

0L

hT
ou?

(@, p)h >0,  Vhe Cz\{0}. (69)

Then there exist € > 0 and § > 0 such that for every feasible control of (P2)
J(a) + g|u —al® < J(u)

holds for all feasible controls with |u — | < e.

REMARK 8 As mentioned above, this theorem might be proven as for our parabolic
problem. The proof is even simpler, since our controls belong to the space R™,
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where the unit sphere is compact. Moreover, it follows from regularity results of
Casas (1986) or Alibert and Raymond (1997) that the control-to-state mapping
u 1y is of class C% from R™ to HY(Q)NC(Q). However, the second-order con-
ditions follow also from the theory of semi-infinite programming, see Bonnans
and Shapiro (2000), if the associated results are re-written in terms of partial
differential equations.

In the same way, parabolic problems of the type

min J(y,u) Z‘/QL(:v,t,y(x,t)) dﬂcdt—l—/zf(x,t,y(x,t),u) dS(z)dt

uEUqq
subject to

ye — Ay(x,t) + d(x,t,y(z,1) =0 in  Q, (70)
dpy(x,t) + b(x, t,y(z,t),u) =0 on X,
y(2,0) —yo(z) =0 on €,

g(z,t,y(z,t)) <0 forall (x,t) € Q

can be dealt with, where U,4 is defined as before. Notice that here the control
appears in the boundary condition, where second-order sufficient conditions
have not yet been proven for control functions under the presence of pointwise
state constraints. Here, the control-to-state mapping is from R™ to C(Q), see
Casas (1997). Again, the second-order conditions can also be derived from the

conditions for semi-infinite programming of Bonnans and Shapiro (2000).

3.4. Examples

Let us finally illustrate the situation by some examples, which exhibit different
types of active sets and some kinds of nonlinearities.

EXAMPLE 1 Here we study the optimal control problem

. 1 2 1 2
5161%}1 J(y,u) = 5”3/ - deLQ(Q) + §|u — ud

subject to

E1

(B1) —Ay(z) + y(z) + %y(m)3 = 2?21 uei(x) in Q
dpy(x) =0 on T,

y(x) = b(x) for allx € Q=10,1] x [0,1],

1

5 1, zeQ

f and e; = l, 1=1,2,3,4,
55 0 otherwise,
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and Q1 = (0,3] x (0,3], Q2 = (0,4] x (3,1), Q3 = (3,1) x [3,1), and Q4 =
(3,1) x (0,3). We shall see that the optimal state is ij = 2, hence the active set

for this problem is Q3 U €y.

The first-order conditions for this problem are as follows: For the optimal
solution (7, ) in H*(Q) x R* of the optimal control problem (E1), there exist a

Lagrange multiplier i € M(Q) and an adjoint state g € W7 (Q) such that

—AGH G+ I = e in Q
o,y =0 on T,

—Ap+e+EP =y-ya—p in O
dp =0 on T,

T

(u—ud)—i—[/goeldac,...,/goe4dx} =0,
Q Q

[ a=bau=0. g@)>4@) vaen

¢

and 1 = 0.

The following quantities satisfy the optimality system:

292
y(z) = 2, ﬂ:7UJJﬂT

together with the Lagrange multiplier ji = 0., (%), where 6,,(z) denotes the Dirac

measure with respect to the variable x;, concentrated at x; = z.
In fact, it is easy to see that § and @ fulfill the state equation in (71). S
¢ does not depend on x2, we find that Ap = 02 ¢ = 6,,(5) — ¥ (z1), where

2 1
w<w1>={ St

O, $1>§

Therefore,

~| S
ol

~AG+ @+

1 2+ (1+3)(5—af), o1 <
2 1
4

_:_6961 L

N[

and a simple computation shows that this is equal to y — yq — [, with

yd:{w%—%m% o<,

2-11+1) 2>l

5 5 1 1}T

“d:“+[4_8’4_8’ﬁ’ﬁ

To check the second order conditions notice that ¢ < %, hence we have

o 12
£ Ol I = gy + B = [ e da

ince
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1
> |h]* + - /Q 22 dx > |h)?

for all h € R%.

EXAMPLE 2 This example includes a semilinear elliptic equation with controls
appearing nonlinearly. The active set has measure zero. The problem is the
following

. 1 2 1 2
i J(y,u) = 5”3/ — Yallz2(0) + §|U — ug

subject to
(B2) ~Ay(a) +y(@) + 1y@)3 = Hwmer @) +wes@)? i @ ()
dy(xr) =0 on T,
y(x) = b(z) for allx € Q=10,1] x [0,1],
where

— (@ +x2), @tz >1,

=

PN

5

S~—

Il
—N—
IR SIS

(.Il +I2), T+ 10 < 1,
la ZE1+(E2>1, lu x1+$2<1,
e =9 B . ea=4 * .
0 otherwise, 0  otherwise.

The optimality system is as in the previous example, with the gradient equation

+ agea(x))per dx ‘|

To satisfy the optimality system, we define the quantities

_ 1 _ 9 T B —(ZE12—2$1+2), 1 +ax2 21,
y(x) = = u = 97 Py ) QO(.’II) =
4 —(I22—|—1), 1 + T2 <1,

note that ¢ satisfies 0, = 0. Moreover, we define the Lagrange multiplier i by
the positive measure

ﬂ = 2(1 - xl)dxz(l - Il) + 2x2511(1 - .IQ).

where 05,(1 —x1) and 6., (1 —x2) are the Dirac measures with respect to x4 and
x1 concentrated at xo = 1 — x1 and x1 = 1 — xa, respectively. These quantities
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satisfy the state equation in (72) and the identity (73). The active set is the
diagonal of the unit square: x9 =1 — x1. Let us discuss the adjoint equation.

There holds

62@ _27 Tl + ) 2 17
L2 (21, 20) = 22265, (1 — 2) + ,
3$12(x1 72) = 2020, (1~ 72) { 0, x1+x2<1,

and
82@ 07 1 + T2 2 17
G2 (1, @2) = 2(1 — 1)y (1 — 1) +
(95[:22(Il x2) ( $1) 2( Il) { -2, x1+x9 < 1.

Inserting the defined functions in the adjoint equation, we get
3
~Ap+ o+ Zy2p =
— $($12—2$1 +2) T+ X2 = 1
2(1 — 21)62, (1 — 1) + 22264, (1 — z2) + 0 ’ ’
( 1) 2( 1) 2 1( 2) { —%($22+1), I +$2<1.
The right-hand side of the last equation must be equal to § — yq — 1, hence we
define
B %($12—2$1+2)—£ T+ 30 2> 1,
Ya = %(IgQﬁ-l)—g T+ 20 < 1.

From (73), we find ug = i — - [ﬂ, 2—} T Finally, we confirm the second-order
sufficient conditions. Since 0 > @ > —2, we have for all h € R?\{0} that

£l W = P+ [ F0=550) dot S [ (s (@) haeal) P da
>+ [ e [ (e @)+ (hea(o)?) da

1 19
> W = 2 (PIRIIA? > 3 Ihl*

5
In the last estimate, we have used e;(x) < 1/4 fori=1,2.
EXAMPLE 3 This is a slight modification of an example in Meyer, Prifert and
Troltzsch (2005), where the optimal state is active in one single point.

: 1 2 1 2
fel}RIg J(y,u) = §||y - yd||L2(Q) + §|u — ud|

subject to

—Ay(z) +y(z) +y(2)> =30 wies(x) in
Oy(z) =0 on T,

(E3)

y(z) =2 —|z|*>  for all z € Q = B1(0),
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In this case, we define Qy, Qa, Q3 as the subsets of Q determined by (r,0) €
[0,1] x [0,7/2], (r,0) € (0,1] x (7/2,37/2), (r,0) € (0,1] x [37/2,27), respec-

tively. Furthermore we set

er(z) = { 1 in Qq, ex(z) = { 2 in Qs es(z) = { 10 in Qs,

0 elsewhere, 0 elsewhere, 0 elsewhere.

The associated optimality system is

“Aj+y+3° = E?:l ue;(z) in
auy(x) = on

=42

It is not difficult to check that j = 2 and the optimal controlu = [10 5 1] sa-
tisfy the state equation. The active set consists of the single point x = (0,0).
The Lagrange multiplier pn = do satisfies the complementarity condition, where
0o s the Dirac measure concentrated at the origin. Let us define as adjoint state

1 1
@ = — log || — —|z|?, then we have that 0,% = 0 at the boundary,
2m 4T

P | 1 1
—AG+ @+ 35°p = ;—50—1-13 <%log|x| — EMZ)’

and it is easy to confirm that the right-hand side of the last identity is equal to
Y —ya — i, if we define

.
1 1 1 317 37 1
vd 7r <4w|x| o Ogm)’ t {32’ 8’ 16}

Therefore, the adjoint equation and the optimality system are satisfied. The
second order sufficient conditions are fulfilled, too. We have

&) WP = A+ [ 21 12) do> AP

for all h € R?, since ¢ < 0.
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EXAMPLE 4 In this example we consider a problem with some coefficients of the
equation as controls:

. 1 2 1 2
fel}Rg J(y,u) = 5”3/ - deLQ(Q) + §|u — ud

subject to

~Ay(@) + (w1 + 72)y(a) + uoy(@)® = f() in Q
0

(E4) Oy(z) = on T, (75)
(2—3{E1)2 - i T g %,
) <) =4 o nol
for all z € Q =10,1] x [0,1],

0<u=[us,ug]’

We impose nonnegativity of the components of u to have a monotone operator
in the state equation. The function [ is given by

f(z) = 372 cos(mxy) + %cos(wxl)?’.

The optimality system is

Ay + (U + 7))y +uy® = f(z) in Q
dvy(z) =0 on T,

—A@ + (W +72)p + 3Upy® =G—ya+p in Q
=0

v p(x) on T
T
oy d.
((ﬂ—ud)— J[wag d“’ D (u—1u) =0 Y0<ueR?
Q Py ax
| (@) = ba)dn =0, i@ <) Vo
with i > 0.
We define
2
2 ﬂ — l <1
g(I) = COS(ﬂ'le)’ u = [ 7;— ] , @(ZE) _ ) ]’ 1 x5,
3 O, xr1 > %,

and the Lagrange multiplier

1
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Since §(x) = b(z) at x1 = 1/2, the state is active in the set: {(3,22) : 0 < a2 <
1}. Inserting @ in the adjoint equation, we obtain
= yat = —Ap+ @i + 77+ 3uoy’)
1 —1—|—2(7T2+§2)(x—%—l) r; < 3
25 (1/2)+ 2 "8) e
0 xr1 > %

Therefore, adjoint equation is satisfied with the choice

1
2 - 2 2 < 1
ya = cos(mxy) + ! <x1 4> (7" + cos(mz1) )a 1K 9,

1
0 $1>§.

The variational inequality holds true with

1 2 201]T

_ 2 =z I
R K= R R T
To verify the second-order sufficient conditions, we note that —% <@ <0, and
compute L. This leads to the expression
Zh T Zh
o= [ | | H| b | de>o
Q| p, ho

for all h = [h1, ho] T € R2\{0}, with
1-45p —¢ —37°¢

H= - 1 0
—-37%¢ 0 1

Positive definiteness of the matriz H holds for all x € [0,1], because it is a
symmetric diagonal dominant matriz with positive diagonal.
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