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518 J.-D. CHEN, Ch.-D. YANG, K.-J. LIN, Ch.-H. LIEN1. Introdu
tionThe phenomena of time delay are often en
ountered in various pra
ti
al sys-tems, su
h as AIDS epidemi
, air
raft stabilization, 
hemi
al engineering sys-tems, inferred grinding model, manual 
ontrol, neural networks, nu
lear rea
-tors, population dynami
s models, rolling mills, ship stabilization, and systemswith lossless transmission lines. Moreover, time delay is frequently a sour
eof instability and a sour
e of generation of os
illation in many systems (Haleand Verduyn Lunel, 1993; Kolmanovskii and Myshkis, 1992). Hen
e, stabilityanalysis and stabilization problems for time-delay systems re
eived 
onsiderableattention.In some systems, system models 
an be des
ribed by fun
tional di�erentialequation of neutral type, these models depending on the state delay but also onthe state derivatives. Physi
al examples for neutral system in
lude distributednetworks, population e
ology, pro
esses in
luding steam or heat ex
hange. Sta-bility and stabilization in various neutral time-delay systems have been 
onsid-ered in re
ent year (Baser, 2003; He et al., 2004; Lien and Chen, 2003; Xu, Lamand Yang, 2002; Chen, 2004).In pra
ti
al systems, the analysis of a mathemati
al model is usually animportant work for a 
ontrol engineer, aiming to 
ontrol the system. However,mathemati
al model always 
ontains some un
ertain elements. Therefore, undersu
h imperfe
t knowledge of the mathemati
al model, design of a robust 
ontrolsu
h that the system responses 
an meet desired properties is an important topi
.Hen
e, many robust 
ontrol problems are analysed for a 
lass of un
ertain time-delay systems (Li and de Souza, 1997; Moon et al., 2001; Nian and Feng, 2003;Su, Su and Chu, 2003; Xu, Lam and Yang, 2002; Roh, 2002; Chen, 2004a,b).Depending on whether the stability and stabilization 
riterion itself 
ontainsthe magnitude of delays, 
riteria for time-delay systems 
an be 
lassi�ed intotwo 
ategories, namely delay-independent 
riteria (Baser, 2003; Lien and Chen,2003; Xu, Lam and Yang, 2002) and delay-dependent 
riteria (Gahinet et al.,1995; Gu, 2000; He et al., 2004; Li and Souza, 1997; Lien and Chen, 2003;Moon et al., 2001; Nian and Feng, 2003; Su, Su and Chu, 2003; Su, Lu andTsai, 2001; Roh, 2002;Chen, 2004a,b). Generally speaking, the latter ones areless 
onservative than the former ones when the time-delay values are small.On the other hand, the H∞ 
ontrol 
on
ept was proposed to redu
e the e�e
tof the disturban
e input on the regulated output to remain within a pres
ribedlevel. Re
ently, many resear
hers have been 
onsidering theH∞ 
ontrol problemfor time-delay systems, but their results are restri
ted to delay-independent
riteria for neutral systems (Baser, 2003; Xu, Lam and Yang, 2002), or delay-dependent 
riteria for retarded system (Fridman and Shaked, 2003; Su, Su andChu, 2003; Su, Lu and Tsai, 2001). To our best knowledge, the robust H∞
ontrol for a 
lass of un
ertain neutral system with state and 
ontrol input time-varying delay systems has never been 
onsidered in the past. This motivated usto the study reported in this paper.



Robust H∞ 
ontrol for a 
lass of un
ertain neutral systems 519In this paper, the delay-dependentH∞ 
ontrol problem will be 
onsidered fora wider 
lass of neutral state-
ontrol input delayed systems with nonlinear time-varying parameter perturbations. The presented systems are more general thanthe ones 
onsidered in Baser (2003), Fridman and Shaked (2003), Gu (2000), Heet al. (2004), Li and de Souza (1997), Lien and Chen (2003), Moon et al. (2001),Nian and Feng (2003), Su, Su and Chu (2003), or Su, Lu and Tsai (2001), Xu,Lam and Yang (2002), Roh (2002), and Chen (2004a,b), where no input-delayterm is 
onsidered in Baser (2003), He et al. (2004), Lien and Chen (2003), orXu, Lam and Chang (2002), no neutral-delay term is dis
ussed in Roh (2002)and Chen (2004a), no neutral perturbation term is developed in Chen (2004b),and no both input and neutral delays appear in Fridman and Shaked (2003),Gu (2000), Li and de Souza (1997), Moon et al. (2001), Nian and Feng (2003),Su, Su and Chu (2003), or Su, Lu and Tsai (2001), respe
tively. The obje
tiveis to apply the LMI optimization tool to �nd the H∞ 
ontrol and minimize the
H∞ norm bound. Both Lyapunov-Krasovskii theory and LMI te
hnique areused. A new delay-dependent stabilizability 
riterion is proposed to �nish the
H∞ 
ontrol design. A numeri
al example is given to illustrate the use of theproposed result.NotationNotation that will be used throughout the paper is as follows:

C0 := set of 
ontinuous fun
tions from [−H, 0] to ℜn,
ℜn := n-dimensional real spa
e,
ℜm×n := set of all real m by n matri
es,
AT := transpose of matrix A,
‖x‖ := Eu
lidean norm of ve
tor x,
‖A‖ := spe
tral norm of matrix A,
‖f (t)‖2 :=

√

∞
∫

0

‖f (t)‖2
dt, f (t) ∈ L2 [0,∞) ,

‖xt‖W :=

√

(

‖x(t)‖2
+
∫ 0

−H
‖ẋ (t+ s)‖2

ds
)

,

‖xt‖S := sup
−H6s60

‖x(t+ s)‖ ,

L2 [0,∞) := spa
e of square integrable ve
tor fun
tions on [0,∞),
A 6 B := B −A is a positive semi-de�nite symmetri
 matrix,
P > 0 := P is a positive de�nite symmetri
 matrix,
P < 0 := P is a negative de�nite symmetri
 matrix,
I := unit matrix.2. Problem formulation and preliminariesIn this paper, we 
onsider the following un
ertain neutral system that has stateand 
ontrol input time-varying delays:
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ẋ(t) = A0x(t) +A1x(t− h(t)) +A2ẋ(t− τ(t)) +B0u(t) +B1u(t− η(t))

+f0(x(t), t) + f1(x(t− h(t)), t) + f2(ẋ(t− τ(t)), t) + f3(u(t− η(t)), t)

+Bww(t), t > 0, (1a)
z(t) = Cx(t) +Du(t) (1b)
x (t) = φ (t) , t ∈ [−H, 0] , (1
)where x ∈ ℜn, u ∈ ℜm, and z ∈ ℜq are system input, 
ontrol input, andregulated output, respe
tively; xt is the state at time t de�ned by xt(θ) :=

x(t + θ), ∀θ ∈ [−H, 0], w ∈ ℜl is the disturban
e input; the delays h(t), τ(t)and η(t) are three time-varying fun
tions satisfying 0 6 h(t) 6 hM , 0 6 τ(t) 6

τM , 0 6 η(t) 6 ηM , ḣ(t) 6 hD < 1, τ̇ (t) 6 τD < 1 and η̇(t) 6 ηD < 1,
H = max{hM , τM , ηM}. The matri
es A0, A1, A2 ∈ ℜn×n, B0 ∈ ℜn×m, B1 ∈
ℜn×m, C ∈ ℜq×n, D ∈ ℜq×m, are known, and the initial ve
tor φ ∈ C0. Theun
ertainties f0(x(t), t), f1(x(t−h(t)), t), f2(ẋ(t−τ(t)), t), and f3(u(t−η(t)), t)are nonlinear time-varying parameter perturbations with f0(0, t) = 0, f1(0, t) =
0, f2(0, t) = 0 and f3(0, t) = 0, respe
tively, satisfying the following quadrati
inequalities

fT
0 (x(t), t)f0(x(t), t) 6 β2

0 · xT (t)x(t), (2a)
fT
1 (x(t − h(t)), t)f1(x(t− h(t)), t) 6 β2

1 · xT (t− h(t))x(t − h(t)), (2b)
fT
2 (ẋ(t− τ(t)), t)f2(ẋ(t− τ(t)), t) 6 β2

2 · ẋT (t− τ(t))ẋ(t− τ(t)), (2
)
fT
3 (u(t− η(t)), t)f3(u(t− η(t)), t) 6 β2

3 · uT (t− η(t))u(t− η(t)), (2d)where β0, β1, β2, and β3 are nonnegative 
onstants.By the Leibniz-Newton formula, it follows that
A1

∫ t

t−h(t)

ẋ(s)ds = A1x(t) − A1x(t− h(t)), and
B1

∫ t

t−η(t)

u̇(s)ds = B1u(t) −B1u(t− η(t)).System (1a) with u(t) = Kx(t) 
an be rewritten as:
ẋ(t) = (Â+ B̂K)x(t) +A2ẋ(t− τ(t)) −A1

∫ t

t−h(t)

ẋ(s)ds (3a)
−B1

∫ t

t−η(t)

u̇(s)ds+ f0(x(t), t) + f1(x(t− h(t)), t)

+f2(ẋ(t− τ(t)), t) + f3(u(t− η(t)), t) +Bww(t), t > 0,

z(t) = (C +DK)x(t), (3b)
x(t) = φ(t), t ∈ [−H, 0] , (3
)where Â = A0 +A1, and B̂ = B0 +B1, so that the pair (Â, B̂) is stabilizable.



Robust H∞ 
ontrol for a 
lass of un
ertain neutral systems 521Definition 1 Consider the un
ertain system (1) with (2) and the state feedba
k
u(t) = Kx(t). If the following 
onditions are satis�ed:(i) with w(t) = 0, the 
losed-loop system (1) with (2) and u(t) = Kx(t) isasymptoti
ally stable.(ii) with zero initial 
ondition (i.e. φ = 0), the following 
ondition is satis�ed
J =

∫ ∞

0

[

zT (t)z(t) − γ2 · wT (t)w(t)
]

dt 6 0, (i.e. sup
w 6=0,w(t)∈L2[0,∞)

‖z‖2

‖w‖2

6 γ),for some γ > 0. The 
ontrol u(t) = Kx(t) is said to be the H∞ 
ontrol of system(1) with (2) and the disturban
e attenuation γ. The parameter γ is 
alled the
H∞-norm bound of the 
ontrol.Lemma 1 (Yakubowi
h, 1977) Let Ω0(x) and Ω1(x) be two arbitrary quadra-ti
 forms over ℜn, then Ω0(x) < 0 for all x ∈ ℜn − {0} satisfying Ω1(x) 6 0 ifand only if there exist ε > 0 su
h that

Ω0(x) − ε · Ω1(x) < 0, ∀x ∈ ℜn − {0}.3. Robust H∞ 
ontrol designNow we will solve for the 
ontroller gain K of system (1) with (2) dire
tly fromthe following LMIs optimization result.Theorem 1 Consider system (1) with (2) and state feedba
k 
ontrol u(t) =
Kx(t). Suppose that ‖A2‖+β2 < 1 and if there exist non-negative 
onstants ε1,
ε2, and ε3, some positive-de�nite symmetri
 matri
es X, Y1, Y2, Y4, Q ∈ ℜnxn,
Y3, Y5 ∈ ℜmxm, and a matrix W ∈ ℜm×n, su
h that the following optimizationproblem is solved:minimize ρ, (4a)subje
t to
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
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[

−2X +Q WT

W −Y5

]

< 0, (4
)where
Λ11 = Λ̂11 + ε0 · β2

0 · I, Λ̂11 = ÂX +XÂT + B̂W +WT B̂T , Λ13 = A2Y2,

Λ16 = −A1Y4, Λ17 = −B1Y5, Λ112 = XAT
0 +WTBT

0 , Λ113 = hM · Λ112,

Λ114 = ηM · Λ112, Λ117 = XCT +WTDT , Λ22 = −(1 − hD) · Y1 + ε1 · β2
1 · I,

Λ212 = Y1A
T
1 , Λ213 = hM · Λ212, Λ214 = ηM · Λ212,

Λ33 = −(1 − τD) · Y2 + ε2 · β2
2 · I, Λ312 = Y2A

T
2 , Λ313 = hM · Λ312,

Λ314 = ηM · Λ312, Λ44 = −(1 − ηD) · Y3 + ε3 · β2
3 · I, Λ412 = Y3B

T
1 ,

Λ413 = hM · Λ412, Λ414 = ηM · Λ412, Λ55 = −ρ · I, ; Λ512 = BT
w ,

Λ513 = hM · Λ512, Λ514 = ηM · Λ512, Λ88 = −ε0 · I,
Λ99 = −ε1 · I, Λ1010 = −ε2 · I, Λ1111 = −ε3 · I.Then, the 
ontrol u(t) = Kx(t) = WX−1x(t) is the H∞ 
ontrol of system (1)with (2) and the disturban
e attenuation γ =

√
ρ.Proof. De�ne the Lyapunov fun
tional

V (xt) = xT (t)Px (t) +

∫ t

t−h(t)

xT (s)R1x(s)ds+

∫ t

t−τ(t)

ẋT (s)R2ẋ(s)ds

+

∫ t

t−η(t)

xT (s)KTR3Kx(s)ds+ hM ·
∫ t

t−hM

(s− (t− hM ))ẋT (s)R4ẋ(s)ds

+ηM ·
∫ t

t−ηM

(s− (t− ηM ))ẋT (s)KTR5Kẋ(s)ds, (5)where P > 0, Ri > 0, i ∈ {1, 2, 3, 4, 5}.This fun
tional V (xt) is a legitimate Lyapunov fun
tional 
andidate, Kol-manovskii and Myshkis (1992). The time derivatives of Vi (xt), along the tra-je
tories of system (3) satisfy
V̇ (xt) = xT (t)

[

P (Â+ B̂K) + (Â+ B̂K)TP
]

x(t) + 2xT (t)PA2ẋ(t− τ(t))

−2xT (t)PA1

∫ t

t−h(t)

ẋ(s)ds − 2xT (t)PB1

∫ t

t−η(t)

u̇(s)ds

+2xT (t)P [f0(x(t), t) + f1(x(t − h(t)), t) + f2(ẋ(t− τ(t)), t) + f3(u(t− η(t)), t)]

+2xT (t)PBww(t) + xT (t)R1x(t) − (1 − ḣ(t))xT (t− h(t))R1x(t− h(t))

+ẋT (t)R2ẋ(t) − (1 − τ̇(t))ẋT (t− τ̇(t)))R2ẋ(t− τ̇ (t))) + xT (t)KTR3Kx(t)
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−(1 − η̇(t))uT (t− η(t))R3u(t− η(t)) + h2

M · ẋT (t)R4ẋ(t)

−hM ·
∫ t

t−hM

ẋT (s)R4ẋ (s) ds+ η2
M · ẋT (t)KTR5Kẋ(t)

−ηM ·
∫ t

t−ηM

u̇T (s)R5u̇(s)ds.By the following inequality, Gu (2000):
−hM ·

∫ t

t−hM

ẋT (s)R4ẋ(s)ds 6 −
(
∫ t

t−hM

ẋ(s)ds

)T

R4

(
∫ t

t−hM

ẋ(s)ds

)

6 −
(

∫ t

t−h(t)

ẋ(s)ds

)T

R4

(

∫ t

t−h(t)

ẋ(s)ds

)

,and
−ηM ·

∫ t

t−ηM

u̇T (s)R5u̇(s)ds 6 −
(
∫ t

t−ηM

u̇(s)ds

)T

R5

(
∫ t

t−ηM

u̇(s)ds

)

6 −
(

∫ t

t−η(t)

u̇(s)ds

)T

R5

(

∫ t

t−η(t)

u̇(s)ds

)

.De�ne a fun
tional by
J (xt, w (t)) = V̇ (xt) + zT (t) z (t) − γ2wT (t)w (t) .From the time derivatives of V (xt), we have
Ω (xt, w (t)) = V̇ (xt) + zT (t) z (t) − γ2wT (t)w (t) 6 ςT (t)ψ0ς(t), (6a)where

ςT (t) = [ xT (t) xT (t− h(t)) ẋT (t− τ(t)) uT (t− η(t)) wT (t)
∫ t

t−h(t)

ẋT (s)ds

∫ t

t−η(t)

u̇T (s)ds fT
0 (x(t), t) fT

1 (x(t− h(t)), t)

fT
2 (ẋ(t− τ(t)), t) fT

3 (u(t− η(t)), t) ],
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where Λ̃11 = P (Â+B̂K)+(Â+B̂K)TP+R1+KTR3K+(C+DK)T (C+DK).Pre-multiplying and post-multiplying the matrix ψ0 in (6b) by ΘT and Θ, where
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and applying a 
hange of variables, W = KP−1, X = P−1, and Yi = R−1
i ,
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i = {1, 2, 3, 4, 5}, we 
an obtain the following result:
ψ1 =





































Λ̃11 0 A2Y2 0 Bw −A1Y4 −B1Y5 I I I I

0 −(1 − hD) · Y1 0 0 0 0 0 0 0 0 0

Y2AT

2
0 −(1 − τD) · Y2 0 0 0 0 0 0 0 0

0 0 0 −(1 − ηD) · Y3 0 0 0 0 0 0 0

BT
w 0 0 0 −γ2

· I 0 0 0 0 0 0

−Y4AT

1
0 0 0 0 −Y4 0 0 0 0 0

−Y5BT

1
0 0 0 0 0 −Y5 0 0 0 0

I 0 0 0 0 0 0 0 0 0 0

I 0 0 0 0 0 0 0 0 0 0

I 0 0 0 0 0 0 0 0 0 0

I 0 0 0 0 0 0 0 0 0 0





































+




































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













· (Y −1
2 + h2

M · Y −1
4 + η2

M ·KTY −1
5 K) ·


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


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2
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










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



















T

,

(6
)where Λ̃11 = Λ̂11 +XY −1
1 X +WTY −1

3 W + (CX +DW )T (CX +DW ).In view of Lemma 1 with (4
), we 
an obtain the following result:
−2X +Q+WTY −1

5 W < 0.By taking W = KX , and the following equality:
(X −Q)Q−1(X −Q) = XQ−1X − 2X +Q > 0,the above 
ondition is equivalent to the following result:
KTY −1

5 K < Q−1.Hen
e we have
Ω (xt, w (t)) 6 ςT (t)ψ2ς(t), (6d)
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ψ2 =


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0 −(1 − τD) · Y2 0 0 0 0 0 0 0 0
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BT
w 0 0 0 −γ2

· I 0 0 0 0 0 0

−Y4AT

1
0 0 0 0 −Y4 0 0 0 0 0

−Y5BT

1
0 0 0 0 0 −Y5 0 0 0 0
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I 0 0 0 0 0 0 0 0 0 0
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


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


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
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

· (Y −1
2 + h2
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






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


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
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










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1
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2
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1
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0
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

































T

.

(6e)By Theorem 3.1.6 of Kolmanovskii and Myshkis (1992) with (4
) and (6e),suppose that ‖A2‖+ β2 < 1 and if there exist some positive-de�nite symmetri
matri
es X , Y1, Y2, Y4, Q ∈ ℜnxn, Y3, Y5 ∈ ℜmxm, and a matrix W ∈ ℜm×n,then a su�
ient 
ondition for asymptoti
 stability is
ςT (t)ψ2(t)ς(t) < 0. (7)From (7), it follows that
Ω (xt, w (t)) = V̇ (xt) + zT (t) z (t) − γ2wT (t)w (t) 6 ςT (t)ψ0ς(t) < 0,for all ς (t) 6= 0. (8)From (8) with w (t) = 0, there exists a λ > 0 and the following result holds:
V̇ (xt)

∣

∣

∣

w(t)=0
6 −λ · ‖x (t)‖2

. (9)Hen
e, we 
on
lude that the systems (1) and (3) with (2), under w (t) = 0,are both asymptoti
ally stabilizable by u (t) = WX−1x (t). Integrating the
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V (x∞) − V (x0) + ‖z (t)‖2

2 − γ2 · ‖w (t)‖2
2 6 0.With zero initial 
ondition (x0 = 0), we have

V (x0) = 0, V (x∞) > 0,and
‖z (t)‖2 6 γ · ‖w (t)‖2 , w (t) ∈ L2 [0,∞) .By De�nition 1, the 
ontrol u (t) = Kx (t) = WX−1x (t) is the H∞ 
ontrol ofsystem (1) with (2) and the disturban
e attenuation γ =

√
ρ.Using Lemma 1, we further rewrite (7) and (2) as follows:

ςT (t)ψ2ς(t) − ε0 · (fT
0 (x(t), t)f0(x(t), t) − β2

0 · xT (t)x(t))

−ε1 · (fT
1 (x(t− h(t)), t)f1(x(t− h(t)), t) − β2

1 · xT (t− h(t))x(t − h(t)))

−ε2 · (fT
2 (ẋ(t− τ(t)), t)f2(ẋ(t− τ(t)), t) − β2

2 · ẋT (t− τ(t))ẋ(t− τ(t)))

−ε3 · (fT
3 (u(t− η(t)), t)f3(u(t− η(t)), t) − β2

3 · uT (t− η(t))u(t− η(t))) < 0.(10)By the S
hur 
omplement of Boyd et al. (1994), the linear matrix inequalityof (4b) is equivalent to the 
ondition (10). Therefore, we 
on
lude that thesystems (1) and (3) with (2) are both asymptoti
ally stabilizable by u (t) =
WX−1x (t) with the disturban
e attenuation γ =

√
ρ.Remark 1 The 
ondition ‖A2‖+ β2 < 1 in Theorem 1 will guarantee that thesystems (1) satisfy the Lips
hitz 
ondition in the argument ẋ(t − η(t)) for aLips
hitz 
onstant less than 1, Kolmanovskii and Myshkis (1992).Remark 2 Note that for the entries of (4b) and (4
) are a�ned with matri
es

X , Y1, Y2, Y3, Y4, Y5, Q, W , and 
onstants ε0 ε1, ε2, and ε3. Hen
e thestandard LMI optimization approa
h 
an be dire
tly employed to solve theoptimal problem (4a) with 
onditions (4b) and (4
). We 
an utilize Matlab'sLMI Control Toolbox to �nd the solutions of matri
es W , X , and the H∞
ontrol is given by u (t) = WX−1x (t), Gahinet et al. (1995).Remark 3 It is interesting to note that the LMI 
onditions (4b)-(4
) are de-pendent on hM , ηM and independent of τM .Remark 4 If γ > 0 is a known parameter, we 
an use the LMIs (4a)-(4b) with
ρ = γ2 to �nd the feasible solutions. The H∞ 
ontrol problem 
an also be solvedwith Matlab without optimization.
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al exampleTo illustrate the e�e
tiveness of the proposed method, Matlab LMI Toolbox wasused to 
al
ulate the following example.Example 1 Consider the system (1) with (2) the following parameters:
A0 =

[

−1 0
0.2 −0.3

]

, A1 =

[

−0.02 −0.01
0.01 −0.02

]

, A2 =

[

0 0.2
0 0.2

]

,

Bw =

[

0
1

]

, B0 =

[

2
1

]

, B1 =

[

1
0

]

, C =

[

1 0
0 1

]

, D =

[

0
1

]

,

β0 = β2 = 0.1, β1 = β3 = 0.2, hM = 0.1, ηM = 0.2hD = τD = ηD = 0.1.(11)Note that the results proposed in Baser (2003), Fridman and Shaked (2003), Su,Su and Chu (2003), or Xu, Lam and Yang (2002), o�er no feasible solutions tothe above neutral system. By using Matlab in Theorem 1, we obtain a solutionfor the optimization problem:
ρ = 4.9521, X =

[

1.7183 0.0911
0.0911 0.5045

]

, Y1 =

[

5524.2 3328.3
3328.3 2438.6

]

,

Y2 =

[

774907468 −4
−4 1

]

, Y3 = 21.8556, Y4 =

[

42.5421 37.8495
37.8495 43.0602

]

,

Y5 = 0.0463, Q =

[

3.3170 −0.1280
−0.1280 0.1346

]

,W =
[

−0.0703 −0.2011
]

,

ε0 = 9.1025, ε1 = 1538.4, ε2 = 48.6436, ε3 = 213.0819.The state feedba
k H∞ 
ontrol of system (1) with (2) and (11) is given by
u (t) = WX−1x (t) =

[

−0.02 −0.395
]

x (t) ,with the disturban
e attenuation γ =
√
ρ = 2.2253.5. Con
lusionIn this paper, the state feedba
kH∞ 
ontrol problem for a 
lass of un
ertain neu-tral systems has been studied, 
ontaining time-varying delays on both state and
ontrol input. Based on the uni�ed LMI optimization, a new delay-dependent
riterion has been proposed for the existen
e of memoryless H∞ state feedba
k
ontrol for su
h system. Furthermore, no parameters in Theorem 1 require tobe tuned. A numeri
al example has illustrated that the usefulness of the mainresult.
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