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608 M. EKESFormally, the eletorate is hoosing an element out of the set K = {1, . . . , k}or K = {0, 1, . . . , k} if abstention, denoted by 0, is allowed and taken into onsi-deration. The eletorate generates a distribution (P1, . . . , Pk) or (P0, P1, . . . , Pk)on K and the winner is the unique element of {1, . . . , k} with largest orre-sponding Pj ; if there is no suh unique element, we say that the eletions endup with a draw and we denote this result by D, so the set of all outomes is
O = {D, 1, . . . , k}. Sine the eletorate may generate any distribution, we mustsee it as in�nite. Moreover we assume that eah single voter is negligible, i.e.that his individual deision has no in�uene on the result of eletions. As usual,members of the eletorate should have some preferenes, whih do not applyonly to the results of the eletions but also to their individual behaviour, sothat eah member of the eletorate has a pre-ordering relation on the set beingthe produt of the set of all options and the set of all outomes, i.e. on K ×O.Obviously, this set has (k + 1)2 or k(k + 1) elements, depending on whetherabstention is permitted or not. The number of possible pre-ordering relationsis then very large; even for k = 2 there are 4, 683 pre-ordering relations in asewithout abstention and 7, 087, 261 relations in ase with abstention allowed.In Ekes (2003) we have hosen a few �reasonable� preferene-indi�erenerelations among eletorate and we have examined the behaviour of voters ha-raterised by those preferenes. In the present paper we are interested in aggre-gating voters of, presumably, di�erent preferenes aording to their behaviourat equilibrium. Hene, the whole eletorate is divided into n populations, dif-fering in their preferenes; the size of the i-th population (i = 1, . . . , n), havinga preferene-indi�erene relation %i, is denoted by qi ≥ 0 (as usually we denoteby ≻i the preferene relation and by ∼i the indi�erene relation, both generatedby %i). The i-th population generates in the ourse of eletions a distribution pion K. Formally, pi is an element of the standard simplex of dimension k or k−1,depending on the ase (this simplex is denoted by ∆|K|). Consequently, a se-quene of distributions of the deisions of all respetive types, p =

(

p1, . . . , pn
),whih is a sequene of n elements of ∆|K|, generates a distribution of the votesin the whole eletorate. For the j-th option to be hosen (j = 1, . . . , k if absten-tion is not allowed and j = 0, 1, , . . . , k if abstention is allowed), we have then

Pj = Q−1 ·
∑n

i=1
qip

i
j, where Q denotes ∑n

i=1
qi. We say that the j-th optionis winning at the eletions if Pj > Pl for all l = 1, . . . , k, l 6= j. If there existat least two di�erent options j and j′ suh that Pj = Pj′ = maxl=1,...,k Pl, thenthe eletions end up with a draw. Observe that eah sequene of distributionsof the voters' deisions p uniquely determines the outome of the eletions, de-noted by xp ∈ O. We say that the sequene of distributions p is at equilibriumwhenever, for i = 1, . . . , n and j ∈

{

m ∈ K| pi
m > 0

} the following ondition
(j, xp) %i (l, xp)holds for all l ∈ K, whih informally means that no voters ould improve theirsatisfation by hanging their individual deision on how to vote.



Supertypes of voters in a model of general eletions 609In the sequel we onsider two ases - voting with and without the possibilityof abstention. We will desribe the method of aggregating di�erent types ofvoters into supertypes by skipping some voters' harateristis whih are notneessary to desribe their behaviour at equilibrium.3. The ase of voting for one of two andidates withoutabstentionConsider the ase of voting for one of two andidates, who are denoted here by
A and B for onveniene. Eah voter has to deide whih andidate to vote for;abstention is not allowed. Therefore the set K has the form K = {A, B}. Theset of outomes is then O = {D, A, B}, where D denotes draw, A denotes that
A is the winner of eletions and B denotes that B is the winner. In this settingthere are six pairs onsisting of an individual deision and an outome of theeletions. We enumerate them in the following way:1. vote for A & A wins;2. vote for A & a draw;3. vote for A & B wins;4. vote for B & A wins; (1)5. vote for B & a draw;6. vote for B & B wins.Assume that all voters are haraterised by strit preferenes. Then, if thereare no additional assumptions, we have to onsider 6! = 720 types of voters.Let p =

(

p1, . . . , p720
) be a sequene of distributions of deisions of votersof all types, i.e. pi =
(

pi
A, pi

B

), pi
A + pi

B = 1, pi
A, pi

B ≥ 0 for i = 1, . . . , 720.Denote by PA the fration of votes won by the andidate A, whih is the number
PA = Q−1 ·

∑720

i=1
qip

i
A and, similarly, PB = Q−1 ·

∑720

i=1
qip

i
B, where Q =

∑720

i=1
qidenotes the size of the whole eletorate. Therefore, one of the following asesmay be the result of the eletions:(A) PA > PB, i.e. the andidate A wins the eletions;(B) PA < PB, i.e. the andidate B wins the eletions; (2)(D) PA = PB, i.e. a draw ours.In order to �nd equilibria we need to hek what are optimal deisions ofvoters of type i (i = 1, . . . , 720), in ases (A) , (B) , (D), respetively. Considerthe ase (A). Observe that if voters of a given type prefer the pair 1 to 4 thenthey all vote for A in this ase. In other ase (that is if they prefer the pair 4to 1) they all vote for B. If we onsider the ase (B), that is if the andidate

B wins, then the behaviour of voters at equilibrium depends on whether theyprefer the pair 3 rather than 6 or the opposite. And �nally in the ase (D) thebehaviour of voters is de�ned by the ordering of pairs 2 and 5. Therefore, whenharaterising equilibria, we have to take into onsideration the following eightdi�erent sets of onditions:



610 M. EKESI (1 ≻i 4) ∧ (2 ≻i 5) ∧ (3 ≻i 6);II (1 ≻i 4) ∧ (2 ≻i 5) ∧ (6 ≻i 3);III (1 ≻i 4) ∧ (5 ≻i 2) ∧ (3 ≻i 6); (3)IV (1 ≻i 4) ∧ (5 ≻i 2) ∧ (6 ≻i 3);V (4 ≻i 1) ∧ (2 ≻i 5) ∧ (3 ≻i 6);VI (4 ≻i 1) ∧ (2 ≻i 5) ∧ (6 ≻i 3);VII (4 ≻i 1) ∧ (5 ≻i 2) ∧ (3 ≻i 6);VIII (4 ≻i 1) ∧ (5 ≻i 2) ∧ (6 ≻i 3).Consider, for example, onditions given by I. If preferenes of voters of atype i satisfy them, then at equilibrium in all ases (A) , (B) , (D) all voters ofthis type vote for A - we ould all suh voters strit supporters of the andidate
A. Similarly onditions given by VIII desribe strit supporters of the andidate
B. If we onsider voters with preferenes satisfying onditions given by IV, thenwe observe that at equilibrium they vote for A if A wins and they vote for B if
B wins or if there is a draw, so we ould all them opportunists.Note that onditions I - VIII divide the set of types of voters into subsets,whih are pairwise disjoint and sum up to the whole set of 720 types. Moreover,the behaviour of voters in a given subset at equilibrium is idential. Therefore,we will aggregate types of voters into eight supertypes, desribed by the ondi-tions I - VIII. Denote by p the sequene of distributions of deisions of votersof all supertypes, i.e.
p = (pI , pII , ..., pV III). Then we have a following theorem:Theorem 1 A sequene of distributions p is at equilibrium if and only if

pI
A = pII

A = pIII
A = pIV

A = pV
B = pV I

B = pV II
B = pV III

B = 1and the ase (A) oursor
pI

A = pIII
A = pV

A = pV II
A = pII

B = pIV
B = pV I

B = pV III
B = 1and the ase (B) oursor

pI
A = pII

A = pV
A = pV I

A = pIII
B = pIV

B = pV II
B = pV III

B = 1and the ase (D) ours.Denote by qs = (qs
I , ..., q

s
V III) the vetor of sizes of respetive supertypes(or rather the vetor of shares of respetive supertypes in the whole eletorate).After some transformations, made by using formulas for PA and PB and togetherwith (2), we obtain the following onditions, desribing the sizes of populationsof voters in the eletorate:(A') qs

I + qs
II + qs

III + qs
IV > qs

V + qs
V I + qs

V II + qs
V III ;(B') qs

II + qs
IV + qs

V I + qs
V III > qs

I + qs
III + qs

V + qs
V II ;(D') qs

I + qs
II + qs

V + qs
V I = qs

III + qs
IV + qs

V II + qs
V III .



Supertypes of voters in a model of general eletions 611If qs satis�es inequality (A′), then equilibrium at whih andidate A wins isobtainable. Similarly, if qs satis�es inequality (B′), then it is possible that theandidateB wins at equilibrium. And �nally if (D′) holds, then a draw may ariseat equilibrium. Let us take for example qs
I = qs

III = 4

32
, qs

II = qs
IV = 6

32
, qs

V =
qs
V II = 1

32
, qs

V I = qs
V III = 5

32
. This distribution of sizes satis�es all inequalities

(A′), (B′) and (D′), so eah result of eletions is possible at equilibrium. Onthe other hand, if we take qs
I = qs

II = qs
III = qs

IV = qs
V I = qs

V III = 3

32
, qs

V = 6

32
,

qs
V II = 8

32
, then no equilibrium is possible.4. The ase of voting for one of two andidates with ab-stentionNow eah voter an vote for the andidate A, or the andidate B or may abstainfrom voting. Therefore the set K has the form K = {A, B, 0}, where 0 denotesabstention. The set of outomes has not hanged; it is O = {D, A, B}, where

D denotes a draw, A denotes that A is the winner of eletions and B denotesthat B is the winner. In this framework there are nine pairs onsisting of anindividual deision and an outome of the eletions. We enumerate them in thefollowing way:1. vote for A & A wins;2. vote for A & a draw;3. vote for A & B wins;4. vote for B & A wins; (4)5. vote for B & a draw;6. vote for B & B wins;7. abstain from voting & A wins;8. abstain from voting & a draw;9. abstain from voting & B wins.In this ase there exist 9! = 362, 880 strit preferenes, whih an be repre-sented in the eletorate. As before, let us denote by p a sequene of distribu-tions of deisions of voters of all types, i.e. pi =
(

pi
A, pi

B, pi
0

), pi
A + pi

B + pi
0 = 1,

pi
A, pi

B, pi
0 ≥ 0 for all types i. Denote PA = Q−1 ·

∑9!

i=1
qip

i
A , similarly,

PB = Q−1 ·
∑9!

i=1
qip

i
B and P0 = Q−1 ·

∑9!

i=1
qip

i
0, where Q =

∑9!

i=1
qi. Theresult of eletions is desribed in the same way as before, that is(A) PA > PB, i.e. the andidate A wins the eletions;(B) PB > PA, i.e. the andidate B wins the eletions; (5)(D) PA = PB, i.e. a draw ours.The behaviour of di�erent types of voters at equilibria an be examined inthe same way as in the previous setion. We onlude, that it depends on theordering of the following triples of pairs de�ned in (4): (1,4,7); (2,5,8) and

(3,6,9). In order to desribe the equilibrium behaviour of voters we only needto know whih pair is most preferred in eah triple, therefore we have 27 di�erent



612 M. EKESpossibilities, whih desribe supertypes in this ase. We will not give the fulldesription of equilibria here - it an be done in the very same way as in theprevious setion.Note that the size of population of voters who abstained has no in�ueneon the result of voting in this setting. It an be modi�ed, e.g. by makingthe outome of the eletions dependent on the perentage of eletorate astingvotes in the eletions. We should then assume that if the number P0, denotingthe fration of voters in the whole eletorate who deide to abstain, exeeds agiven threshold, then the eletions will not be deisive (there will be no winner).The outome, denoted by D and alled a draw, an also desribe this situation.Therefore we an hoose a threshold t and de�ne the result of eletions as follows:(A) (PA > PB) ∧ (P0 < tQ), i.e. the andidate A wins the eletions;(B) (PB > PA) ∧ (P0 < tQ), i.e. the andidate B wins the eletions;(D) (PA = PB) ∨ (P0 ≥ tQ), i.e. a draw ours.5. The ase of preferene-indi�erene relationsTill now we have onsidered only strit preferenes, but our results an be easilyapplied to the larger set of preferenes. Observe that in ase without abstentionthe equilibrium behaviour of voters whose preferenes allow for indi�erene (arenot strit) an be idential to the behaviour of voters of some of previouslyde�ned supertypes. The only restrition is that for a voter the pair 1 annotbe indi�erent to the pair 4, the pair 2 annot be indi�erent to the pair 5 and�nally the pair 3 annot be indi�erent to the pair 6. If preferenes satisfythese onditions, then we an inlude suh type of voters to the orrespondingsupertype.If a voter is indi�erent to at least one of pairs disussed above, then hisbehaviour at equilibrium annot be preisely determined. Consider for examplea following ordering of alternatives: 1 ∼ 4 ≻ 2 ≻ 3 ≻ 5 ≻ 6. Then, at equilib-rium where the andidate A wins the eletions, a voter with suh preferenesan either vote for the andidate A or for the andidate B. Observe that we analso aggregate di�erent types of voters into supertypes in this ase. We obtain
19 additional supertypes (12 di�erent supertypes with one indi�erene amongthree onerned pairs, 6 di�erent supertypes with two indi�erenes and onewith three indi�erenes). Formally new supertypes have to satisfy the followingonditions:IX (1 ∼i 4) ∧ (2 ≻i 5) ∧ (3 ≻i 6);X (1 ∼i 4) ∧ (2 ≻i 5) ∧ (6 ≻i 3);XI (1 ∼i 4) ∧ (5 ≻i 2) ∧ (3 ≻i 6);XII (1 ∼i 4) ∧ (5 ≻i 2) ∧ (6 ≻i 3);XIII (2 ∼i 5) ∧ (1 ≻i 4) ∧ (3 ≻i 6);XIV (2 ∼i 5) ∧ (1 ≻i 4) ∧ (6 ≻i 3);XV (2 ∼i 5) ∧ (4 ≻i 1) ∧ (3 ≻i 6); (6)



Supertypes of voters in a model of general eletions 613XVI (2 ∼i 5) ∧ (4 ≻i 1) ∧ (6 ≻i 3);XVII (3 ∼i 6) ∧ (1 ≻i 4) ∧ (2 ≻i 5);XVIII (3 ∼i 6) ∧ (1 ≻i 4) ∧ (5 ≻i 2);XIX (3 ∼i 6) ∧ (4 ≻i 1) ∧ (2 ≻i 5);XX (3 ∼i 6) ∧ (4 ≻i 1) ∧ (5 ≻i 2);XXI (1 ∼i 4) ∧ (2 ∼i 5) ∧ (3 ≻i 6);XXII (1 ∼i 4) ∧ (2 ∼i 5) ∧ (6 ≻i 3);XXIII (1 ∼i 4) ∧ (3 ∼i 6) ∧ (2 ≻i 5);XXIV (1 ∼i 4) ∧ (3 ∼i 6) ∧ (5 ≻i 2);XXV (2 ∼i 5) ∧ (3 ∼i 6) ∧ (1 ≻i 4);XXVI (2 ∼i 5) ∧ (3 ∼i 6) ∧ (4 ≻i 1);XXVII (1 ∼i 4) ∧ (2 ∼i 5) ∧ (3 ∼i 6).Remark 1 Observe that voters of the last supertype are in fat interested onlyin the result of eletions; their own behaviour has no meaning for them.Therefore we have lassi�ed 4863 di�erent types of voters into 27 supertypes.If we denote by p the sequene of distributions of deisions of voters of allsupertypes, inluding new supertypes just de�ned, i.e. p = (pI , pII , ..., pXXV II),then we have the following theorem:Theorem 2 A sequene of distributions p is at equilibrium if and only if
pI

A = pII
A = pIII

A = pIV
A = pXIII

A = pXIV
A = pXV II

A = pXV III
A = pXXV

A = 1;

pV
B = pV I

B = pV II
B = pV III

B = pXV
B = pXV I

B = pXIX
B = pXX

B = pXXV I
B = 1;

pIX , pX , pXI , pXII , pXXI , pXXII , pXXIII , pXXIV , pXXV II arbitraryand the ase (A) ours or
pI

A = pIII
A = pV

A = pV II
A = pIX

A = pXI
A = pXIII

A = pXV
A = pXXI

A = 1;

pII
B = pIV

B = pV I
B = pV III

B = pX
B = pXII

B = pXIV
B = pXV I

B = pXXII
B = 1;

pXV II , pXV III , pXIX , pXX , pXXIII , pXXIV , pXXV , pXXV I , pXXV II arbitraryand the ase (B) ours or
pI

A = pII
A = pV

A = pV I
A = pIX

A = pX
A = pXV II

A = pXIX
A = pXXIII

A = 1;

pIII
B =pIV

B =pV II
B =pV III

B = pXI
B = pXII

B = pXV III
B = pXX

B = pXXIV
B =1;

pXIII , pXIV , pXV , pXV I , pXXI , pXXII , pXXV , pXXV I , pXXV II arbitrary.and the ase (D) ours.Now equilibrium distribution is uniquely de�ned only for those voters, whoare not indi�erent to the result obtained in ourse of eletions. Conditions,onerning sizes of populations of voters of di�erent supertypes, implying theexistene of a given kind of equilibrium depend now not only on the numbers



614 M. EKES
qs
i but also on the atual distribution of deisions at equilibrium. Therefore wehave:

(A′′)
qs
I + qs

II + qs
III + qs

IV + qs
XIII + qs

XIV + qs
XV II + qs

XV III + qs
XXV + qs

IXpIX
A +

+qs
XpX

A + qs
XIp

XI
A + qs

XIIp
XII
A + qs

XXIp
XXI
A + qs

XXIIp
XXII
A + qs

XXIIIp
XXIII
A +

+qs
XXIV pXXIV

A + qs
XXV IIp

XXV II
A >

qs
V + qs

V I + qs
V II + qs

V III + qs
XV + qs

XV I + qs
XIX + qs

XX + qs
XXV I+

+qs
IXpIX

B + qs
XpX

B + qs
XIp

XI
B + qs

XIIp
XII
B + qs

XXIp
XXI
B + qs

XXIIp
XXII
B +

+qs
XXIIIp

XXIII
B + qs

XXIV pXXIV
B + qs

XXV IIp
XXV II
B

(B′′)
qs
I + qs

III + qs
V + qs

V II + qs
IX + qs

XI + qs
XIII + qs

XV + qs
XXI + qs

XV IIp
XV II
B +

+qs
XV IIIp

XV III
B + qs

XIXpXIX
B + qs

XXpXX
B + qs

XXIIIp
XXIII
B + qs

XXIV pXXIV
B +

+qs
XXV pXXV

B + qs
XXV Ip

XXV I
B + qs

XXV IIp
XXV II
B >

qs
II + qs

IV + qs
V I + qs

V III + qs
X + qs

XII + qs
XIV + qs

XV I + qs
XXII+

+qs
XV IIp

XV II
A + qs

XV IIIp
XV III
A + qs

XIXpXIX
A + qs

XXpXX
A + qs

XXIIIp
XXIII
A

+qs
XXIV pXXIV

A + qs
XXV pXXV

A + qs
XXV IpA + qs

XXV IIp
XXV II
A

(D′′)
qs
I + qs

II + qs
V + qs

V I + qs
IX + qs

X + qs
XV II + qs

XIX + qs
XXIII + qs

XIIIp
XIII
A +

+qs
XIV pXIV

A + qs
XV pXV

A + qs
XV Ip

XV I
A + qs

XXIp
XXI
A + qs

XXIIp
XXII
A +

+qs
XXV pXXV

A + qs
XXV Ip

XXV I
A + qs

XXV IIp
XXV II
A =

= qs
III + qs

IV + qs
V II + qs

V III + qs
XI + qs

XII + qs
XV III + qs

XX + qs
XXIV +

+qs
XIIIp

XIII
B + qs

XIV pXIV
B + qs

XV pXV
B + qs

XV Ip
XV I
B + qs

XXIp
XXI
B +

+qs
XXIIp

XXII
B + qs

XXV pXXV
B + qs

XXV Ip
XXV I
B + qs

XXV IIp
XXV II
B .Similar situation appears in ase with abstention allowed. Now the ondi-tion for preferene-indi�erene relation to belong to some of previously de�nedsupertypes is that for eah triple of pairs (1,4,7); (2,5,8) and (3,6,9) a voterhas to be able to hose one most preferred pair. If this is so, then we an inludesuh type of voters in one of the already existing supertypes. The rest of pre-ferene orderings in this ase an be lassi�ed into new supertypes, analogouslyto the ase without abstention. There are 316 new supertypes, therefore in asewith abstention allowed we are able to redue 7, 087, 261 di�erent types to 343supertypes.6. Conluding remarksThe aggregation of types of voters into supertypes dereases signi�antly the sizeof the model onsidered. For a model with k alternatives without possibility



Supertypes of voters in a model of general eletions 615of abstention there are (k(k + 1))! di�erent strit preferene relations, whihwe an aggregate to kk+1 supertypes. In ase with abstention allowed there is
(

(k + 1)2
)

! di�erent strit preferene relation and (k + 1)
k+1 supertypes. Sinethe behaviour of voters of a given supertype at equilibrium is exatly the same,the equilibrium analysis of the redued model beomes more lear, although infat we take into onsideration all possible pro�les of preferenes existing in theeletorate.AknowledgementsI wish to thank the referees whose remarks led to important improvements inthe paper.ReferenesEkes, M. (1999) Models of eonomy with in�nitely many onsumers and pro-duers lassi�ed into a �nite number of types. Thesis (in Polish), WarsawShool of Eonomis.Ekes, M. (2003) General eletions modelled with in�nitely many voters. Con-trol and Cybernetis 32, 163-173.Wiezorek, A. (2004) Large games with only small players and �nite strategysets. Appliationes Mathematiae 31, 79-96.Wiszniewska-Matyszkiel, A. (2002) Disrete time dynami games with aontinuum of players I: deomposable games. International Game TheoryReview 4(3), 331-342.




