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Abstract: This paper contains a game-theoretic model describ-
ing the behaviour of investors at a stock exchange.

The model presented is developed to reflect the actual market
microstructure.

The players constitute a non-uniform continuum, differing, among
others, by the planning horizon, the external flow of money which
can be invested, formation of expectations about future prices, which,
briefly, divides the investors into five substantially different groups.

Prices are determined by orders and the equilibrating mechanism
of the stock exchange. The mechanism presented is the actual single-
price auction system used, in particular, at Warsaw Stock Exchange.
One of the main issues are self-verifying beliefs. Results of numerical
simulations of stock exchange based on the model are also included.

Keywords: stock exchange, multistage games, continuum of
players, Nash equilibrium, belief-distorted Nash equilibrium.

1. Introduction

The stock exchange, starting from a place where buyers and sellers could face
each other and even negotiate prices, evolved to a place, also in the virtual sense,
in which anonymous masses of investors buy or sell at prices dictated by the
equilibrating mechanism. During this process of evolution, as the anonymity
increased, various models predicting future prices were developed, such as, in
particular: fundamental analysis, technical analysis, various econometric models
and the Capital Asset Pricing Model.

In this paper the author tries to present a model of stock exchange reflecting
its actual microstructure. In such a model each single player has a negligible im-
pact on the aggregated values, such as the market demand and supply, and their
functions, including market price. Nevertheless, prices are determined by the
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equilibrating mechanism of the stock exchange using only players’ orders. Each
player has strategies depending on information about past prices and values of
other available variables filtered by the prognostic technique inherent to his type
of forming expectations. Such games, called games with distorted information,
were formally introduced by the author in Wiszniewska-Matyszkiel (2006a) and
developed in Wiszniewska-Matyszkiel (2006b) in the form more applicable for
modelling financial markets.

In order to make the model realistic, an actual market mechanism of a
real stock exchange was implemented — it is the single-price auction system
taken from Warsaw Stock Exchange (WSE), but similar mechanisms are used
at many stock exchanges. Actual formation of prices is, as in the real life, fully
deterministic: prices are determined by orders and the equilibrating mechanism
of the stock exchange.

The model considered in this paper continues the idea of modelling stock
exchange contained in Wiszniewska-Matyszkiel (2006c).

A continuum of players is used in order to model a "mature” stock exchange:
there are many agents, each of them insignificant. Each single player is conscious
that his order cannot affect prices and this approximately reflects real situations.
On the other hand, prices are the effect of agents’ orders.

Depending on sizes of types, even very abstract beliefs can become self-
verifying at least to some extent. The paper provides examples of such self-
verifying beliefs: some of fundamental nature, technical signals of changes of
trends and an absolutely abstract formation of a cat. This formation has not
existed by now and empirical data do not confirm it. It is explained in a quasi-
psychological way, which is frequently used by authors of textbooks on technical
analysis. Moreover, this formation, if it were popularized among investors,
would become self-verifying. This ”cat” is an example of self-verifying character
of some techniques of foreseeing future prices.

The paper starts by a short description of some models of price formation
(Subsection 1.2). The model is formulated in Section 2. We state some results
about equilibria in Section 3; those concerning threshold prices and weak domi-
nance in subgames with distorted information are in Subsection 3.2. In Section 4
we examine the issue of self-verification of various prognostic approaches. Some
of them are self-verifying when used by a strong group of players (but not the
whole population), e.g. players using fundamental analysis cause fast conver-
gence to a price close to the fundamental value of a share (Subsection 4.1),
while some others are self-falsifying (Subsection 4.2). The results of numerical
simulations are contained in Section 5.

1.1. Games with a continuum of players

Models with continuum of players were first introduced by Aumann (1964) and
Vind (1964) to model competitive markets. Before they had been introduced,
it was very difficult to model insignificance of each single player.
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Games with continuum of players were formally defined by Schmeidler (1973),
and afterwards the general theory of such games was extensively studied in,
among others, Mas-Colell (1984), Balder (1995), Wieczorek (2004 and 2005),
Wieczorek and Wiszniewska (1999) or Wiszniewska-Matyszkiel (2000b). Some
game theoretic models of markets with continuum of players are given in Ekes
(2003).

Dynamic games with continuum of players are quite new (some examples of
applications of such games are given in Karatzas, Shubik and Sudderth, 1994,
Wiszniewska-Matyszkiel, 2000a, 2001 and 2008b), and the general theory of such
games in Wiszniewska-Matyszkiel (2002a, 2002b and 2003b). An interesting
issue is the problem of convergence of parameters of equilibria in finitely-many-
players counterparts of a dynamic game with a continuum of players to the
parameters of equilibria in this game, considered, in particular, in Wiszniewska-
Matyszkiel (2005a and 2008a).

1.2. Some models of prices of shares

In this subsection we shortly present some models and techniques used for fore-
seeing future prices of shares.

1.2.1. Fundamental analysis

The fundamental analysis approach is based on calculation of the “actual” value
of a share, called its fundamental value. The most obvious definition is a dis-
counted value of the infinite series of expected future dividends. Given the
interest rate r and the sequence of expected at time t; dividends of com-
pany 1, {Ag}t:to,to-i-l,...? the fundamental value at time ¢y equals F;(tg) =

t—t
e, (%H) ’ At. However, at WSE most companies do not pay dividends.
In such a case the fundamental value of a share should reflect the fraction of
the value of the company corresponding to this share.

Investors using fundamental analysis assume that the price should be close
to the fundamental value and any distortion is caused by speculations and it
can prevail only in a short period — the prices on the stock exchange should
reflect the fundamental value.

1.2.2. Technical analysis

The basic assumption of technical analysis is opposite to that of fundamental
analysis: the prices move in trends. The real processes in the economy are
perceived as secondary to the behaviour of prices and volumes of shares in the
past. Technical analysts explain this counterintuitive assumption by saying that
prices of shares contain information of future state of the economy, even this
which is not explicitly known to the investors (e.g. Pring, 1998).

The explanations are based on various sociological, psychological and eco-
nomic terms, but in fact, technical analysis reduces to analysis of past prices
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and volumes. Formerly it was mainly analysis of charts, therefore its users are
called chartists.

Although it is usually disregarded by scientists, it is taught at many depart-
ments of economic sciences and it is now the most popular way of predicting
prices by private investors at WSE. Therefore it may really influence prices (as
it is described in the paper).

1.2.3. Probabilistic models

In this subsection we can describe various models with one common feature: all
of them treat prices of shares as a realization of a stochastic process.

Portfolio analysis and Capital Assets Pricing Model Portfolio analysis,
started by Markowitz (1952 and 1959), was first a normative theory of invest-
ment in risky assets. It reduced the problem to an analysis of the mean and
variance of the asset return.

It was converted into a description of the behaviour of investors by Lintner
(1965), Mossin (1966), Sharpe (1964) and Fama (e.g. 1970) and is known as
Capital Asset Pricing Model (CAPM).

The parameters of the model (mean and the covariance matrix, and, con-
sequently, the so called § coefficients) are estimated on the basis on empirical
data taken from the stock exchange.

According to this model, at equilibrium the price of an asset ¢ should be such
that the expected return fulfills the equation R; = r + f3; - (Rar — ), where R;
is the expected return of asset i, 3; its B-coefficient, r — the interest rate of the
risk free asset and Rjs the expected return from the market portfolio (usually
the stock exchange index).

This model is static, but after a slight modification it can be applied for
predicting prices at a stock exchange.

Econometric models This wide genre of models encompasses all prognostic
methods based on data analysis using various econometric techniques, starting
from the simplest — linear regression. In such models, we can consider depen-
dence on past prices and volumes, day of the week, or some external data.

1.2.4. No model

There are also investors who do not form expectations about prices. They ei-
ther choose a strategy from some simple investors manuals (e.g. constant sum,
constant relation or constant reaction), believing that they turn out to be fruit-
ful, or decide at random by opening the Bible or visiting a fortune teller. Both
kinds of players may turn out to be successful. However, the first type cannot
be nontrivially modelled by a game-theoretic model, since their strategies are
fixed and no optimization takes place. The latter type can be encompassed by
our model of stock exchange. Moreover, they can improve the operation of the
stock exchange.
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1.2.5. Previous models of stock exchange based on optimization of
independent agents

The model presented in this paper, as well as the earlier author’s papers on
financial markets — Wiszniewska-Matyszkiel (2003a and 2006¢), are not the first
models, considering a microeconomic approach to the behaviour of players. The
main issue in agent-based models was the influence of players’ expectations
about price behaviour on actual prices. There were the so called models of
artificial stock exchange, in which players tended to maximize their payoffs given
some expectations. One of them was the model and a computer simulation
program called Santa Fe Artificial Stock Market. In this models there is a
share with a stochastic dividend and a risk free asset. Players estimate the
expected value of future dividends. A market clearing condition was added.
Players adjust their expectations during the game. See, e.g., Arthur et al.
(1997), LeBaron (2001 and 2002) or LeBaron, Arthur and Palmer (1999) for
more details.

2. Formulation of the model

In this section we formulate the game theoretic model of a stock exchange.

A game & is defined by specifying the set of players, the sets of players’
strategies and the payoff functions.

Here we consider a dynamic game, therefore the strategy specifies choices of
decisions at every time instant during the game and the response of the whole
system to these decisions.

The first object to define is the set of players. We consider a model of a
mature stock exchange, i.e. such that a single player has a negligible impact
on prices — the set of players is the unit interval Q = [0, 1] with the Lebesgue
measure A.

In our model of stock exchange we consider n + 2 types of assets. Firstly,
there are shares of n companies sold at the stock exchange. Shares in our model
are not assumed to pay any dividends. Secondly, there is a risk free but not
fully liquid asset of positive interest rate r, for simplicity called bonds. And
finally, money, which is risk free and liquid but of interest rate 0. We assume
that all assets are infinitely divisible.

The game is dynamic, it starts at ¢y — initial time and terminates at +oo,
but each player has his own terminal time 7, < 4o0c0. We shall denote the
set of possible time instants {to,to + 1,...} by T, while the symbol T, denotes
{to,to+1,..., T, + 1} if T,, is finite, T otherwise.

The set of possible stock prices P is a discrete subset of R;\{0}.

There are some restrictions on prices — at time ¢ they should be in the interval
[(1—=h)-p(t—1),(1+h)- p(t—1)], where the constant 0 < h < 1 denotes the
maximal rate of variability.

Besides the money earned at the stock exchange, players can invest money
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from an external flow of capital (or be forced to withdraw some money). For a
player w it will be represented by a function M, : T — R.

Players have to pay a commission for any transaction, but they do not have
to pay additional commission for orders. For simplicity of calculations we shall
assume a constant commission rate C' < h. The same commission is also paid
for buying or selling bonds.

Portfolio of a player, denoted by z, is an n + 2-tuple with coordinates corre-
sponding to shares of n companies, bonds and money. Therefore, x € RTLQ.

At the beginning of the game player w is assigned an initial portfolio z“.

Players’ decisions at each time instant consist of: an order to sell S — a pair
(p%,q%) € P" xR, two orders to buy BM — a pair (pPM, ¢BM) € P* xR7? ("buy
for money”) and BB — a pair (pP8,¢BP) € P" x R" ("buy for bonds”), and the
part of value non invested in shares which is held in cash: e. In each case p
denotes the vector of price limits for all shares, ¢- — the vector of amounts. Price
limits (coordinates of p') are in P, amounts are nonnegative, and the ratio of
liquid money is e € [0,1].

Besides the general form of the orders we want to be able to illustrate the
fact that some players do not invest in some kind of companies, some players
never keep cash or that some players never buy bonds. Therefore the set of
decisions of a player w — D, — is a subset of the set

D = {(BM,BB,S,e) : BM,BB,S € P" x R} e € [0,1]}

These sets D, have the form D, = (P™ x I‘UJ)3 x E,, where I', C R} is a
product of real semilines starting from 0 and singletons {0}.

We also have to define the notion of physical admissibility of a decision,
depending on the portfolio. The symbol D, (z¥) C D, will denote the set of
decisions of player w available at his portfolio x*. It is defined by the constraints
S (A+C)-pPM L gBM < g%, (where 2%, denotes money; this reads as "a
player cannot pay more money than he possesses”), >_i (1 + C) - pPB . ¢BP <
(1—C)z%,, (where 2, denotes value of bonds) and ¢ < 2¢ (i.e. shortselling
is forbidden) for each sharei =1,...,n.

If # = {a¥} . represents a family of portfolios of the players, then any
measurable function ¢ : @ — D such that §(w) € D, (z*) for every w is called a
static profile available at . The set of all static profiles available at x will be
denoted by ¥(z), while 3 will denote the set of all static profiles.

A static profile together with the past price determines the market price as

explained below.

Aggregated demand, aggregated supply and the market mechanism
Let us consider the market for shares of company ¢ at a fixed time instant ¢ and
players’ porfolios x. Given a static profile available at =

{("M (), "M (), TP (W), ¢ (W), P° (W), (W), e(w)) } gy
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the market supply of share i AS; : P — R is equal to

AS’L(p'L) = /Q qg(w)lpf(w)gpid)\(w)v

while the market demand for share i AD; : P — R, is equal to

ADi(pi)=/quBM(w)'1p?M<w>2pi+quB(w)'1p?B<w>2pid)\(w)=

where 1.ondition 18 equal to 1 when the condition is fulfilled and 0 otherwise.

In order to calculate the market price of share i, the market mechanism
considered in the paper first returns the price maximizing a lexicographic order
of criteria, starting from the most important one:

1. mazimizing volume i.e. the function min(AD;(p;), AS;(pi));

2. minimizing disequilibrium i.e. the function |AD;(p;) — ASi(p:)|;

3. minimizing the number of shares in selling orders with price limit less
then the market price and buying orders with price limits higher than the
market price;

4. minimizing the absolute value of the difference between the calculated price
and the reference price i.e. |p; — p;(t — 1)].

The result is projected on the set [(1—h)-p(t—1),(1+h) -p(t—1)]NP and

it constitutes the market price p;(t).

A similar procedure is used at WSE (see Regulations of WSE, 2001). Dif-
ferences are caused by obvious mistakes and inconsistencies of the regulations of
WSE. The problem of these imperfections was studied in Wiszniewska-Matyszkiel
(2005).

Evolution of portfolios, strategies and dynamic profiles The portfolio
of player w at time ¢ is denoted by X (t). If player w chooses at time ¢ a decision
(BM, BB, S,¢) € D, (X“(t)) and the price at time ¢ is p(t), then:

XP(t+1) = X2 + 0™ Lpasp iy + 477 1ppssp, ) = 47 Lps<p,

fort >ty, i=1,...,n,
" " ~1+C
Xzl + 1) = (040 (X0 - X 1g @  i) Lyposyo+
i=1
1—e w =
+1—|——C : <X’n,+2(t) - Z ((1 +0) - g™ -pi(t) - Lymatsp, )t
i=1

SA=0 a0 L) ).

Xyt +1) =My (t+1)+ (X;:H(t) - Z ((1 +C)-gPM - pit) - 1,pasp, )+
i=1

—(1=0)-¢7 - pilt) - 1pf§pi(t)>) He
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A strategy of player w is a function defining choices of decisions at all time
instants — it is a function A, : T — D, with A, (¢t) € D,(X“(t)), where X¢
denotes the trajectory of portfolio of player w, which is defined by the above
evolution equation with the initial condition X“(ty) = Z%. The set of strategies
of player w will be denoted by &.

If for a choice of players’ strategies A = {A,} g for every ¢, the function
w +— A, (t) is measurable, then A is called a dynamic profile. The trajectory
corresponding to A will be denoted by X and the sequence of market prices
p?. The set of all dynamic profiles will be denoted by X.

Players’ payoffs and expected payoffs If T, is finite, then the payoff of a
player, given his strategies and a sequence of market prices along the profile is
defined in the obvious way as the present value of the portfolio at time T, + 1,

V(T(‘firl)’ﬁwffijl)), where V : T, x Rﬁ“ — R denotes any function representing

the value of the portfolio. Here we consider V (t,2) = Tpi1 + Tniro+ Y iy pi(t)-
Zj.

Elementary calculations show that the payoff can be equivalently expressed
as ZtT:“tO V(Hl’XW(t(ﬁfr)):ﬂffg'v(t’xw(t)), since subtracting a constant does not
change choices of players. This definition of payoff can be obviously extended
to T,, = +oo if the sum is well defined — it can attain infinite values.

Formally, the payoff function of player w II,, : ¥ — R is defined by

i V(t+1, (X2) (t+1) = (1+7) -V, (X2) (1)

Hw(A) = (1 + T)tJrl,tO

t=to

for V(t,2) = Tpy1 + Tnao + Yooy pi(t) - @i
This ends the definition of our “actual” game &.

As in the context of more general games with distorted information, defined
in Wiszniewska-Matyszkiel (2006a and b), we can also define the expected payoff
of player w at time ¢ given his belief correspondence based on his observation
of the history of the game. It represents the supremum over future decisions of
player w of his payoff assuming the belief correspondence — the player assumes
that in future he is going to behave optimally and considers his guaranteed
payoff — the payoff corresponding to the worst future history of the system in
his belief correspondence. In this paper, in order to avoid complicated notation,
we shall incorporate the belief correspondence into the expected payoff function
and it will not be stated explicitly.

While analyzing decision making processes of stock exchange investors we
have to take into account what information they can use during the decision
process. This information is used to estimate the behaviour of future prices of
underlying assets, and, consequently, players’ expected payoffs.

In order to build a model, we have to formalize all descriptions of formation
of expectations. When this issue is concerned, we shall consider five general
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types of players: fundamental, technical, econometric, portfolio and stochastic,
and the first letter will be used as a type index k. The symbol k(w) denotes the
type of formation of expectations of player w.

We shall define the expected utility function of players of type k U* : I), x
P x DD — R, where I is a specific form of processed information used by type k.
The form of this function depends on type since the form and interpretation of
information changes. The information used by type k during the game consti-
tutes a function I, : ¥ x T —Ij such that I(A,t) is independent of A.(s) for
s > t. The specific form of information, general constraints on the strategy sets
and expected payoff functions for five types of formation of expectations are as
follow:

1. Fundamental players. Their information is a vector of fundamental values
of n shares — f € R, which is not based on market prices of shares. They are
the kind of players waiting for results in a long time horizon, therefore they
do not keep liquid money — they invest only in bonds and shares i.e. e =0 (a
constraint on their available decisions’ set). Their expected payoff is defined by

U’ (f7p7 (BM,BB,S,@)) = Z ((fl —Di (1 + C)2> 'quB ’ 1PEBZP1'+

i=1,...,n
+(fi _pi)'quM'lpiBMZm - (fi_pi - _0)2) 'qf'lpisﬁm)'

The first part corresponds to buying-for-bonds order, therefore the commis-
sion is paid twice, the second is buying-for-money, therefore no commission is
subtracted — otherwise fundamental players will also have to pay it in order to
buy bonds, in the selling order the commission is paid twice again since funda-
mental players will have to buy bonds for money: in this case for each share we
get profit (compared to the fundamental value) p; — C - p; — C ((1 — C)p;) — fi

which equals — ( fi—-pi-(1— C)2>. This explains the general rule of defining

payoffs — the expected payoff of each order is the difference between this order
and "doing nothing” with interpretation specific to this type.
We define the remaining payoffs in a similar manner.

2. Technical players. They use some techniques of technical analysis, based
on past prices and volumes. Their information in our model will be represented
as the vector Ap € R" of expected changes of price (of n shares) of minimal
absolute value. Technical players look for short period trends, therefore in our
model they do not invest in bonds (they want to have liquid money to react at
once since selling bonds is costly), which is represented by e = 1:

U' (Ap,p,(BM,BB, S, e)) =

= Z (pi(t—1)+Ap; —pi - (14+C)) - (QZBM “Lypmsy, +qPP - 1p?32p¢) +

i=1,...,n

— (it =)+ Api—pi-(1-0C)) - ¢ - 1s<p,
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3. Econometric players. We do not assume that a considerable portion of
stock exchange investors have economic or mathematical education sufficient to
build an econometric model. This type of players use an existing programme
based on some econometric model, and they do not reestimate it during the
game. The programme predicts prices P(t + j) for 7 periods with a declared
accuracy w. Econometric players in this model treat w as a number that has
to be subtracted from the estimated future price when they consider a buying
order and added to the estimated price when they consider a selling order. Their
information is a vector of maximal discounted prices for the prognosis period
T I(Jl(ij)ﬂ) Like fundamental players, they do not keep liquid
money — they invest only in bonds and shares: e = 0:

U* (p,p, (BM, BB, S, ¢)) =
- ) Z ((ﬁi_w_pi'(l_FO)Q) .q’L'BB']-p.?BZpi_'_

Ppi = mMaXj=1,.

N N 2
+(pi_w_pi)'quM'1piBM2pi_ (pi+w_pi.(1_0))'qis'lpfﬁpi)'

4. Portfolio players. They know models of portfolio analysis, including
CAPM and they try to use it to predict prices. The problem is that in CAPM
the distribution of future price is known, especially the expected return R;.
In our model players know the variance of returns as well 3-coefficients for all
shares, and consequently, the vector of expected returns according to CAPM,
denoted by p. At each stage of the game they calculate the average return for
the last | periods R; for each share (which constitute their information R) and
compare it with p;. Like fundamental and econometric players they do not keep
liquid money — they invest only in bonds and shares: e = 0:

U? (R,p,(BM, BB, S,¢)) =

= Z (((1+Ri)2pi(t_1)_pi'(1+C)2_pipi>'QiBB'lpIBBZpi‘f'

i=1,...,n
= \2
+ ((1 +R;) pi(t—1)—p; — PiPi) M 1pms), +
= \2

5. Stochastic players. In our model it will be a type describing all kinds of
fortune-teller clients. Stochastic players obtain only clear signals: +1, —1 or
0, denoting buying signal, selling signal, and no signal, correspondingly, which
are realizations of some random variables. These random variables in common
constitute a Young measure (see, e.g., Valadier 1990), which implies that the
set of players obtaining the same signal at each time instant is measurable.

We do not assume that the signals observed by various stochastic players
are independent. We only assume that the measures of sets of players obtain-
ing buying and selling signals are positive with probability 1 and with high
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probability detached from 0 and that signals obtained in different time instants
are independent. Their information is the signal s they obtained. Like tech-
nical players, they do not invest in bonds: e = 1. For simplicity, each type of
stochastic players will invest in only one company:

U*® (s,p, (BM,BB, S, e)) = | > pit=1)-(1+2-h-s)—pi-(1+C))-

’ (quM ’ IP?MZPi + quB ’ lpiBBZPi) +
— (it =1)-(14+2-h-5)=p;i-(1=C))-¢7 - 15,
For a profile A we introduce the symbol &2 for the game with the same set of
players, players strategy sets D, ((X)” (¢)), and payoff functions IL,(p,d) =

UR) (I (A, t), p, d). This game is called subgame with distorted information
of our game &.

3. Results

Here we present two concepts of equilibria with applications to our model.

3.1. Nash equilibria and belief-distorted Nash equilibria
The basic concept of game theory is Nash equilibrium.

DEFINITION 1 A profile A is a Nash equilibrium if for a.e. w € S, for every
profile A such that A(v) = A(v) for v # w we have I1,(A) > TI,(A).

However, all Nash equilibria in our game are not very interesting and they
are far from reality — at a Nash equilibrium the stock exchange cannot operate.

THEOREM 1 Consider a game in which players have identical available strategy
sets and T,,. If C > 0 and the mazimal payoff that can be attained by players
during the game is finite, then

a) at every Nash equilibrium for i € {1,...,n} and every t € T the volume
s 0.
b) If, moreover,
esssup  pPM(w,t),  essinf  pP(w,t) and esssup  pPB(w,t)
wEQ,qIBM(w,t)>O w€(2,qf(w,t)>0 wEQ,q?B(w,t)>0

are in the interval [(1 — h) - p;(t — 1), (1 + h) - p;(t — 1)] then

esssup  pPM(w,t) < essinf  pP(w,t) and
weN,gBM (w,t)>0 weN,qf (w,t)>0

esssup  pPB(w,t) < essinf  pP(w,t).
weN,gBB (w,t)>0 wEN,qF (w,t)>0
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Proof. a) Cousider a Nash equilibrium profile with a trajectory of prices p.

Let us assume that at time ¢ player w sells a positive amount ¢; (w,t) (i.e.
he has p?(w,t) < pi(t)) while player v buys ¢?M(v,t) > 0 for money (i.e. he
has pPM (1, 1) > p (1)).

First, let us show that at equilibrium it is impossible that a player (outside
a set of measure 0) both buys and sells shares of 7 at the same time instant, i.e.
that such a situation is impossible for v = w.

Let us assume the converse and let us denote by ¢ the minimum of ¢®M (w, t)
and ¢7(w,t). If player w decreases both ¢ (w,t) and ¢7(w,t) by g, then he
increases his instantaneous payoff at time ¢ by §-(1+C)-p;(t)—q-(1—-C)-p;(t) =
2-C - p;(t) > 0 without changing his portfolio. At equilibrium the set of players
who do not maximize their payoffs is of measure 0.

Now let w and v be two different players. We shall consider a change of
strategy of player w such that instead of selling share i at time ¢, he repeats the
part of strategy of player v resulting from buying it, multiplied by a coefficient

S
_ 2 (w,t .
q = ‘f,fh({ ) . In order to make more precise what we mean, we “label” the
q; (Vvt) ?

money obtained from selling these shares by player v, bonds or shares bought
for this money and so on, recursively. The same procedure applies to orders.
This labelling does not have to be unique, but it exists. The part of payoff of
player v resulting from the labelled transactions discounted for ¢y, V,, has to
fulfill vV, > %, since otherwise it is better for player v not to buy
share 7 but to stay with money (if it is available in the strategy set) or buy
bonds instead.

Now let us explain what we mean by "repeating the labelled part of strategy”
of player v by player w. Let us consider the orders for any share j. At time ¢
we change only ¢ (w,t) to 0.

For any time s > ¢ for which p§(v,s) > p;(s), pPM(v,s) < p;(s) or
pPP(v,s) < pj(s) we do not change the corresponding orders for share j.

Otherwise, we have the following situations.

1. The price limit in the selling order fulfils p? (v, s) < p;(s). Let ¢’ denote
the labelled part of ¢ (v, s).
If p§(w,s) < pj(s), then we change only qjs( ,8) to ¢f(w,s) + ¢ - q.
Otherwise, we change p§ (w, ) to p;(s) and q] Z(w,8) to q - q.

2. The price limit in the BM order fulfils pP*(v,s) > p;(s). Let ¢’ denote
the labelled part of ¢P (v, s).

If pr(w, s) > p;(s), then we change only BM(

w,s) to ¢gPM(w,s)+q -q.
Otherwise, we change pP (w, s) to p;(s) and ¢PM(w, s) to ¢ - q.

3. The price limit fulfils pr(u, s) > p;(s). Let ¢’ denote the labelled part of
(v, 5).
If pPP(w, s) > p;(s), then we change only ¢P”(w,s) to ¢PP(w,s) + ¢ - q.
Otherwise, we change pP”(w, s) to p;(s) and ¢PP(w,s) to ¢’ - q.
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The payoff of player w increases by V,, - ¢ but decreases by the payoff cor-
responding to the part of strategy resulting from selling share ¢ at time ¢ dis-
counted for tg, V,, - (1 — C), which we define analogously, by labelling the part
of strategy of player w resulting from the money obtained for share i. Now we
assume that player v, instead of buying share ¢ for money at time ¢ repeats
the labelled transactions of player w, multiplied by %, analogously to the form
we have defined for player w. By this he increases his payoff by % (without
multiplying by (1 — C) since he does not have to pay commission for not selling
i) but decreases it by V,,. At equilibrium, the set of players that can improve
their payoffs by changing their decision is of measure 0, therefore for a.e. such
w and v, we have both V, - g —V, - (1 —C) < 0 and %—VV < 0, which is
impossible for C' € (0,1) and V,,>0.

For ¢P?B(w,t) > 0, the reasoning is analogous.

b) Assume the first inequality does not hold. Then the set of prices at which
the volume is positive is nonempty, therefore the market mechanism returns a
price from this interval, which contradicts a). For the second inequality the
reasoning is analogous. L]

Since Nash equilibrium seems unrealistic in the context of a stock exchange,
we introduce, as in Wiszniewska-Matyszkiel (2006a and b), another concept of
equilibrium, taking the distorted information structure into account.

DEFINITION 2 A profile A is a belief-distorted Nash equilibrium if for every
teT, ae. weQ and everyd € D, ((X2)* () we have

Uk(w) (Ik(w)(Avt)apA(t)a Ay (t)) > Uk(w) (Ik(w) (Aa t)va (t)v d) :

Note that for a belief-distorted Nash equilibrium A, all static profiles A.(t)
are Nash equilibria in 2, correspondingly.

THEOREM 2 If C' > 0 and a.e. player w is of the same type of formation of
expectations, then at every belief-distorted Nash equilibrium for every t volume
15 0.

If, moreover, esssup,eq g2 (uw,4)>0 pBM(w, ), essinf,co 5 (w,0)>0 p? (w,t) and
esssupweﬂ)qgss(w’t»opZBB(w,t) are in the interval [(1 — h) - p;(t — 1), (1 + h) -
pi(t—1)] then esssupweﬂﬁquM(w)tbopr(w, t) < essinfweﬂqis(%tbo pis(w, t) and
€SSSUD 0 g (w,1)>0 pPB(w,t) < essinfweﬂﬁqis (w,£)>0 pf(w, t).

Proof. After substituting the specific form of the expected utility function for
every type of formation of expectations it becomes an easy calculation. [

In Wiszniewska-Matyszkiel (2006a and b) theorems were formulated estab-
lishing equivalence between Nash equilibria and belief-distorted Nash equilibria
along the perfect foresight path. In this paper a similar result can be proven.
However, it requires an explicit formulation of the belief correspondence, omit-
ted here for concision.
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3.2. Threshold prices and weak dominance

We start our investigation of the model by defining a minimal price for a selling
order at which we do not lose and minimal possibly profitable price in selling
—_ :k
order — pSi—C (I) and pS; (I), given information I € I¥; while for buying orders —
the maximal price at which we do not lose and maximal possibly profitable price,
[ :k —_—
respectively — pBMi—C (I) and pBM, (I) for "buying for money” and pBBf(I) and
:k
pBB; (I) for "buying for bonds”.
—k
DEFINITION 3 a) A price pS; (I) is the weak threshold price for selling order
for players of type k at information I € I¥ if it is the mazimal price such that
_ —k
for every strategy 0 with p? = pS, (I) and g7 positive, and a strategy & differing
_ —k _
from & only by p? and with p; < pS, (I) we have U* (I,p,8) > U* (I,p,d) for
some p € P and U* (I,p,8) > U* (I, p,6) for all p € P".

A price p_SiC (I) is the threshold price for selling order for players of type k
at information I € I¥ if it is the mazimal price such that for every strategy &
with py = p_SiC (I) and g7 positive, and a strategy § differing from & only by p?
and with p? < Ef([) we have U* (I,p,8) > U (I,p,6) for all p € P".

:k
b) A price pBM, (I) is the weak threshold price for buying for money order
for players of type k at information I € I¥ if it is the minimal price such that
_ —k
for every strategy & with pP™ = pBM, (I) and ¢P™ positive, and a strategy J
— :k —
differing from & only by pPM and with pPM > pBM, (I) we have U* (I,p,0) >
U¥(I,p,d) for some p € P* and U* (I,p,é) > Uk (I,p,6) for all p € P™.

A price pBMi»C (I) is the threshold price for buying for money order for players
of type k at information I € I¥ if it is the minimal price such that for every
strategy 0 with pPM = pBMf(I) and ¢PM positive, and a strategy & differing
from & only by pPM and with pPM > pBMf(I) we have U* (I,p,8) > U* (1,p,6)
for all p € P™.

:k
¢) A price pBB, (I) is the weak threshold price for buying for bonds order
for players of type k at information I € I¥ if it is the minimal price such that for
_ —k
every strategy & with pPB = pBB, (I) and ¢PP positive, and a strategy § differing
— :k —
from 6 only by pP? and with pP® > pBB, (I) we have U* (I,p,0) > U* (I,p, )
for some p € P and U* (I,p,é) > Uk (I,p,68) for all p € P™.

A price pBBi»C (I) is the threshold price for buying for bonds order for players
of type k at information I € I¥ if it is the minimal price such that for every
strategy 0 with pPP = pBBi—C (I) and gPP positive, and a strategy § differing from
5 only by pPP and with pP? > pBBf(I) we have U* (I,p,8) > U*(1,p,6) for
all p € P™.
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In most cases, threshold and weak threshold prices corresponding to the
same order are identical, otherwise they are subsequent. The interpretation is

as follows: while p_SiC (I) is the lowest price in the selling order at which we will

—k
surely (with respect to our information) not lose, pS; (I) is the lowest price in
the selling order at which we will surely not lose and if the market price is at

least equal to p_Sf(I ), then we have positive profit from this order. For buying
orders it is analogous to "lowest” replaced by “highest” and "at least” by ”at
most”.

Now, we shall calculate the threshold prices for all types of players, given
their information.

In order to simplify the notation, we shall introduce the following symbols:
if a is a nonnegative real then succ(a) = min,ep p>a p, pred(a) = maxpep p<a P,
next(a) = min,ep p>q p and prev(a) = maxyep p<a p-

ProprosiTION 1 Threshold prices given information of the form corresponding
to the types are as follows:

a) For fundamental players
< AN fi v (f)— Bl () fi
pS! (fi)=suce (gl ) BB (fi) =pred (fi), pBB! (fi)=pred (s )
b) For technical players
—t _ 5, :
pSz (Siv Apzapl) = succ (p(lltACp)l) )

SBM' 0) it — 5. )
pBM, (si, Ap;, pi) = pBB;(si, Ap;, pi) = pred (p(zltrAcz;l) '

¢) For stochastic players

p_sf(svl_)’t) = succ (%) )

PBM; (s, p:) = PBB; (s, pi) = pred (%) _

d) For econometric players

pS; (i) =suce (247 ), DBM; () =pred (pi—w) , BBB; (5i) =pred (s )

e) For portfolio players

P, 5 14+R:) pi(t—1)
pS; (Ri, pi(t — 1)) = succ (%) ;

L
PBM (R, pi(t — 1)) = pred (%) |

— =T = 1+R1 2 l(t—l)
pBBY (R;, pi(t — 1)) = pred (%) )

The formulae for weak threshold prices are analogous with pred replaced by
prev and succ replaced by next.
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Proof. We shall state the proof for fundamental players. For the remaining
types of players it is analogous.
First, let us consider the part of expected payoff corresponding to the selling

order for the i-th share — (fl- —pi-(1— 0)2) -7 - 1,5, for positive ¢ . It
increases with p; for p; < p; and is 0 for p7 > p;. If we restrict our attention

to comparing decisions differing only by the price in this order, the remaining
parts of the expected payoff do not change.

This part is nonnegative if — (fl —pi-(1— 0)2) >0, ie p; > The

(1- C )2
lowest price at which it is satisfied is succ ((1_f—c)2) Let us take a decision d
with p? = succ ((1_70—10)2) and d differing from d only by p; < succ ((1_70—10)2) If
the actual price p; > succ ((1_70—10)2), then both orders will be admissible and for
the decision d the corresponding part of the expected payoff will be nonnegative,
while for d it will be negative. If the actual price p; < succ ((kf—c)2>’ then the

corresponding part of the expected payoff for d will be 0, while for d it will be
nonpositive.

Therefore the threshold price in selling order is Elf (fi) = succ ((1_f—6)2)

To get nonnegativity of the corresponding part of the expected payoff for
BM order we take f; — p; > 0, therefore the price limit will be pred (f;).

For BB order, analogously, we get pred ((Hf—lc)z) [

The notion of threshold price implies the following weak dominance results.

PROPOSITION 2 Assume that at time instant t for a past realization of a profile
A player w of type k has portfolio x with nonzero x¥ and his information is
Ielx.

_ —k
o) IFSE1) = 75, (1) € [(1= 1) pult = 1,(1 % A)-pu(¢ = D). then ey
strategy such that p? # Eiﬂ (I) or ¢ < 2% is weakly dominated in &2.
_ —k
b) prSf(I) #pS; (I) € [(1—h)-pi(t—1), (1+h)-p;(t—1)], then every strategy
—_— :k
such that py ¢ {pS]-C(I),pSi (I)} or @7 < x¥ is weakly dominated in &5. The

payoﬁs for strategies differing only by p? in which p? is equal to pS (I) and

pS (I), respectively, are identical.

c) If Ef(]) < (1 — h) - pi(t — 1), then every strategy such that p? >
suce (1 —h) - pi(t — 1)) or ¢ < 2% is weakly dominated in &2,

Proof. a) As we did while calculating the threshold prices, we compare strategies
in &2 differing only by the price and the amount in the selling order for share
i and the corresponding part of the payoff function. In all cases the payoff is
constructed such that this part may be considered separately. Note that for a
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strategy d with p¥ = Ef (I) and ¢ > 0 it is always nonnegative, while for any
market price higher than p_SiC (I) = p_SiC (I) it is strictly positive.

For a strategy d differing only by p7 with p > p_Sf(I ) at the market price
lower than p? the order will not be executed, therefore this part of the payoff
will be 0 (less than for d), while at the market price higher than p? payoffs for
d and d will be identical.

For a strategy d differing only by pf with pis < p_Sf(I ) at the market price
greater or equal to p?, the corresponding part of the payoff will be negative,
while for d it is nonnegative. At the market price less than p? the corresponding
part of the payoff for both strategies will be 0.

This completes the proof that not saying the threshold price in selling order
is weakly dominated.

_ . -k

Now, we compare d with a strategy d such that pf =pS, () and qf < zy.
The coefficient at 7 is always nonnegative and at some prices positive, therefore
the maximum is obtained at the constraint ¢ = z%.

b) Analogously to a) with the same dominant strategy.

c) An analogous reasoning holds for the threshold price below the lower
variability limit. It is the result of the fact that the market price must be at
least (1 —h) - p;(t —1). m

The analogous fact for buying orders does not hold. One of the reasons is
that money or bonds can be used for buying all kinds of shares. Even if we
assume that a player invests only in shares of one company or its money and
bonds are "labelled” in the sense that the fraction of them that can be invested
in shares of each company is previously defined, such a fact will not hold. The
reason is the constraint: by saying a lower price players can buy more shares,
if the market price happens to be less or equal to the price limit. However, we
have to remember the fact that our order can be not executable and we shall get
nothing for this order. So we have to compare two opposite effects: a moderate
increase of the payoff by increasing the amount and a considerable increase of
risk of losing a sure profit. The profit from telling a lower price grows with the
difference, and it is the highest, when we say the lower variability limit while
our threshold price is equal to the upper variability limit. The threshold price
is equal to the upper limit of variability when we expect a considerable growth
of prices. In such a situation telling the least possible price is a nonsense, and
rational investors at a stock exchange surely do not behave this way. Therefore,
from now on, we add this assumption to the description of players’ strategies.

DEFINITION 4 We say that the set of available strategies of player w is con-
strained with respect to information I if player w considers only strategies re-

stricted by the condition pP™M > pBMk(w)(I) and pBB > pBBf(w)(I).

i i
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PROPOSITION 3 Assume that a time instant t given the past realization of a
profile A player w of type k has information I € I,

a) Consider w such that x5 > 0.

(i) If BN (I) = DB, (1) € [(1—h)-pi(t —1), (1+h)-pi(t—1)] and i is the
only share considered by w such that pB—Mf(I) > (1—h)-pi(t—1), then each
strategy of w with pPM pB—MiC (I) or ¢PM < % is weakly dominated in

B2 with the set of strategies of w constrained with respect to 1.

) k

(i) If pBM; (I) # pBM; (1) € [(1 = h) - pi(t — 1), (1 + ) - pi(t — 1)] and i
is the only share considered by w such that pBM?(I) > (1—h)-p(t—1), then

I —k
each strategy of w with pPM ¢ {pBMf(I),pBMi (I)} or ¢PM < 2

PPy
weakly dominated in &2 with the set of strategies of w constrained with respect
to I. The payoffs for strategies differing only by pPM in which pPM is equal to
pB—Mf(I) and pB:Mf(I), respectively, are identical.

(i3) If pB—Mf(I) > (L4 h)-pi(t —1) and i is the only share considered
by w such that pB—Mf(I) > (1 —h)-pj(t — 1), then each strategy of w with
BM

pBM < pred (1 +h)-pi(t —1)) or ¢?M < % is weakly dominated in

B2 with the set of strategies of w constrained with respect to 1.

b) Consider w such that x% ,, > 0.

(i) 1 PBBL (1) = BBB, (1) € [(1~ ) pilt — 1), (1 4 h) - pu(t — 1] and it is
the only share considered by w such that pB—Bf(I) > (1—h)-pj(t—1), then each
strategy of w with pPP #£ pB—Bf(I) or ¢PP < i;fgiffg)l
QﬁtA with the set of strategies of w constrained with respect to I.

(i6) I DBBL (1) # PBB, (1) € [(1— ) - pilt — 1), (1 + h) - pi(t — 1)] and it

is the only share considered by w such that pBB]-C(I) > (1—h)-pj(t—1), then

j
b ——k OV .
each strategy of w with pPP ¢ {pBBf(I),pBBi (I)} or ¢PP < (171@3,36271_:5)1 is

1s weakly dominated in

weakly dominated in &2 with the set of strategies of w constrained with respect
to I. The payoffs for strategies differing only by pPB in which pPB is equal to
- —k

pBBZC (I) and pBB, (I), respectively, are identical.

(i1) If pBBf(I) > (14 h)-pi(t —1) and it is the only share considered
by w such that pBB;C(I) > (1 —h)-p;i(t — 1), then each strategy of w with
BB BB (1-0)zy,
Di < pred ((1 + h) pz(t — 1)) or g; < ;D?Tl-l—cf)l
B2 with the set of strategies of w constrained with respect to I.

is weakly dominated in

Proof. Analogous to the proof of Proposition 2. n
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PROPOSITION 4 Assume that at time instant t given the past realization of a
profile A, player w of type k investing only in share i and having constant e has
information I. If player’s w portfolio x* has positive x| and o, the thresh-
L ——k L —k
old prices pBM, (I) = pBM; (I) and pBB; (I) = pBB, (I) are greater or equal
-k =k
to the lower limit of variability and pS; (I) = pS, (I) is less or equal to the up-

per limit of variability, then the strategy of w ((pBMf(I), %), (pBBiC (1),
(1_C)WZ+1

PP (14C)
of w constrained with respect to I.

), (Ef([), ¥, e) is weakly dominant in &2 with the set of strategies

Proof. Like a proof of Proposition 2.

4. Implications for prediction

From now on we shall assume that players use only strategies consistent with
their information. We shall answer the question, what may happen if a strong
(i.e. large and having a considerable portion of assets) group of players uses the
same prognostic technique and they obtain the same information.

We assume that there is at least a small group of stochastic players. The
reason is that in the case when all players have identical prognostic technique,
the stock exchange cannot work — we need at least a small fraction of players
having expectations to some extent opposite to that of the majority.

4.1. Self-verifying beliefs

It is obvious from this model, but also from the real life, that beliefs can influence
prices. In this context, the most interesting thing to consider is the question,
whether and to what extent the ways of predicting prices can force the prices to
behave according to the beliefs — we have to match the abstract “information”
the players obtain with their interpretation of future prices.

4.1.1. Fundamental analysis
The simplest example of self-verifying beliefs is fundamental analysis.
We shall consider a game starting at time ¢y with a vector of reference prices
p(to — 1). Assume that there is a strong group of fundamental players with
identical {F;(t)} investing only in 4, and assume that there is also a small group
of stochastic players investing in ¢, possessing ¢ as well as bonds or money. Con-
sider any time instant ¢ such that reaching the fundamental value is theoretically
possible.

First, we have to define what we understand by a strong group of players in
B2 — a group that can dominate the market.
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DEFINITION 5 We call a set of players Q C ) strong in &2
a) in share i (fori=1,...,n) if

Ja=h)pi(t = 1) XE)dA (W) = Joq X311 (1) - (1 = C) + X375 (t)dA(w);
b) in bonds if
Jo X2 () - (1= C)aNw) = 3oy Jo\g(L+h) - pilt — 1) - X (D)dA(w);
¢) in money if
Jo X2 (WdAw) 2 30 fo\q(1+h) - pi(t — 1) - X (H)dA(w);
d) in risk free assets if
Jo X (1) - (1=C) + X35 (HdMw) = 300 Jorg(L+h) - pi(t—1) - X2 (H)dA(w).

PROPOSITION 5 Let Q be a set of fundamental players with identical F;(t) and
let A be a belief distorted Nash equilibrium.
a) If Q is strong in i in &5, then p;(t) will not exceed

max(pS, (F(), (1= h) - pit — 1)),

b) If Q is strong in money in &2, then p;(t) will not be less than

min(PBM, (F3 (1)), (1+ h) - pi(t — 1))

’

¢) If Q is strong in bonds in &2, then p;(t) will not be less than

min(pBB, (Fi(t), (1+ ) - pi(t — 1))).

Proof. a) The probability that a set of stochastic players owning shares 4 of pos-
itive measure will get a selling signal and the probability that a set of stochastic
players of positive measure owning money or bonds will get a buying signal are
equal 1. Let us note that the threshold and weak threshold selling price for
stochastic players getting selling signal is below (1 — h) - p;(t — 1). Therefore we
shall have some selling orders with the price limit greater or equal to the lower
limit of variability as well as some buying orders with the price limit greater or
equal to the upper limit of variability.

On the other hand, since fundamental players do not choose dominated
strategies, they have only selling orders with qis = X(t), and threshold or
weak threshold prices as price limits.

Therefore, since fundamental players are strong in shares, at each price

:.f
greater or equal to Ps; (F;(t)), volume is equal to demand, which is nonin-
creasing.
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~ =f
Assume that the price of ¢ at time t is equal to p; > Ps,; (F;(¢)). This

would imply the demand function is constant on the interval [P:sZ (F;(t)),pi], as
well as disequilibrium. Now let us check criterion 3. In our case we want to
minimize the number of shares in selling order with price limit greater than the

- . = .
market price. The minimum cannot be attained at p;, but in Ps; (F;(t)), which
contradicts our assumption.

b) and c) are proven analogously. First we assume that a lower price was
chosen. In this case volume is equal to supply. Thus, it is constant at the
corresponding interval, as well as disequilibrium, but then criterion 3 is not
satisfied. n

Thus, we get fast convergence to quite a narrow interval of prices.

4.1.2. Technical analysis

Similar self-verification results can be proven for technical analysis. Neverthe-
less, they cannot be treated as a proof of validity of technical analysis as a
cognition device.

Formation of cat In order to show how technical analysis can make the prices
behave as it predicts we shall show an abstract formation, previously defined in
Wiszniewska-Matyszkiel (2006¢), and consider the results of its popularization
among investors. This formation has not existed in technical analysis and is not
reflected by data. It will be formulated as in textbooks on technical analysis
and “explained” by a similar quasi-sociological explanation (see, e.g., Pring 1998)
and it will turn out to be approximately self-verifying.

Formation of Cat starts by a moderate increase of prices of shares (back of
the neck), then prices rapidly grow, and afterwards fall (left ear), then there
is a flat summit (crown of the head) and the third summit, similar to the first
one (right ear), ending by a moderate fall of prices (forehead) starting from the
base of the right ear and lasting at least as long as the right ear. Volumes at
the crown of the head are always low.

If the volume at the top of the right ear is less than at the top of the left
ear, then the cat is looking down, if the converse holds, the cat is looking up.
Since cats are contrary animals, cats looking up forecast fall of prices, while cats
looking down forecast rise of prices, and the absolute value of changes is at least
one and a half of the height of the ears.

Now, we construct a quasi-sociological explanation as from textbooks on
technical analysis.

A moderate but quite stable increase of prices causes an exaggerated opti-
mism among players, which increases demand. At the top of left ear strong
(better informed) players sell their shares to weak (worse informed) players,
constituting majority. Then there is a correction and weak players sell their
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2 e T

Figure 1.

shares. When the price reaches the level of the end of the back of the neck,
players observe the market waiting for signals, therefore the volume is low. If
the optimism wins, the right ear is formed. High volume at right ear means
strong distribution: strong players sell their shares to weak players, which are
prone to panic in the case of fall of prices. Low volumes at right ear mean that
the majority of shares is in the hands of strong players, which usually do not
panic, since by their information they expect increase of prices.

To simplify the analysis, we assume that we consider only players investing
in share . We shall denote the height of the ears by U. Assume that technical
players using the cat formation either have no further signals or treat them
as less important than the cat formation and that there is also a small set of
stochastic players possessing shares and risk free assets.
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PROPOSITION 6 Let A be a realization of a profile and let t be a time instant

at which a cat formed as a result of playing A up to t. If the set ) of technical

players believing in cat formation is strong in risk free assets in &2, then at

every belief distorted Nash equilibrium the cat looking down implies an increase
(t—1)+3 _

M), while if Q is strong in i in B2, then

(1+C)
(t—1)—3
the cat looking up implies a decrease of prices at least to next (%)

of price of i at least to prev (

Proof. Let us consider the cat looking down. Since technical players expect
increase of price, their weak buying threshold price at each time instant is equal
to prev (W) > p;(t). First, it can be above the upper variability limit.
In each of such time instants ¢ the price limit in buying orders of technical players
will be equal to pred (p;(t — 1) - (1 4+ h)). Asin the proof of Proposition 5, we get
that the market price is equal to the price limit of the strongest group of players.
Finally, technical players will have the price limits equal to the threshold or weak

(t—1)+3
threshold price, which are at least equal to prev (%), so is the market

price.
The reasoning for the cat looking up is analogous. [

Strong signals in technical analysis In the case of strong signals in tech-
nical analysis, especially when technical players expect a change of the trend,
they expect changes of prices of large absolute value.

PROPOSITION 7 Let A be a belief distorted Nash equilibrium and let t be a time
instant at which a strong signal was observed and identically interpreted as Ap;
by a set Q of technical players.

a) Assume Ap; < —2h - p;(t — 1) (a selling signal). If Q is strong in i in
B2 and there is a set of stochastic players of positive measure investing in this
company still possessing risk free assets at t, then with probability 1 prices of

share i will fall and the fall will be to at least next (%).

b) Assume Ap; > 2h - p;i(t — 1) (a buying signal). If Q invests only in
company t or for other companies j considered by players from 2
pBM?(I) < (1—=h)-pj(t —1) and if Q is strong in risk free assets in &> and
there is a set of stochastic players of positive measure still possessing i at t,

then with probability 1 prices of i will grow and the increase will be to at least

prev (_Pi(t(—li) g)_m” ) .

Proof. The proof is analogous to that of the cat formation. [

4.2. Self-falsifying beliefs

Here we want to show that not all beliefs are self-verifying.

To simplify the analysis, we again consider players investing in share i only,
and money or bonds, and assume that they consider strategy sets constrained
with respect to information.
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4.2.1. CAPM

Now we shall consider the case in which there is a strong group of portfolio
players and a small group of stochastic players. We also assume that C' is small.

The basic result in the papers about CAPM, cited in the introduction, is
that prices adjust so that the return of each asset is equal to its theoretical p;.
However, there was assumption that there is an equilibrium and no dynamics
was considered. We get the result that in the case of starting from aggregate re-
turns differing from p;, we do not have to converge to it. Conversely, divergence
can rather be expected.

PROPOSITION 8 Let A be a realization of a profile, let t be a time instant and let
Q be a set of portfolio players. Portfolio analysis is self-falsifying in the sense,
that

a) if R; is essentially greater than p;, Q is strong in money in &2 and there
is a set of stochastic players of positive measure investing in i still possessing i
at t, then R;(t) will be greater than R;;

b) if R; is essentially greater than p; +C?+2C, ) is strong in risk free assets
in &2 and there is a set of stochastic players of positive measure investing in i
still possessing i at t, then R;(t) will be greater than R;;

¢) if R; is essentially less than p;+C? —2C, Q is strong in i in &2 and there
is a set of stochastic players of positive measure investing in @ still possessing
risk free assets at t, then R;(t) will be less than R;.

Proof. a) Here R; > p; and portfolio players are strong in money. In this case,
we shall calculate their return in the case when the market price equals their
_—p _
weak threshold price pBM, (R;, p;(t — 1)).
Then the return at time ¢ fulfills

14R:)?pi(t—1)
prev (%) —pi(t—1)
R;(t) =

(1+Ri)2 _
=) 1

_ €&
1+pi pi(t—1)’

>

where ¢ is a small number defining the precision of price representation in the
(14R:)*pi(t—1)
= 1+pi
we have prev (p;) > p; — €. If the difference between R; and p; is large enough,
then (LhR)' e > (LHR)” 1 + R;, therefore R;(t) > R;
1+p; pi(t—1) 1+R; v * v

In the buying for money orders of portfolio players the price limit is equal
to the threshold price.

As in the proof of Proposition 5, we get that the market price is greater or
equal to a price limit in the buying orders of the strongest group of players —
the threshold or weak threshold price — which is greater or equal to the weak

threshold price pBMf(Rl-, pi(t — 1)) for the portfolio players.

part of P under consideration, i.e. such a number that for p; =




Stock market as a dynamic game with continuum of players 641

b) Now, let us assume a greater difference R; > p; + C? + 2C and let us
assume that portfolio players are strong in bonds.

If the market price equals the weak threshold price pBB?(Ri, pi(t—1)), then

—1-

(1+Ri)2pi(t—l)
prev <W —pit—1) (1+R:)?
R;(t) = >

pi(t _ 1) = 1+C?*+2C+p; pl(t 1)°

If the difference between R; and p; + C? + 2C is large enough, then

(1+R:)? (1+R:)° _ _
TTCT 120 0 pi(f_l) > 77— = 1+ R, therefore Ri(t) > R;.

The market price will be greater or equal either to pBBf(Ri, pi(t — 1)) or
pBM]:(Ri,pi (t—1)) (if [5 X o(t)dA(w) > 0), for which we have already proven
the inequality.

¢) Now let us consider the case when C2—2C+p; > R; and Q is strong in i.

(1+Ri)2Pi(t*1)

(1-C)+pi)

fore if the market price is equal to this weak threshold price, the return fulfills

(1+Ri)2pi(t—1)
neXt ( (l—C)2+pi _pz(t - ]‘) (l-l—R')Q
Rilt) = < A
‘ pi(t —1) = (1=C)?+ps pl(t D~

(1+Ri) pi(t—1)

The weak threshold price pS (R;,pi(t — 1)) is next , there-

-1+
— (1+Ri)2 1 e
— 1¥C?=2C+p; + pi(t—1)°
next (p;) < p; + €. B
If the difference between p; + C? — 2C and R; is large enough, then
1+R1 2 1+R1 2 — =
1+(c2 2C)’+p1 + pl(f 5 < (1+R) = 1+ R;, therefore R;(t) < R;. Analogously
to the reasoning for the buying orders, the market price i 1s less or equal to the

for € such that for p; = we have

maximal price limit of selling order of portfolio players pS (Ri, pi(t —1)). n

The facts stated in the proposition may lead to trends of accelerating in-
creases or accelerating decreases of prices.

4.2.2. Econometric models

We cannot state anything precise about econometric models in general. De-
pending on the specific type of the model they can be either approximately
self-verifying or self-falsifying. If we treat them literally, they will be usually
self-falsifying: increases and decreases of prices are prior to the moment they
were prognosed for. Nevertheless, econometric models used as tools to foresee
general tendencies are approximately self-verifying.
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5. Numerical simulations

Here we present simulations of this model using initial data from WSE. In each of
them we assumed existence of a small group of stochastic players with constant
flow of money and possessing a small fraction of shares considered.

5.1. Convergence to the fundamental value

The figures below (Figs. 2 and 3) illustrate convergence to the fundamental
value (given the initial price of a share from WSE) in the game with a large
group of fundamental analysts.

120 fi.
1004}
Price 80-‘:
su-f
20 |t AR A
0246511151823 27 31 35394347 51 5550 6367 71 7579 83 67
day
Figure 2.
hFI 1

i L o L L M L i L L L e e A B .
0246811151923 27 31 3539 4534751 555963 67 71 75 TA83 &7
day

Figure 3.

5.2. Trends caused by chartists

A group of chartist and trends caused by them, given various initial values from
WSE and prognostic techniques of technical analysis are like given in Figs. 4
and 5.

For comparison, if we consider stochastic players only, we get something
similar to a random walk: at each time instant we either go up the upper
variability limit if the measure of the set of players obtaining selling signal is
less than the measure of the set of players obtaining the buying signal or to the
lower variability limit if the measure of the set of players obtaining selling signal
is greater than the measure of the set of players obtaining the buying signal.
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Figure 4.
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day

Figure 5.

Trends caused by portfolio players

5.3.

For the case of a strong group of portfolio players the results are exactly as stated

in the model — either an exponential growth of the prices or an exponential

decrease.

dels

1C Mo

Some econometr

5.4.
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0481422731 3947 5664 73818958108 120132 144136 168180192

day

Figure 6.
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Figure 7.

In this case we present two econometric models: one of them considering lin-
ear trend and sinusoidal weekly periodicity and length of prognosis 2, and the
other one with the average of some of past prices. The former one is approx-
imately self-verifying only because the linear trend dominates. However, the
oscillations are translated. The latter one becomes self-verifying after a period
of transition.

6. Conclusions

The paper presents a model of stock exchange as a game with a continuum of
players, taking into account various prognostic techniques. The continuum was
used to model insignificance of any single player, while prices and, consequently,
players payoffs, result only from players decisions. One of the results of the
paper is that usually the strategies of telling the actual threshold prices are
weakly dominant, while strategies of not telling the actual threshold prices are
weakly dominated in a sequence of subgames with distorted information along
the profile, therefore they constitute a belief distorted Nash equilibrium.

One of the consequences of that is the problem of self-verification of various
prognostic techniques used by strong (i.e. large and possessing a large portion
of assets) groups of players in the presence of a small group of stochastic players
and, possibly, other types. This is the feature of fundamental analysis and tech-
nical analysis. Taking this into account, learning about many, even absolutely
senseless, techniques may turn out to be useful if they are used by many players.

The technique based on CAPM does not have this property, it is self-
falsifying, while techniques based on various econometric models may be either
self-verifying or self-falsifying.

I would like to acknowledge Robert Matyszkiel for help with preparing si-
mulations.
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