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2Dipartimento di Cultura del Progetto and BENECON Researh CenterSeonda Università degli Studi di Napoli, ItalyAbstrat: Some �nanial investments o�er di�erent pro�tabili-ties aording to the invested amounts. They are operations whihdi�erentiate rates of interest depending on the plaed apital, i.e.,operations whose underlying apitalization funtions are not linearwith respet to the invested sums. Usually, this di�erentiation isperformed by assigning a variable rate that is an inreasing funtionof the amounts at given jump points, and onstant in eah inter-val. As a result, the apitalization funtion is disontinuous with a�nite number of jumps, one the investment term has been �xed.In this situation, an investor an take advantage of di�erentials ininterest rates between two intervals and so it ould be onvenient,for a group of investors, to join their quantities of money beausegreater rates of interest an be ahieved. The question is how tofairly distribute, among the individual agents, the obtained jointinterest. Our answer is based on a modi�ed sharing, aording tothe interests generated by a new ontinuous apitalization funtionwhih "overs" the disontinuities of the original funtion.Keywords: urrent aount, joint investment, sharing interest,apitalization funtion, superadditivity.1. Introdution and problem statementConsider n investors who have at their disposal the amounts C1, C2, . . . , Cn, re-spetively. Suppose that they individually invest their money quantities duringthe same time period, obtaining pro�tabilities i1, i2, . . . , in, respetively, wherea greater pro�tability orresponds to a greater amount. This situation an bedue, among other reasons, to:
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650 S. CRUZ RAMBAUD, A.G.S. VENTRE1. The existene of di�erent opportunities of investment, performed by eahof the investors, in di�erent �nanial markets.2. The existene of a �nanial investment (progressive urrent aount, et.)with di�erentials in interest rates between two onseutive amount inter-vals.3. The general limate of business on�dene. Indeed, when the on�deneof the eonomi agents in a ountry is high, the �nanial institutionso�er lower interest rates in order to satisfy the inreasing demand of thiseonomy. The opposite ours when the on�dene of the eonomi agentsis low, giving rise not only to greater but also di�erent interest rates.In this ase, it would be onvenient that the investors join their apitals inorder to reah a larger amount and so take advantage of the new pro�tabilityfrom their joint investment, greater than that separately obtained by eah ofthem. The problem arising is how to distribute the total pro�t or the obtainedinterest among the n investors "in a fair way".Obviously, from our point of view, three priniples must rule this sharinginterest:1. Eah investor must earn more than before, when investing alone, and,moreover, the investor ontributing more money must earn even more.2. Eah investor must obtain a pro�tability greater than before and, addi-tionally, the investor ontributing a greater amount must obtain also agreater pro�tability.3. The pro�tability obtained by an investor is ontinuous with respet to theinvested amount.In e�et, there are many �nanial investments whose underlying apitaliza-tion funtions are not linear with respet to the invested amounts (Cruz, 1996).A remarkable partiular ase is when the apitalization funtion is superadditivewith respet to the deposited quantity, i.e.
F

(

n
∑

i=1

Ci, t, p

)

≥
n
∑

i=1

F (Ci, t, p), (1)
F (C, t, p) being the expression of the apitalization funtion or �nanial law,de�ning the projetion of the amount C, with the initial time of investment t,onto the time point (instant) p (Gil, 1992; see also Cruz and Ventre, 1998).These funtions o�er the investors the possibility to obtain a greater jointpro�tability r∗ if they all together deide to invest their savings, as a uniqueagent, instead of investing separately. A remarkable ase is that of a progressiveurrent aount that is a bank transations in whih:1. The set of possible positive amounts, (0, +∞), have been partitioned into

n intervals open from the left-hand side and losed from the right-handside:
(0, B1], (B1, B2], . . . , (Bn−1, +∞).



Joint investments with superadditive apitalization funtion 6512. The underlying apitalization funtion is the simple interest.3. The interest rate inreases with respet to the amounts B1, B2, . . . , Bn−1,and is onstant in eah interval.Mathematially,
F (C, t, p) =



















C[1 + i1(p − t)], if 0 < C ≤ B1

C[1 + i2(p − t)], if B1 < C ≤ B2... ...
C[1 + in(p − t)], if Bn−1 < C

(2)where B1, B2, . . . , Bn−1 are the threshold values, and i1, i2, . . . , in are interestrates; i1 < i2 < · · · < in.The problem arising in this simple �nanial strategy is that of interest shar-ing. At a �rst glane, it seems aeptable that sharing should be proportionalto the amount C installed by eah agent. But, onsidering more arefully theproblem, it does not seem right that:1. Two quantities in the same interval (Bk−1, Bk], where k = 1, 2, . . . , n − 1and B0 = 0, obtain the same inrease of pro�tability when the amountsnear the upper endpoint Bk ontribute to the total sum more than thosenear the lower endpoint Bk−1; see Fig. 1.
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Figure 1. Same inrease in pro�tability and di�erent ontributions in a generiinterval.2. There is a jump in pro�tability between the last quantities in an intervaland the �rst ones in the following, in spite of the fat that they ontribute"almost the same quantity" to the total sum. In e�et, with pure propor-tional pro�t sharing, de�ned in Setion 3, the last amounts in an intervalwill reeive a proportional inrease in pro�tability greater than the in-rease of pro�tability performed by the �rst amounts in the next interval;see Fig. 2.
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Figure 2. Di�erent inreases in pro�tability and "almost" the same ontributionsin two onseutive intervals.Therefore, in order to design a new sharing interest proedure, in eah in-terval we an distinguish two parts (see Fig. 3):1. The part near the left endpoint of the interval: If two amounts belongto this part, logially the greater one must obtain a greater pro�tability,but without any "in�uene" of the greater pro�tabilities in the followinginterval. In other words, the amounts near the left are not in�uened bya greater interest rate in the following interval.2. The part near the right endpoint of the interval: If an amount belongsto this part, it would take advantage from the greater interest rate in thefollowing interval and, therefore, it should have an inrease in pro�tabilitygreater than that of amounts in the �rst part, but less than the inreasein pro�tability of the amounts in the following interval.
Bk−1

?

6 6
Bk

Non-influence / Influence

of the following intervalFigure 3. The two parts of a generi interval.



Joint investments with superadditive apitalization funtion 653The problem is to �nd the point separating the two parts in the intervaland, to do this, we are going to base on the own "potentiality" of the usedapitalization funtion. Thus, a possible solution ould be to divide the timeinterval [t, p] into in�nite parts so that an amount an be apitalized "manytimes" instead of only one. So the amounts near the right endpoint of eahinterval an reah this value and take some advantage of the greater interestrate of the following interval.In e�et, our approah will be to divide the time interval into in�nite subperi-ods (Maravall, 1970) and suessively to apply the apitalization funtion, sinethe simple interest is favourable to the splitting property of the time (Fürst,1960). In the ase of a di�erentiable and homogeneous apitalization funtion,this methodology leads to a new apitalization funtion, G(C, t, p) (Cruz andVentre, 1998 and 1999):
G(C, t, p) = C · e

∫

p

t

∂F (x,z)
∂z |

z=x
dx

, (3)alled the additive apitalization funtion assoiated to F (C, t, p); see Appendix 1.Formula (3) will be used in the next Setion of the paper. In order to applythis expression, we have to alulate �rst the partial derivative of funtion Gwith respet to the seond variable z at z = x, and then its integral with respetto the �rst variable x between t and p. A more detailed desription for buildinga funtion G and a justi�ation of its name an be seen in Appendix 1.It an be proved that funtion G presents two advantages: its pro�tability isontinuous and stritly inreasing with respet to the invested amount. Thus,the jumps of pro�tability in the initial apitalization funtion are eliminatedand the disontinuities of funtion F (C, t, p) are linked up, whih guaranteesa more than proportional ontinuous inrease in pro�tability for all amounts.Therefore, by adopting this proedure, the quantities in the �rst part of eahinterval would obtain the same inrease in pro�tability, and the quantities inthe seond part of eah interval would reah a uniform inrease in pro�tability.This paper is organized as follows: Setion 2 presents the additive apitaliza-tion funtion assoiated to the simple interest. Then we obtain the non-additiveapitalization funtion underlying a progressive urrent aount. After justify-ing the use of pure proportional sharing, in Setion 3, this new apitalizationfuntion will be the framework for our proposal of the sharing model. Setion 4desribes some numerial examples of the method introdued here and, �nally,Setion 5 summarizes and onludes.2. Finanial proess assoiated to a progressive urrentaountConsider an arbitrary interval (Bk−1, Bk], where k = 1, 2, . . . , n−1 and B0 = 0,whose amounts are apitalized at a rate ik of simple interest. Assume that
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eika <

Bk

Bk−1
.Let us denote by G(C, a) the funtion of two variables C and a := p − t.From Equation (3), the orresponding additive apitalization funtion is (seeAppendix 2):

G(C, a) = C · eik·a, (4)for every C ∈
(

Bk−1,
Bk

eik·a

], beause we assume that any other amount C ∈
(

Bk

eik·a , Bk

] will be apitalized, during a part of a, at the rate ik, and, during theother part, at the rate ik+1; see Fig. 4. In e�et, the suessive apitalizationof any amount in the interval (Bk−1,
Bk

eik·a

] by means of funtion G falls alwaysin the interval (Bk−1, Bk], while the suessive apitalization of any amountbelonging to the interval ( Bk

eik·a , Bk

] reahes the right endpoint Bk at the rate
ik and later it is assumed to be apitalized at the rate ik+1. Observe that thismethodology makes sense beause Bk−1 < Bk

eik·a .
Bk−1

Bk

eik·a Bk

CC

Figure 4. The two parts of a generi interval.With respet to the �rst part of eah interval, an inrease in pro�tabilityours, equal to the quotient of pro�tabilities, i.e. to the quotient of interests:
r∗

r
=

I∗

C·a
I

C·a

=
I∗

I
=

Ceik·a − C

C · ik · a
=

eik·a − 1

ik · a
> 1,where r∗ and r are pro�tabilities, and I∗ and I are interests. Thus, we havethat the relative inrement in pro�tabilities is:

r∗ − r

r
=

r∗

r
− 1 > 0.Likewise, between the �rst parts of two onseutive intervals, the quotientof pro�tabilities inreases, beause f(x) = exa

−1
xa

is an inreasing funtion of xand so:
eik·a − 1

ik · a
<

eik+1·a − 1

ik+1 · a
, (5)for every k = 1, 2, . . . , n − 1.



Joint investments with superadditive apitalization funtion 655On the other hand, with respet to the seond part of eah interval, for every
C ∈

(

Bk

eik·a , Bk

], we an �nd a real number z = z(C), 0 < z < a, suh that Cis apitalized at the rate of interest ik during z and at the rate of interest ik+1during the remaining subperiod a− z. Thus, we assume that this number mustsatisfy the following ondition:
G(C, z) = C · eik·z = Bk (6)and for the entire investment period a, taking into aount the additivity offuntion G(·, ·), we have:
G(C, a) = G[G(C, z), (a − z)] = G(C, z) · eik+1·(a−z) = Bk · eik+1·(a−z). (7)From Equation (6), we get:
z = z(C) =

ln Bk − ln C

ik
(8)and, from (7), (8):

G(C, a) = Bk · e

(

a−
ln Bk−ln C

ik

)

·ik+1 . (9)So, the expression for G(C, a) is:
G(C, a) =























































C · ei1·a, if 0 < C ≤ B1

ei1 ·a

B1 · e

(

a−
ln B1−ln C

i1

)

·i2
, if B1

ei1·a < C ≤ B1... ...
C · eik·a, if Bk−1 < C ≤ Bk

eik·a

Bk · e

(

a−
ln Bk−ln C

ik

)

·ik+1 , if Bk

eik·a < C ≤ Bk... ...
C · ein·a, if Bn−1 < C.

(10)
For every a, G(C, a) is a ontinuous funtion of C. Indeed, from Eq. (10) itan be easily shown that:

G(C, a)|C=B
−

k
= G(C, a)|C=B

+
k

= Bk · eik+1a,

G(C, a)|
C=

(

Bk

e
ik·a

)

− = G(C, a)|
C=

(

Bk

e
ik·a

)+ = Bk,where by "-" and "+" we denoted the left and the right limits of the funtion
G(C, a) at points C = Bk

eik·a and C = Bk.It is useful to take a look at the shape of G(C, a) as a funtion of C, for any�xed a. Obviously, the graph orresponding to the �rst part of eah intervalis a straight line with slope eik·a. But, to dedue the shape of G(C, a) in the



656 S. CRUZ RAMBAUD, A.G.S. VENTREseond part of eah interval, it is su�ient to alulate the �rst and the seondpartial derivatives and observe their signs. Indeed, we have the inequalities:
∂G(C, a)

∂C
= G(C, a)

ik+1

ik · C
> 0and

∂2G(C, a)

∂C2
= G(C, a)

ik+1(ik+1 − ik)

i2k · C2
> 0,so the funtion G(C, a) (where a is �xed) is inreasing and onvex, so thatthe funtion inreases more rapidly for the last parts of eah interval. This isorret, beause these quantities are loser to the �rst quantities in the followinginterval and so they reeive the in�uene of a greater rate of interest.Finally, it an be shown that G(C, a) is not di�erentiable at C = Ck

eik·a , sine:
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∣

∣
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e
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−

= eik·a
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∂C

∣

∣

∣

∣

C=
(

Ck

e
ik·a

)+
=

ik+1

ik
eik·a > eik·a.Analogously, G(C, a) is not di�erentiable at C = Ck, sine:



















∂G(C, a)

∂C

∣

∣

∣

∣

C=C
−

k

= ik+1

ik
eik+1·a > eik+1·a

∂G(C, a)

∂C

∣

∣

∣

∣

C=C
+
k

= eik+1·a.The illustration of G(C, a), for a given value of a, is presented in Fig. 5.Observe that the slope of the suessive segments in Fig. 5 is inreasing.Remark 1 In Setion 2, we have applied a tait assumption that for every
k = 1, 2, . . . , n − 1, the following ondition is satis�ed:

Bk−1 <
Bk

eik·a
;where Bk−1 and Bk are the threshold values of the apitalization funtion

F (C, t, p) = F (C, a), a is the duration of investment period (i.e. a = p− t), and
ik the interest rate.Of ourse, onsidering that the values of Bk, ik (k = 1, 2, . . . , n−1) as well as
a, are �xed exogenously, the above assumption not always holds. For example,for ik = 0.20, a = 5 years, Bk−1 = 1, 000, 000 and Bk = 2, 000, 000, we have:

Bk

eik·a
=

2, 000, 000

e0.20·5
= 735, 758.88 < 1, 000, 000 = Bk−1.
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ei3·aFigure 5. A progressive urrent aount with three intervals.Thus, for the ases as shown above, the proposed new apitalization funtion
G(C, a) given by Eq. (10) is not well de�ned, as the subinterval (Bk−1,

Bk

eik·a

] isan empty set.However, the tait assumption mentioned above, stipulating non-existeneof empty subintervals (Bk−1,
Bk

eik·a

] is not restritive but realisti, beause, in�nanial pratie, the values of ik and a are small enough to verify that
Bk

eik·a
≤ Bk−1.Take into aount that this is a short-term �nanial investment (a < 1) andthat the distane between two onseutive threshold values, Bk−1 and Bk, isvery high.Remark 2 For C ∈ (Bk−1, Bk], we have divided the investment period a intotwo parts: z and a − z, where the value of z follows from the ondition

G(C, z) = C · eik·z = Bk.Further on, we have assumed that the investor's amount C is apitalizedat the interest rate ik during subperiod z and at the interest rate ik+1 dur-ing the remaining subperiod a − z. Thus, for the entire period a, after sometransformations, we have:
G(C, a) = Bk · e

(

a−
ln Bk−ln C

ik

)

·ik+1 .The above means that for apitalization of the values C belonging to theright subinterval ( Bk

eik·a , Bk

], the interest rate ik+1 orresponding to the next
(Bk−1, Bk] interval is also (i.e. apart from ik) taken into aount.



658 S. CRUZ RAMBAUD, A.G.S. VENTREIn priniple, if the investment period is long enough, the interest rates ik+2,
ik+3, et. should also have an impat on the apitalization proess of the valueof C, when the apitalized amounts exeed the right endpoints of the onseutiveintervals. The above ould be attained by dividing the investment period a intomore than two subintervals; and then the suessive use of additive property ofapitalization funtion of the form G(C, a) = C · eik·a.Nevertheless, this situation is unrealisti beause, in the �nanial pratie,the values of ik and a are small enough and the distane between two onseutivethreshold values, Bk−1 and Bk, is very high.3. Sharing modelThe problem is the fair distribution, among the individual agents, of the jointinterest obtained with a superadditive apitalization funtion. From the pointof view of eonomi theory, the onsidered problem should be attaked usingooperative Game Theory (ooperation among all the players is allowed): eahindividual partiipant is willing to maximize his quota, but oalitions withinsubgroups of players are not allowed (for example, several partiipants individ-ually deide to join their amounts when this idea is promoted by an externalagent unonneted with the group of investors, or this initiative is the result ofa strategy within the ompanies of a group). In this way, a solution whih isdelared as fair should be analyzed within suh a framework (Cruz and Valls,2003 and 2005).Most of sharing pro�t formulae arise from the same problem of the bestapproximation of pro�t sharing:Proposition 1 (Quesada and Navas, 1998) Assume ki ≥ 0, ωi > 0 and
∑n

j=1 kj ≤ K. For every q > 1, the funtion
Φq : R

n −→ R,de�ned by:
Φq(x1, x2, . . . , xn) =

n
∑

j=1

1

ωj

(xj − kj)
q, (11)subjet to the onditions:

n
∑

j=1

xj = K, xi ≥ ki, i = 1, 2, . . . , n, (12)has an absolute minimum at
x̂i = ki +

ω
1

q−1

i

∑n

j=1 ω
1

q−1

j



K −
n
∑

j=1

kj



 , i = 1, 2, . . . , n. (13)



Joint investments with superadditive apitalization funtion 659Let C1, C2, . . . , Cn be the amounts ontributed by investors 1, 2, . . . , n, re-spetively, and let us put
ki = F (Ci, t, p)and
K = F





n
∑

j=1

Cj , t, p



 .Finally, let Vi(C1, C2, . . . , Cn) denote the �nal amount alloated to the i-thinvestor. In the Theory of Games ontext, Vi(C1, C2, . . . , Cn) an be interpretedas the payo� funtion of the i-th investor onsidered as a player. The funtion
Vi depends not only on the individual deision Ci of the i-th investor (player),but also on the deision variables of all other investors. Let us put

xi = Vi(C1, C2, . . . , Cn).The most interesting sharing models are obtained when q = 2. In this ase,the problem of the best approximation to the pro�t sharing question oinideswith the least squares method.A ondition to be veri�ed by the proposed sharing model is the independeneof how the ollusion has been performed, that is (n = 3),
V1(C1, C2, C3) = V1(C1, C2 + C3, 0) = V1(C1, 0, C3 + C2)

V2(C1, C2, C3) = V2(C1 + C3, C2, 0) = V2(0, C2, C3 + C1) (14)
V3(C1, C2, C3) = V3(C1 + C2, 0, C3) = V3(0, C2 + C1, C3).It an be shown (Quesada and Navas, 1998) that, among all sharing methods,only the pure proportional sharing:
ki = 0, ωi = Ci, i = 1, 2, . . . , n,satis�es the last ondition. Then the solution of the optimization problem isgiven by:
V̂i(C1, C2, . . . , Cn) =

Ci
∑n

j=1 Cj

F





n
∑

j=1

Cj , t, p



 . (15)Observe that, in this ase, xi = Vi(C1, C2, . . . , Cn), ωi = Ci, ki = 0 and
q = 2, from Eq. (11) we have the following goal funtion to be minimized:

Φ =

n
∑

j=1

V 2
j

Cj

.



660 S. CRUZ RAMBAUD, A.G.S. VENTREThe interpretation of this optimization problem is as follows. The sum ofthe square deviations from zero (notie that, in the pure proportional sharing,there is no previous sharing) related to the invested amounts, is a minimum.But, in our ase, as indiated in the introdution, this solution does not leadto a fair sharing. So, assuming that oalitions of the form (14) within subgroupsof investors are not allowed, we propose the following solution:
V̂i(C1, C2, . . . , Cn) =

G(Ci, a)
∑n

j=1 G(Cj , a)
F





n
∑

j=1

Cj , t, p



 , (16)where
a = p − t, ki = 0, ωi = G(Ci, a), i = 1, 2, . . . , n.4. Numerial examples4.1. Sharing interestsConsider three investors (n = 3) who have amounts of C1 = 500, 000; C2 =

1, 200, 000, and C3 = 1, 500, 000 monetary units, at their disposal. Suppose thatthey deide to invest them in a progressive urrent aount (see the de�nitionin Setion 1) for a = 2 years, aording to the following expression (a = p − t,as usual):
F (C, a) =







C(1 + 0.10a), if 0 < C ≤ 1, 000, 000
C(1 + 0.20a), if 1, 000, 000 < C ≤ 2, 000, 000
C(1 + 0.30a), if 2, 000, 000 < C.

(17)If eah investor deides to invest on his own, aording to (17), the obtainedamounts will be:
F (500, 000; 2) = 500, 000(1 + 0.10 · 2) = 600, 000;

F (1, 200, 000; 2) = 1, 200, 000(1 + 0.20 · 2) = 1, 680, 000and
F (1, 500, 000; 2) = 1, 500, 000(1 + 0.20 · 2) = 2, 100, 000.Thus, the sum of the obtained amounts will be:
F (500, 000; 2) + F (1, 200, 000; 2) + F (1, 500, 000; 2) = 4, 380, 000.If the three investors deided to invest together (C1 +C2 +C3 = 3, 200, 000),from (17), the jointly obtained amount would be:
F (3, 200, 000; 2) = 3, 200, 000(1 + 0.30 · 2) = 5, 120, 000



Joint investments with superadditive apitalization funtion 661and the resulting surplus (i.e. additional pro�t) would be equal to:
5, 120, 000− 4, 380, 000 = 740, 000.The individual �nal amounts obtained by using the new apitalization fun-tion, G(C, a) given by Eq. (10) for k = 1, 2 and B1 = 1, 000, 000, B2 =

2, 000, 000, an be alulated as follows. Taking into aount that:
0 < C1 = 500, 000 ≤

1, 000, 000

e0.10·2
= 818, 730.75;

1, 000, 000 < C2 = 1, 200, 000 ≤
2, 000, 000

e0.20·2
= 1, 340, 640.09;and

1, 340, 640.09 =
2, 000, 000

e0.20·2
< C3 = 1, 500, 000 ≤ 2, 000, 000;we have:

G(500, 000; 2) = 500, 000 · e0.10·2 = 610, 701.38;

G(1, 200, 000; 2) = 1, 200, 000 · e0.20·2 = 1, 790, 189.64and
G(1, 500, 000; 2) = 2, 000, 000e(2−

ln 2,000,000−ln 1,500,000
0.20 )0.30 = 2, 367, 001.75.The results are summarized in Table 1, where:

• Individual (respetively modi�ed individual) interests, Ii (respetively I∗i ),have been alulated by applying the formula
Ii = F (Ci, a) − Ci

(resp. I∗i =
G(Ci, a)

∑n

j=1 G(Cj , a)
F





n
∑

j=1

Cj , t, p



− Ci).

• Pro�tabilities, ri (resp. r∗i ), have been obtained from the formula ri = Ii

Ci·a(resp. r∗i =
I∗

i

Ci·a
).

• Obviously, the inrease in pro�tability is ∆ri = r∗i − ri.The example onsidered in this Setion an be used to illustrate the fatthat the dedued apitalization funtion G(C, a) is not deomposable. This isdue to the disontinuity of F . A apitalization funtion F (C, a) is said to bedeomposable or additive (Cruz and Ventre, 1999) if
F (F (C, a), b) = F (C, a + b), (18)for every C, a and b.



662 S. CRUZ RAMBAUD, A.G.S. VENTRETable 1. Sharing interestsAmounts Individual Pro�tabi- Modi�ed Pro�tabi- Inrease ininterest lity (%) interest lity∗ (%) pro�tability500,000 100,000 10.00 155,801.47 15.58 5.581,200,000 480,000 20.00 722,394.52 30.10 10.101,500,000 600,000 20.00 1,041,804.01 34.73 14.733,200,000 1,180,000 1,920,000Indeed, let be C = 900, 000 and a = b = 1. As
900, 000 <

1, 000, 000

e0.10
= 905, 114,from formula (10), it is veri�ed that:

G(900, 000; 1) = 900, 000 · e0.10 = 994, 350and
G(G(900, 000; 1), 1) = G(994, 350; 1) =

= 1, 000, 000e(1−
ln 1,000,000−ln 994,350

0.10 )0.20 = 1, 207, 639, 9.On the other hand, taking into aount that:
1, 000, 000

e0.10·2
= 818, 730.75 < 900, 000,from formula (10) again, it is veri�ed that:

G(900, 000; 2) = 1, 000, 000e(2−
ln 1,000,000−ln 900,000

0.10 )0.20 = 1, 208, 378.01.Thus, G(G(900, 000; 1); 1) 6= G(900, 000; 2) and so G(C, a) is not deompos-able.4.2. Sharing disountsIn Setion 3, we have seen that the investors invest ooperatively their money
C1, C2, . . . , Cn and, as result of this joint investment of the total amount∑n

j=1 Cj ,they are getting an additional pro�t due to superadditivity of the apitalizationfuntion:
F





n
∑

j=1

Cj , t, p



 ≥

n
∑

j=1

F (Cj , t, p).



Joint investments with superadditive apitalization funtion 663Here, oalitions are not allowed (by assumption). An alternative approahbased on disounting funtions is given by the following ase. Suppose now thatthree ompanies have debts of amounts C1 = 500, 000; C2 = 1, 200, 000, and
C3 = 1, 500, 000 monetary units with another ompany that supplies a ommonservie to these three ompanies. Assume that, beause of their turnovers, arebate will be applied by the reditor of 10%, 20%, and 20% per year, respe-tively, using the formula of linear disounting. As the three debts have theirorigin in a ommon servie o�ered by the same ompany during a = 1 year,the debtor ompanies ould ontrat the servie together. Then the obtaineddisount ould be greater, for instane, equal to 30%. How would be the totaldisount distributed?Now, the disounting funtion to be applied ould be:

F (C, a) =







C(1 − 0.10a), if 0 < C ≤ 1, 000, 000
C(1 − 0.20a), if 1, 000, 000 < C ≤ 2, 000, 000
C(1 − 0.30a), if 2, 000, 000 < C.

(19)Thus, aording to (19), the disounted amounts, ontrating eah ompanythe servie individually, would be:
F (500, 000; 1) = 500, 000(1− 0.10) = 450, 000;

F (1, 200, 000; 1) = 1, 200, 000(1− 0.20) = 960, 000and
F (1, 500, 000; 1) = 1, 500, 000(1− 0.20) = 1, 200, 000.If the three ompanies deide to ontrat together the servie, the jointlydisounted amount to be paid would be:
F (3, 200, 000; 1) = 3, 200, 000(1− 0, 30) = 2, 240, 000.In this ase, it an be shown that the expression of G(C, a) is a formulaanalogous to (10):

G(C, a) =











































































C · e−i1·a, if 0 < C ≤ B1

B1 · e
−

(

a−
ln C−ln B1

i2

)

·i1
, if B1 < C ≤ B1 · e

i1·a

C · e−i2·a, if B1 · e
i2·a < C ≤ B2... ...

Bk−1 · e
−

(

a−
ln C−ln Bk−1

ik

)

·ik−1 , if Bk−1 < C ≤ Bk−1 · e
ik·a

C · e−ik·a, if Bk−1 · e
ik·a < C ≤ Bk... ...

Bn−1 · e
−

(

a−
ln C−ln Bn−1

in

)

·in−1
, if Bn−1 < C ≤ Bn−1 · e

in·a

C · e−in·a, if Bn−1 · e
in·a < C. (20)
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i3aB1 B2 B3Figure 6. A progressive linear disounting with three intervals.In this ase, the graphi representation of G(C, a), for a given value of a, ispresented in Fig. 6.Taking into aount that now:

1, 000, 000 < 1, 200, 000 < 1, 000, 000 · e0.20 = 1, 221, 402.76 < 1, 500, 000,we an alulate, aording to (20), the disounted amounts using the disount-ing funtion G(C, a):
G(500, 000; 1) = 500, 000 · e−0.10 = 452, 418.71;

G(1, 200, 000; 1) = 1, 000, 000 · e−(1− ln 1,200,000−ln 1,000,000
0.20 )0.10 = 991, 199.73and

G(1, 500, 000; 1) = 1, 500, 000 · e−0.20 = 1, 228, 096.13.The di�erene of this subsetion with respet to subsetion 4.1 is that now
F (C, a) is subadditive with respet to the disounted amount, whereby theproportional sharing will be done using the disounts instead of the disountedamounts:

Ci−Vi(C1, C2, . . . , Cn) =
Ci − G(Ci, a)

∑n

j=1[Cj − G(Cj , a)]





n
∑

j=1

Cj − F





n
∑

j=1

Cj , t, p







 .(21)The results are summarized in Table 2, where:
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• Individual (respetively modi�ed individual) disounts, Di (respetively

D∗

i ), have been alulated by applying the formula Di = Ci − F (Ci, a)

(respetively D∗

i =
Ci − G(Ci, a)

∑n

j=1[Cj − G(Cj , a)]





n
∑

j=1

Cj − F





n
∑

j=1

Cj , t, p







).

• Disount rates, di (resp. d∗i ), have been obtained from the formula di =
Di

Ci·a
(resp. d∗i =

D∗

i

Ci·a
).

• Obviously, the inrease in disount rate is ∆di = d∗i − di.Table 2. Sharing disountsAmounts Individual Disount Modi�ed Disount Inrease indisount rate (%) disount rate∗ (%) disount rate500,000 50,000 10.00 86,464.69 17.29 7.291,200,000 240,000 20.00 379,431.74 31.62 11.621,500,000 300,000 20.00 494,103.57 32.94 12.943,200,000 590,000 960,0005. Conlusion and possible further researhSome apitalization funtions are superadditive with respet to the investedamount. This means that, for a group of investors, it ould be very interesting totake a oalition strategy in order to obtain a greater pro�tability. The problemarising is that of interest sharing of the obtained joint interest in a fair way,among the individual investors. But, usually, the original apitalization funtionto be applied is a jumping funtion and a preliminary question is to "over"its disontinuities. We have solved this problem with purely �nanial tools,using the additive apitalization funtion assoiated to the initial apitalizationfuntion. Later, this new funtion has been used to determine the weights in theproportional sharing of the jointly amount obtained by the group of investors.Our solution satis�es a fundamental rule: if an investor ontributes more thananother one, not only his interest but also his pro�tability must be greater.As a possible further researh we point out the searh for a solution of thepresented problem under the assumption that the modi�ed (new) apitalizationfuntion, G(C, t, p), is not only ontinuous, but also a di�erentiable funtionwith respet to the variable C. As a result, we would obtain the smooth ap-proximation of the relation between G(C, t, p) and C.AknowledgementsWe are very grateful for the omments and suggestions of an anonymous referee.



666 S. CRUZ RAMBAUD, A.G.S. VENTREAppendix 1A apitalization funtion F (C, t, p) is said to be homogeneous if F (C, t, p) =
C · F (1, t, p). Let us denote F (1, t, p) := F (t, p). Thus, F (C, t, p) = C · F (t, p).If, moreover, F (C, t, p) is di�erentiable, both partial derivatives ∂F (t,p)

∂t
and

∂F (t,p)
∂p

exist. Let us divide the time interval [t, p] into in�nite subperiods andsuessively apply the apitalization funtion. This proess leads to a new ap-italization funtion, G(C, t, p):
G(C, t, p) = C · lim

n→∞

n
∏

k=1

F

(

t +
k − 1

n
(p − t), t +

k

n
(p − t)

)

=

= C · elimn→∞

∑

n
k=1 lnF(t+ k−1

n
(p−t),t+ k

n
(p−t)).Let us denote x = t + k−1

n
(p − t) and dx = 1

n
(p − t). Thus, in the exponentof the funtion given above, for in�nitesimally small values of dx, we have:

ln F (x, x + dx) = lnF (x, x) +
1

F (x, x)

∂F (x, z)

∂z

∣

∣

∣

∣

z=x

dxand, from de�nition,
F (x, x) = 1.So, it an be onluded that:
G(C, t, p) = C · e

∫

p

t

∂F (x,z)
∂z |

z=x
dx

.It an be easily proved that G(G(C, t, p), p, q) = G(C, t, q). If F is ontinu-ous, the above equation justi�es why funtion G is alled the additive apital-ization funtion assoiated to F .Appendix 2Let F (C, t, p) = C · [1+ i(p− t)] be the apitalization funtion of simple interestat rate i. As
∂F (x, z)

∂z

∣

∣

∣

∣

z=x

=
∂[1 + i(z − x)]

∂z

∣

∣

∣

∣

z=x

= i,aording to Appendix 1, the new apitalization funtion G(C, t, p) orrespond-ing to F (C, t, p) is:
G(C, t, p) = C · e

∫

p

t
idx = C · ei(p−t),whih is the well known formula for apitalization funtion de�ned for the aseof ontinuously ompound interest rate i.
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