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712 L. KLUKOWSKImay, in partiular, be unknown. The properties of distributions of omparisonerrors assumed in the paper may be veri�ed with the use of statistial tests(for unimodality, mode, median, symmetry). The basis for the properties ofestimators are the well known probabilisti inequalities: Hoe�ding's inequalityfor sums of bounded independent random variables (Hoe�ding, 1963) and theTshebyshev inequality for expeted value; some properties of the order statistis(David, 1970) are also used. In the ase of averaging approah the probability ofthe event that some random variable (de�ned in Setion 3) orresponding to thetrue relation (the errorless estimation result) is lower than the variable orre-sponding to any other relation, onverges exponentially to one. Some asymptotiproperties are obtained also for the median approah.The empirial problems having suh struture often appear in pratie, e.g.,an assessment �student X exeeds student Y, aording to substane matter, forthree lasses� has suh form. In statistis, estimation based on some funtion(di�erene) of two random variables is a typial problem.Let us note that the omparisons in the form of di�erenes of ranks with theproperties assumed an be obtained also on the basis of rankings (estimates)resulting from omparisons in the form of diretion of preferene (Klukowski,1994). It allows for onstruting two-stage estimators: the �rst step � to obtainestimates of the relation form with the use of omparisons indiating diretionof preferene and to determine di�erenes of ranks for eah estimate; the seondstep � to apply the algorithm based on di�erenes of ranks (Setions 4, 5). Theassumptions on omparison errors may be veri�ed wit the use of statistial tests.It seems that the two-stage approah an be more e�ient than the approahfrom Klukowski (1994), Setion 5. Therefore, examination of the estimatorbased on di�erenes of ranks is needed.The empirial results, based on atual data and initial simulation experi-ments, are promising � also for �inonvenient� forms of distributions of om-parison errors (asymmetri, with non-zero expeted value).The literature on ranking problems is quite extensive; for example the prob-abilisti approah is presented in David (1988), Marden (1995), the learningapproah in Hastie et al. (2001), Chapter 14, Kamishima and Akaho (2006), thefuzzy approah in Yager (2007).2. Problem formulationThe problem onsidered is an extension of the one stated in Klukowski (2000)for the ase of N > 1 independent omparisons of eah pair.It is assumed that in a �nite set of elements X = {x1, ..., xm} (m > 3) thereexists an unknown omplete weak preferene relation R of the form:R = I ∪P, (1)where:



Estimation of the preferene relation on the basis of multiple pairwise omparisons 713I � the equivalene relation (re�exive, transitive, symmetri),P � the strit preferene relation (transitive, asymmetri).The preferene relation R generates from elements of the set X the family(sequene) of subsets χ∗
1, . . . , χ

∗
n (n 6 m), suh that eah element xi ∈ χ∗

r ispreferred to any element xj ∈ χ∗
s (r < s) and eah subset χ∗

q (1 6 q 6 n)omprises equivalent elements only.Relation R an be haraterised by the funtion T : X ×X → DT , DT =
{−(n − 1), . . . , 0, . . . , n − 1}, de�ned as follows:

T (xi, xj) = dij ⇔ xi ∈ χ∗
r , xj ∈ χ∗

s, dij = r − s. (2)The value of the funtion T (xi, xj) expresses the di�erene of ranks of the ele-ments xi and xj in the relation R. In the ase T (xi, xj) < 0, (T (xi, xj) > 0)the element xi preedes element xj (element xj preedes xi), for dij positions.The value T (xi, xj) = 0 means the equivalene of both elements (they belongto the same subset χ∗
q , 1 6 q 6 n). It is obvious that T (xi, xj) = −T (xj, xi) for

T (·) 6= 0.The relation form is to be determined (estimated) on the basis of pairwiseomparisons of elements of the set X, disturbed by random errors. Eah pair
(xi, xj) ∈ X is ompared independently (in stohasti sense) N times; the resultof k-th omparison (k = 1, . . . , N ; N > 1) is the value of the funtion:

gk : X×X → D, D = {−(m − 1), . . . , m − 1}; (3)the result gk(xi, xj) = cijk is an assessment of the di�erene of ranks in thepair (xi, xj), in k-th omparison. The set D an inlude values from the range:
−(m − 1), . . . , m − 1 beause the number of subsets n is assumed unknown.It is assumed in the paper that eah omparison gk(xi, xj) (1 6 k 6 N)an be disturbed by a random error; it means that the di�erene T (xi, xj) −
gk(xi, xj) may assume values di�erent from zero � with some probabilities.The omparisons gk(xi, xj) and gl(xr, xs) are assumed independent, i.e.:

P ((gk(xi, xj) = cijk) ∩ (gl(xr , xs) = crsl)) =

= P (gk(xi, xj) = cijk)P (gl(xr , xs) = crsl) (k 6= l). (4)The probabilities, whih haraterize eah distribution of omparison errorswill be denoted with the symbols αijk(l), βijk(l), γijk(l); the probabilities arede�ned as follows:
αijk(l) = P (T (xi, xj) − gk(xi, xj) = l; T (xi, xj) = 0)

(−(m − 1) 6 l 6 (m − 1)), (5)
βijk(l) = P (T (xi, xj) − gk(xi, xj) = l; T (xi, xj) < 0)

(−2(m − 1) 6 l 6 2(m − 1)), (6)
γijk(l) = P (T (xi, xj) − gk(xi, xj) = l; T (xi, xj) > 0)

(−2(m − 1) 6 l 6 2(m − 1)). (7)



714 L. KLUKOWSKIIt is obvious that the probabilities (5)�(7) have to ful�l the onditions:
(m−1)∑

l=−(m−1)

αijk(l) = 1,

2(m−1)∑

l=−2(m−1)

βijk(l) = 1,

2(m−1)∑

l=−2(m−1)

γijk(l) = 1. (8)Moreover, it is assumed that the following assumptions hold:
∑

l60

P (T (xi, xj) − gk(xi, xj) = l) > 1/2, (9)
∑

l>0

P (T (xi, xj) − gk(xi, xj) = l) > 1/2, (10)
P (T (xi, xj) − gk(xi, xj) = l) > P (T (xi, xj) − gk(xi, xj) = l + 1); l > 0, (11)
P (T (xi, xj) − gk(xi, xj) = l) > P (T (xi, xj) − gk(xi, xj) = l − 1); l 6 0. (12)The onditions (9)�(12) guarantee, that: • zero is the median of eah distri-bution, • eah probability funtion is unimodal and • assumes maximum in zero.The expeted value of any omparison error an di�er from zero (espeially, for
T (xi, xj) = ±(n−1), the expeted value of the omparison is typially di�erentfrom zero, beause usually P (T (xi, xj) − gk(xi, xj) = 0) 6= 1).The probabilities αijk(0), βijk(0) and γijk(0) may be lower than 1

2 ; hene, theassumptions about errorless omparison are more general than those in zero-oneapproah (see Klukowski, 1994).For simpli�ation, it is assumed that distribution of any omparison error
T (xi, xj) − gk(xi, xj) ((xi, xj) ∈ X×X) is the same for eah k, 1 6 k 6 N (asa result the omparisons of eah pair g1(xi, xj), . . . , gN (xi, xj) are iid randomvariables). Therefore, the index k will be omitted in symbols: αijk(l), βijk(l),
γijk(l). The relaxation of the assumption about idential distributions is notdi�ult.The probabilities αij(l) (−(m − 1) 6 l 6 m − 1) determine the probabil-ity funtion of omparison errors for equivalent elements xi and xj (beause
T (xi, xj) = 0). The probability αij(l) means that a result of omparison as-sumes value l, when both elements are equivalent; espeially αij(0) denotes theprobability of errorless omparison (beause T (xi, xj) = gk(xi, xj) = 0). In thease of known number of the relation subsets (index n) the interval of integers
[−(m − 1), m − 1] (�support� of omparisons gk(·)) ought to be replaed withthe interval [−(n − 1), n− 1]. The interpretation of the probabilities βij(l) and
γij(l) (−2(m− 1) 6 l 6 2(m− 1)) is similar, with the di�erene that they bothdetermine distributions of errors for non-equivalent elements.The problem of estimation of the preferene relation an be stated formallyas follows:To determine the relationR (or, equivalently, the sequene of subsets χ∗

1, . . . , χ
∗
n)on the basis of the omparisons gk(xi, xj) (k = 1, . . . , N), made for eah pair

(xi, xj) ∈ X×X.



Estimation of the preferene relation on the basis of multiple pairwise omparisons 715Let us emphasize that it is not assumed that the probability funtions ofomparisons errors (probabilities αij(l), βij(l), γij(l)) and the number of subsets
n are known.3. Basi de�nitions and notationThe following notation is introdued for further onsiderations:
• t(xi, xj) � the funtion, whih determines the di�erene of ranks for eahpair (xi, xj) ∈ X×X in any preferene relation in the set X, i.e.:

t(xi, xj) = dij ⇔ xi ∈ χk, xj ∈ χl; dij = k − l. (13)
• I(χ1, . . . , χr), P1(χ1, . . . , χr), P2(χ1, . . . , χr) � the sets of pairs of indies
< i, j > generating a relation (χ1, . . . , χr), i.e.:

I(χ1, . . . , χr) = {< i, j > | t(xi, xj) = 0; j > i}, (14)
P1(χ1, . . . , χr) = {< i, j > | t(xi, xj) < 0; j > i}, (15)
P2(χ1, . . . , χr) = {< i, j > | t(xi, xj) > 0; j > i}; (16)

• Rm = I(χ1, . . . , χr) ∪ P1(χ1, . . . , χr) ∪ P2(χ1, . . . , χr) =

{< i, j >| 1 6 i, j 6 m; j > i}; (17)
•M = m(m − 1)/2 = #(Rm) (18)(the symbol #(Ξ) denotes the number of elements of the set Ξ).The properties of the estimators examined in the paper are based on randomvariables U

(k)
ij (χ1, . . . , χr), V

(k)
ij (χ1, . . . , χr), Z

(k)
ij (χ1, . . . , χr), W (k)(χ1, . . . , χr)de�ned as follows:

U
(k)
ij (χ1, . . . , χr) = | gk(xi, xj) |; t(xi, xj) = 0, (19)

V
(k)
ij (χ1, . . . , χr) = | t(xi, xj) − gk(xi, xj) |; t(xi, xj) < 0, (20)

Z
(k)
ij (χ1, . . . , χr) = | t(xi, xj) − gk(xi, xj) |; t(xi, xj) > 0, (21)

W (k)(·) =
∑

<i,j>∈I(·)

U
(k)
ij (·) +

∑

<i,j>∈P1(·)

V
(k)
ij (·) +

∑

<i,j>∈P2(·)

Z
(k)
ij (·). (22)Random variables and other symbols orresponding to the relationR (error-less result of the estimation problem) will be marked with asterisks, i.e.: U

(k)∗
ij ,

V
(k)∗
ij , Z

(k)∗
ij , I∗, P ∗

1 , P ∗
2 , W (k)∗, while variables and symbols orresponding toany other relation X̃1, . . . , X̃r, di�erent than the errorless one, will be denoted:

Ũ
(k)
ij , Ṽ

(k)
ij , Z̃

(k)
ij , Ĩ, P̃1, P̃2, W̃ (k). For �xed k (1 6 k 6 N) the di�erene

W (k)∗ − W̃ (k) an be written in the form1:1The sum (23) omprises, in Klukowski (2000), six omponents only; it does not omprisethe variables Q
(k5)
ij

(< i, j >∈ S5) and Q
(k8)
ij

(< i, j >∈ S8). Therefore, the evaluation (33)from Klukowski (2000) also requires orretion (see formulas (46) and (63) in this paper).



716 L. KLUKOWSKI
W (k)∗ − W̃ (k) =

∑

I∗∩(P̃1−P∗

1 )

(U
(k)∗
ij − Ṽ

(k)
ij ) +

∑

I∗∩(P̃2−P∗

2 )

(U
(k)∗
ij − Z̃

(k)
ij )+

+
∑

P∗

1 ∩(Ĩ−I∗)

(V
(k)∗
ij − Ũ

(k)
ij ) +

∑

P∗

1 ∩(P̃2−P∗

2 )

(V
(k)∗
ij − Z̃

(k)
ij )+

+
∑

(P∗

1 ∩P̃1)∩(T (·) 6=t̃(·))

(V
(k)∗
ij − Ṽ

(k)
ij ) +

∑

P∗

2 ∩(Ĩ−I∗)

(Z
(k)∗
ij − Ũ

(k)
ij )

+
∑

P∗

2 ∩(P̃1−P∗

1 )

(Z
(k)∗
ij − Ṽ

(k)
ij ) +

∑

(P∗

2 ∩P̃2)∩(T (·) 6=t̃(·))

(Z
(k)∗
ij − Z̃

(k)
ij ) (23)or shortly in the form

W (k)∗ − W̃ (k) =

8∑

ν=1

∑

Sν

Q
(kν)
ij ,where:

Q
(k,1)
ij = U

(k)∗
ij − Ṽ

(k)
ij , S1 = {< i, j > | < i, j >∈ I∗ ∩ (P̃1 − P ∗

1 )}, (24)
Q

(k,2)
ij = U

(k)∗
ij − Z̃

(k)
ij , S2 = {< i, j > | < i, j >∈ I∗ ∩ (P̃2 − P ∗

2 )}, (25)
Q

(k,3)
ij = V

(k)∗
ij − Ũ

(k)
ij , S3 = {< i, j > | < i, j >∈ P ∗

1 ∩ (Ĩ − I∗)}, (26)
Q

(k,4)
ij = V

(k)∗
ij − Z̃

(k)
ij , S4 = {< i, j > | < i, j >∈ P ∗

1 ∩ (P̃2 − P ∗
2 )}, (27)

Q
(k,5)
ij = V

(k)∗
ij − Ṽ

(k)
ij ,

S5 = {< i, j > | < i, j >∈ (P ∗
1 ∩ P̃1) ∩ (T (xi, xj) 6= t̃(xi, xj))}, (28)

Q
(k,6)
ij = Z

(k)∗
ij − Ũ

(k)
ij , S6 = {< i, j > | < i, j >∈ P ∗

2 ∩ (Ĩ − I∗)}, (29)
Q

(k,7)
ij = Z

(k)∗
ij − Ṽ

(k)
ij , S7 = {< i, j > | < i, j >∈ P ∗

2 ∩ (P̃1 − P ∗
1 )}, (30)

Q
(k,8)
ij = Z

(k)∗
ij − Z̃

(k)
ij ,

S8 = {< i, j > | < i, j >∈ (P ∗
2 ∩ P̃2) ∩ (T (xi, xj) 6= t̃(xi, xj))}. (31)The following properties of the random variables Q

(kν)
ij are neessary forfurther onsiderations:Lemma 1. The expeted value of eah random variable Q

(kν)
ij (1 6 k 6 N ;

< i, j >∈ Sν ; ν = 1, . . . , 8) satis�es the ondition:
E(Q

(kν)
ij ) < 0. (32)Proof is similar to the proof of Theorem 1 in Klukowski (2007).



Estimation of the preferene relation on the basis of multiple pairwise omparisons 7174. The ase of averaged omparisonsThe estimator presented in this setion is based on averages from individualrandom variables U
(k)
ij (·), V

(k)
ij (·), Z

(k)
ij (·), i.e. the variables: Ūij(·), V̄ij(·) and

Z̄ij(·) de�ned in the following way:
Ūij(·) =

1

N

N∑

k=1

U
(k)
ij (·), (33)

V̄ij(·) =
1

N

N∑

k=1

V ij(k)(·), (34)
Z̄ij(·) =

1

N

N∑

k=1

Z
(k)
ij (·). (35)Similarly, random variable W̄ (·) is de�ned as follows:

W̄ (·) =
∑

<i,j>∈I(·)

Ūij(·) +
∑

<i,j>∈P1(·)

V̄ij(·) +
∑

<i,j>∈P2(·)

Z̄ij(·). (36)The symbols orresponding to the relation χ∗
1, . . . , χ

∗
n will be also denotedwith asterisks, i.e. Ū∗

ij(·), V̄ ∗
ij(·), Z̄∗

ij(·), W̄ ∗, while the symbols orrespondingto any other relation χ̃1, . . . , χ̃r will be denoted by tildas, i.e. ˜̄U ij(·), ˜̄V ij(·),
˜̄Zij(·), ˜̄W .Note that variables Ūij(·), V̄ij(·) and Z̄ij(·) satisfy, under the assumptionof identity of distribution funtions αijk(l), βijk(l), γijk(l) (1 6 k 6 N) , theonditions:

E(Ūij(·)) = E(U
(k)
ij (·)), (37)

E(V̄ij(·)) = E(V
(k)

ij (·)), (38)
E(Z̄ij(·)) = E(Z

(k)
ij (·)), (39)Var (Ūij(·)) = 1

N Var (U
(k)
ij (·)), (40)Var (V̄ij(·)) = 1

NVar (V
(k)
ij (·)), (41)Var (Z̄ij(·)) = 1

N Var (Z
(k)
ij (·)). (42)The di�erene W̄ ∗(·) − ˜̄W (·) an be expressed in the form:

W̄ ∗(·) − ˜̄W (·) =
∑

I∗∩(P̃1−P∗

1 )

(Ū∗
ij −

˜̄V ij) +
∑

I∗∩(P̃2−P∗

2 )

(Ū∗
ij −

˜̄Zij)+
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+

∑

P∗

1 ∩(Ĩ−I∗)

(V̄ ∗
ij −

˜̄U ij) +
∑

P∗

1 ∩(P̃2−P∗

2 )

(V̄ ∗
ij −

˜̄Zij)+

+
∑

(P∗

1 ∩P̃1)∩(T (·) 6=t̃(·))

(V̄ ∗
ij −

˜̄V ij) +
∑

P∗

2 ∩(Ĩ−I∗)

(Z̄∗
ij −

˜̄U ij)+

+
∑

P∗

2 ∩(P̃1−P∗

1 )

(Z̄∗
ij −

˜̄V ij) +
∑

(P∗

2 ∩P̃2)∩(T (·) 6=t̃(·))

(Z̄∗
ij −

˜̄Zij)

=

8∑

ν=1

∑

Sν

Q̄
(ν)
ij , (43)where:̄

Q
(1)
ij = Ū∗

ij −
˜̄V ij , < i, j >∈ S1,

Q̄
(2)
ij = Ū∗

ij −
˜̄Zij , < i, j >∈ S2,

Q̄
(3)
ij = V̄ ∗

ij −
˜̄U ij , < i, j >∈ S3,

Q̄
(4)
ij = V̄ ∗

ij −
˜̄Zij , < i, j >∈ S4,

Q̄
(5)
ij = V̄ ∗

ij −
˜̄V ij , < i, j >∈ S5,

Q̄
(6)
ij = Z̄∗

ij −
˜̄U ij , < i, j >∈ S6,

Q̄
(7)
ij = Z̄∗

ij −
˜̄V ij , < i, j >∈ S7,

Q̄
(8)
ij = Z̄∗

ij −
˜̄Zij , < i, j >∈ S8,(Sν - same as in (24)�(31)).It results from the lemma presented in Setion 3 that:

E(W̄ ∗(·) − ˜̄W (·)) < 0. (44)Moreover, we an establish the evaluation of the probability P (W̄ ∗ < ˜̄W ).Hoe�ding's inequality (see Hoe�ding, 1963):
P

(
N∑

k=1

Yi −

N∑

k=1

E(Yi) > Nt

)
6 exp{−2Nt2/(b − a)2}, (45)where:

Yi, (i = 1, . . . , N) � independent random variables satisfying ondition
P (a 6 Yi 6 b) = 1, (−∞ < a < b < ∞);
t � positive onstant,will be used as the basis for evaluation.



Estimation of the preferene relation on the basis of multiple pairwise omparisons 719Theorem 1. Probability P (W̄ ∗ < ˜̄W ) satis�es the inequality
P (W̄ ∗ < ˜̄W ) > 1 − exp




−2N

(
8∑

ν=1

∑
Sν

E(Q
(1,ν)
ij ))2

(2ϑ(m − 1))2





, (46)where: ϑ � the number of elements of the set 8⋃
ν=1

Sν .Proof. Probability P (W̄ ∗ < ˜̄W ) an be expressed in the form:
P (W̄ ∗ < ˜̄W ) = 1 − P (W̄ ∗ − ˜̄W > 0) and
P (W̄ ∗ − ˜̄W > 0) = P (

8∑

ν=1

∑

Sν

Q̄
(ν)
ij > 0) =

= P (

8∑

ν=1

∑

Sν

1
N

N∑

k=1

Q
(kν)
ij > 0) = P (

N∑

k=1

(

8∑

ν=1

∑

Sν

Q
(kν)
ij ) > 0), (47)where:

Q
(k,1)
ij = U

(k)∗
ij − Ṽ

(k)
ij ,. . . . . . . . . . . . . . . . . . . . .

Q
(k,8)
ij = Z

(k)∗
ij − Ṽ

(k)
ij .Last inequality in (47) an be transformed in the following way:

P (

N∑

k=1

(

8∑

ν=1

∑

Sν

Q
(kν)
ij ) > 0) =

= P (

N∑

k=1

(

8∑

ν=1

∑

Sν

Q
(kν)
ij ) − E(

N∑

k=1

(

8∑

ν=1

∑

Sν

Q
(kν)
ij )) > −E(

N∑

k=1

(

8∑

ν=1

∑

Sν

Q
(kν)
ij ))) =

= P (

N∑

k=1

(

8∑

ν=1

∑

Sν

Q
(kν)
ij ) − N

8∑

ν=1

∑

Sν

E(Q
(1,ν)
ij ) > −N

8∑

ν=1

∑

Sν

E(Q
(1,ν)
ij )). (48)Equality (48) results from the assumption that for any k (1 6 k 6 N) thedistributions of the random variables U

(k)
ij (·), V

(k)
ij (·) and Z

(k)
ij (·) are the same.Therefore, the expeted values of the variables Q

(kν)
ij (1 6 k 6 N) are also thesame.



720 L. KLUKOWSKIThe probability (48) an be evaluated on the basis of Hoe�ding inequality (45)in the following way:
P (

N∑

k=1

(

8∑

ν=1

∑

Sν

Q
(kν)
ij ) − N

8∑

ν=1

∑

Sν

E(Q
(1,ν)
ij ) > −N

8∑

ν=1

∑

Sν

E(Q
(1,ν)
ij )) 6

6 exp




−2N

(
8∑

ν=1

∑
Sν

E(Q
(1,ν)
ij ))2

(2ϑ(m − 1))2





. (49)The evaluation (49) results from the following fats: the absolute value of eahdi�erene |T (xi, xj)−gk(xi, xj)|−|t̃(xi, xj)−gk(xi, xj)| ((xi, xj) ∈ X×X) annotexeed the value 2(m−1), the number of omponents of the sum 8∑
ν=1

∑
Sν

E(Q
(1,ν)
ij )equals ϑ and eah expeted value E(Q

(kν)
ij ) is negative (see Lemma in Setion3). The evaluation is equivalent to the proved inequality (46).The inequality (46) shows that P (W̄ ∗ < ˜̄W ), i.e. the probability of theevent that the value of the random variable W̄ ∗ is lower than of any other vari-able ˜̄W , onverges exponentially to one, for N → ∞. Moreover, eah varianeVar (W̄ (χ1, . . . , χr)) onverges to zero, when N → ∞. Therefore, any variable

W̄ (χ1, . . . , χr) onverges stohastially to some onstant ω̄(χ1, . . . , χr); the on-stant ω̄∗, orresponding to the variable W̄ ∗ (i.e. relation χ∗
1, . . . , χ

∗
n) assumesminimal value in the set {ω̄(χ1, . . . , χr) |χ1, . . . , χr ∈ FX ; FX � the family ofall preferene relations in the set X}. This fats indiates the form of the esti-mator � to determine the relation χ̂1, . . . , χ̂n̂, whih minimizes the value of therandom variable W̄ (χ1, . . . , χr) for given omparisons gk(xi, xj) (k = 1, . . . , N ;

(xi, xj) ∈ X×X). Let us notie that the value of the right-hand side of inequal-ity (46) depends on the form of relation χ̃1, . . . , χ̃r; an inrease of �dissimilarity�between χ̃1, . . . , χ̃r and atual relation χ∗
1, . . . , χ

∗
n inreases the expeted value

8∑
ν=1

∑
Sν

E(Q
(1,ν)
ij ) and � �nally � dereases the probability P (W̄ ∗ > ˜̄W ). Inother words � a more dissimilar relation χ̃1, . . . , χ̃r, in omparison to the rela-tion χ∗

1, . . . , χ
∗
n, is less probable.The optimization task for the ase under examination assumes the form:

min
χ

(ι)
1 ,...,χ

(ι)

r(ι)
∈FX





∑

<i,j>∈Rm

N∑

k=1

∣∣∣t(ι)(xi, xj) − gk(xi, xj)
∣∣∣



 , (50)where:

FX � the feasible set of the problem, i.e. the family of all preferene relationsin the set X,
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t(ι)(xi, xj) � the funtion desribing the relation χ

(ι)
1 , . . . , χ

(ι)

r(ι) from the feasibleset FX(the fator 1
N is omitted, beause it does not in�uene the form of the optimalsolution).There may be more than one solution to problem (50). In ase of multiple so-lutions, the inequality (46) refers to whole set of solutions obtained. The uniqueform of the relation an be hosen randomly or with the use of an additionalriterion, e.g. minimal value of the expression
∑

<i,j>∈I(χ̂1,...,χ̂n̂)

N∑

k=1

∣∣t̂(xi, xj) − gk(xi, xj)
∣∣the funtion t̂(·) desribes the estimate χ̂1, . . . , χ̂n̂.The evaluation (46) is similar to those presented in Klukowski (1994) point 5.1,orresponding to the ase, when omparisons indiate the diretion of prefer-enes (not di�erene of ranks). The right-hand side of probability (46) is better(assumes higher value), than the evaluation presented in Klukowski (1994) inthe ase, when:

(

8∑

ν=1

∑

Sν

E(Q
1ν)
ij ))2/(2ϑ(m − 1))2 > (1/2 − δ)2,where δ denotes maximum probability of error in omparisons expressing thediretion of preferene.The numerial value of the right-hand side of inequality (46) an be deter-mined in the ase of known distributions of omparison errors and the form ofrelation χ∗

1, . . . , χ
∗
n. If not, they an be replaed with estimates or evaluations(see Klukowski, 2007). The estimation requires su�ient number of omparisons

N , at least several.Let us notie that the evaluation (46) is, in general, signi�antly under-estimated; its negative feature is dependene on the number of elements m.Therefore, in the ase of �reliable� estimation of the relation form (it is indi-ated by the minimal value of the funtion (50) lose to zero), the value m − 1an be replaed by the estimate n̂ − 1. The estimate an be usually �reliable�for moderate N , e.g. several, beause of the exponential form of the right-handside of inequality (46).It is also possible to onsider the estimation problem with the quadratifuntion instead of the absolute value, e.g.:
U2

k (xi, xj) = (t(xi, xj) − gk(xi, xj))
2; t(xi, xj) = 0; (51)
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W̄ 2(xi, xj) = 1

N

N∑

k=1

(
∑

<i,j>∈I(·)

U2
k (xi, xj) +

∑

<i,j>∈P1(·)

V 2
k (xi, xj)+

+
∑

<i,j>∈P2(·)

Z2
k(xi, xj)), (52)or with the use of the average ḡ(xi, xj) instead of individual gk(xi, xj), e.g.:

Ǔ(xi, xj) = |t(xi, xj) − ḡ(xi, xj)| ; t(xi, xj) = 0; (53)
W̌ (xi, xj) =

∑

<i,j>∈I(·)

Ǔ(xi, xj) +
∑

<i,j>∈P1(·)

V̌ (xi, xj)+

+
∑

<i,j>∈P2(·)

Ž(xi, xj), (54)where: ḡ(xi, xj) = 1
N

N∑
k=1

gk(xi, xj), et.The minimization problems assume the following forms for these funtions:
min

χ
(ι)
1 ,...,χ

(ι)

r(ι)
∈FX

{ ∑

<i,j>∈Rm

N∑

k=1

(t(ι)(xi, xj) − gk(xi, xj))
2

}
, (55a)

min
χ

(ι)
1 ,...,χ

(ι)

r(ι)
∈FX

{ ∑

<i,j>∈Rm

∣∣∣t(ι)(xi, xj) − ḡ(xi, xj)
∣∣∣
}

. (55b)The properties of suh estimators need further investigation.5. The median approahIn the ase of the median approah it is assumed, that N is odd, i.e. N =
2τ + 1 (τ = 0, 1 . . .). The form of estimator is based on the random variables:
Ume,N (xi, xj), Vme,N (xi, xj), Zme,N (xi, xj), Wme,N (χ1, . . . , χr) de�ned in thefollowing way:
Ume,N (xi, xj) = |gme,N (xi, xj)|; t(xi, xj) = 0, (56)
Vme,N (xi, xj) = |t(xi, xj) − gme,N (xi, xj)|; t(xi, xj) < 0, (57)
Zme,N (xi, xj) = |t(xi, xj) − gme,N (xi, xj)|; t(xi, xj) > 0, (58)
Wme,N (χ1, . . . , χr)=

∑

I(·)

Ume,N (xi, xj) +
∑

P1(·)

Vme,N (·) +
∑

P2(·)

Zme,N (xi, xj), (59)where: gme,N (xi, xj) � the median from omparisons gk(xi, xj) (k = 1, . . . , N),i.e. gme,N (xi, xj) = g((N+1)/2)(xi, xj), while symbols g(1)(xi, xj), . . ., g(N)(xi, xj)denote the omparisons: g1(xi, xj), . . . , gN (xi, xj) ordered in non-dereasingmanner.



Estimation of the preferene relation on the basis of multiple pairwise omparisons 723The symbols orresponding to the atual relation χ∗
1, . . . , χ

∗
n are marked withasterisks, i.e.: U∗

ij,me,N , V ∗
ij,me,N , Z∗

ij,me,N , W ∗me,N , while orresponding to anyother relation χ̃1, . . . , χ̃ñ � with tildas, i.e.: Ũij,me,N , Ṽij,me,N , Z̃ij,me,N , W̃me,N .Using suh notation, the di�erene W ∗me,N − W̃me,N , the basis for the prop-erties of the estimator based on medians, assumes the form:
W ∗me,N − W̃me,N =

∑

I∗∩(P̃1−P∗

1 )

(U∗
ij,me,N − Ṽij,me,N )+

+
∑

I∗∩(P̃2−P∗

2 )

(U∗
ij,me,N − Z̃ij,me,N ) +

∑

P∗

1 ∩(Ĩ−I∗)

(V ∗
ij,me,N − Ũij,me,N )+

+
∑

P∗

1 ∩(P̃2−P∗

2 )

(V ∗
ij,me,N − Z̃ij,me,N ) +

∑

(P∗

1 ∩P̃1)∩(T (·) 6=t̃(·))

(V ∗
ij,me,N − Ṽij,me,N )+

∑

P∗

2 ∩(Ĩ−I∗)

(Z∗
ij,me,N − Ũij,me,N ) +

∑

P∗

2 ∩(P̃1−P∗

1 )

(Z∗
ij,me,N − Ṽij,me,N )+

+
∑

(P∗

2 ∩P̃
)
2∩(T (·) 6=t̃(·))

(Z∗
ij,me,N − Z̃ij,me,N ), (60)equivalent to:

W ∗me,N − W̃me,N =

8∑

ν=1

∑

Sν

Q
(ν)
ij,me,N , (61)where:

Q
(1)
ij,me,N = U∗

ij,me,N − Ṽij,me,N , < i, j >∈ S1,

Q
(2)
ij,me,N = U∗

ij,me,N − Z̃ij,me,N , < i, j >∈ S2,

Q
(3)
ij,me,N = V ∗

ij,me,N − Ũij,me,N , < i, j >∈ S3,

Q
(4)
ij,me,N = V ∗

ij,me,N − Z̃ij,me,N , < i, j >∈ S4,

Q
(5)
ij,me,N = V ∗

ij,me,N − Ṽij,me,N , < i, j >∈ S5,. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Q

(8)
ij,me,N = Z∗

ij,me,N − Z̃ij,me,N , < i, j >∈ S8,(Sν � de�ned in (24)�(31)).The properties of the di�erene W ∗me,N − W̃me,N are determined in the fol-lowing



724 L. KLUKOWSKITheorem 2. The di�erene W ∗me,N − W̃me,N satis�es the inequalities:
E(W ∗me,N − W̃me,N ) < 0, (62)
P (W ∗me,N < W̃me,N ) >

E(
8∑

ν=1

∑
Sν

Q
(ν)
ij,me,N )

λ1(m − 1) + 2λ2(m − 1) + λ3(m − 2)
, (63)where: λ1 = #(S1 ∪ S2 ∪ S3 ∪ S6); λ2 = #(S4 ∪ S7); λ3 = #(S5 ∪ S8) (#(Ξ)denotes the number of elements of Ξ).Proof of inequality (62). Inequality (62) is true for N = 1 (on the basis of theinequality (32) � see Lemma 1 in Setion 3). For N = 2τ + 1 (τ = 1, . . . , ) theproof is similar to the ase examined in Klukowski (2007); therefore its draft ispresented only below. The probability funtion P (T (xi, xj)−gme,N (xi, xj)) = l)(N = 2τ+1; τ = 0, 1, . . . ,) satis�es for eah pair (xi, xj) ∈ X×X the inequalities:

P (T (xi, xj) − gme,N+2(xi, xj) = 0) > P (T (xi, xj) − gme,N (xi, xj) = 0), (64a)
P (T (xi, xj) − gme,N+2(xi, xj) = l) < P (T (xi, xj) − gme,N (xi, xj) = l) (l 6= 0).(64b)Inequalities (64a, b) result from the following fats: probabilities P (T (xi, xj)−
gme,N (xi, xj) = l) an be expressed in the form (see David, 1970, Setion 2.4):
P (T (xi, xj) − gme,N (xi, xj) = 0) =

= P (T (xi, xj) − gme,N (xi, xj) 6 0) − P (T (xi, xj) − gme,N (xi, xj) 6 −1) =

=
N !

(((N − 1)/2)!)2

G(0)∫

G(−1)

t(N−1)/2(1 − t)(N−1)/2dt, (65a)
P (T (xi, xj) − gme,N (xi, xj) = l) =

= P (T (xi, xj) − gme,N (xi, xj) 6 l) − P (T (xi, xj) − gme,N (xi, xj) 6 l − 1) =

=
N !

(((N − 1)/2)!)2

G(l)∫

G(l−1)

t(N−1)/2(1 − t)(N−1)/2dt, (65b)where:
G(l) = P (T (xi, xj) − gk(xi, xj) 6 l).The expressions (65a) and (65b) are determined on the basis of beta distribution

B(p, q), with parameters p = q = (N +1)/2. The expeted value and variane ofthe distribution assume the forms, respetively: 1
2 and ((N +1)/2)2/(N+1)2(N+

2) = 1
4(N+2) . The variane of the distribution onverges to zero for N → ∞ and



Estimation of the preferene relation on the basis of multiple pairwise omparisons 725the integrand in integrals (65a, b) is symmetri around 1
2 . These fats guar-antee that: the distributions of the random variables T (xi, xj) − gme,N (xi, xj)((xi, xj) ∈ X×X) are for eah N unimodal, their probability funtions assumemaximum in zero (i.e. for T (xi, xj)− gme,N (xi, xj) = 0) and satisfy the inequal-ities (64a, b). Last two onditions are su�ient (see the assumptions (9)�(12)and Lemma 1 from Setion 3) for the inequality (62).Proof of inequality (63). The inequality (63) is proved on the basis of Chebyshevinequality for expeted value. For this purpose the left-hand side of the inequal-ity is transformed to the form P (W ∗me,N < W̃me,N ) = 1−P (W ∗me,N−W̃me,N > 0)and eah random variable Q

(ν)
ij,me,N is transformed to the form, whih providesnon-negative expeted value:

Q
′(ν)
ij,me,N = Q

(ν)
ij,me,N + (m − 1) (ν = 1, 2, 3, 6), (66)

Q
′(ν)
ij,me,N = Q

(ν)
ij,me,N + 2(m − 1) (ν = 5, 8), (67)

Q
′(ν)
ij,me,N = Q

(ν)
ij,me,N + (m − 2) (ν = 4, 7). (68)The probability P (W ∗me,N − W̃me,N > 0) an be evaluated in the followingway:

P (W ∗me,N − W̃me,N > 0) = P (

8∑

ν=1

∑

Sν

Q
(ν)
ij,me,N > 0) =

P (

8∑

ν=1

∑

Sν

Q
′(ν)
ij,me,N > λ1(m − 1) + 2λ2(m − 1) + λ3(m − 2)) 6

6

E(
8∑

ν=1

∑
Sν

Q
′(ν)
ij,me,N )

λ1(m − 1) + 2λ2(m − 1) + λ3(m − 2)
=

= 1 +

E(
8∑

ν=1

∑
Sν

Q
(ν)
ij,me,N )

(λ1 + 2λ2)(m − 1) + λ3(m − 2)
. (69)The inequality (69) is equivalent to proved inequality (63).The right-hand side of the inequality (63) is inluded in the interval (0, 1).Its numerial value an be determined in the ase of known distributions ofomparison errors P (T (·) − gme,N (·) = ι). In the opposite ase it an be esti-mated or approximated. An approximation proedure for this purpose, usefulfor moderate N (lower than several), based on the formulas (65a, b) and anassumption about symmetry of distribution tails, an be onstruted in similarway, as in Klukowski (2007), for the tolerane relation. For N greater thanseveral, unknown probability funtions of omparison errors an be estimated.



726 L. KLUKOWSKIThe evaluation (63) based on the value m is usually underestimated (lowerthan atual probability) and � similarly as in the ase of averaged omparisons� the values: m−1, 2(m−1) and m−2 an be replaed by the estimates basedon n̂.The minimisation task for the estimation of the preferene relation is similar,as in the ase of N = 1 (see (50)). It assumes the form:
min

χ
(ι)
1 ,...,χ

(ι)

r(ι)
∈FX

{
∑

<i,j>∈Rm

∣∣∣t(ι)(xi, xj) − gme,N (xi, xj)
∣∣∣}. (70)There may be more than one solution of the task (70).It should be emphasized that the evaluation (63) is based on rough probabil-ity inequality. However, it seems oneivable that for some types of distributionsof omparison errors, the e�ieny of the median approah is similar to that forthe averaging approah.The right-hand side of the inequality (63) does not onverge exponentiallyto one. However, the estimator, whih guarantees suh onvergene an beonstruted for medians (from di�erenes of ranks) on the basis of the approahpresented in Klukowski (1994), point 5.2. The di�erenes of ranks have to betransformed into omparisons indiating the diretion of the preferene, whihsatisfy the ondition that probability of errorless omparison is higher than 1

2 .The idea of the transformation an be presented brie�y in the following way. Onthe basis of the formulas (65a, b) we an determine the minimal value (integer)
κ, (κ 6 N), whih guarantees, for eah pair (xi, xi) ∈ X×X, satisfation of theondition:

P (T (·) − gme(κ)(·) = 0) > 1
2 (71)where: gme(κ)(·) is the median in the subset of κ onseutive omparisons, i.e.

{g1(·), . . . , gκ(·)} or {gκ+1(·), . . . , g2κ(·)}, et.Let us de�ne the random variables Uij,τ (χ1, . . . , χr), Vij,τ (χ1, . . . , χr),
Zij,τ (χ1, . . . , χr) in the following way:
Uij,τ (χ1, . . . , χr) =

{
0; gme,τ (xi, xj) = t(xi, xj) for < i, j >∈ I(χ1, . . . , χr);

1; gme,τ (xi, xj) 6= t(xi, xj) for < i, j >∈ I(χ1, . . . , χr),(72a)
Vij,τ (χ1, . . . , χr) =

{
0; gme,τ (xi, xj) = t(xi, xj) for < i, j >∈ P1(χ1, . . . , χr);

1; gme,τ (xi, xj) 6= t(xi, xj) for < i, j >∈ P1(χ1, . . . , χr),(72b)
Zij,τ (χ1, . . . , χr) =

{
0; gme,τ (xi, xj) = t(xi, xj) for < i, j >∈ P2(χ1, . . . , χr);

1; gme,τ (xi, xj) 6= t(xi, xj) for < i, j >∈ P2(χ1, . . . , χr),(72)where:
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gme,τ (xi, xj) � the median in the set of omparisons {g(τ−1)·κ+1(·), . . . , gτ ·κ(·)}

(τ = 1, . . . , ϑ); the expression a · b − ( index in ga·b(·)) means the produtof a and b,
ϑ � integer part of the quotient N/κ (odd number), i.e. ϑ = ent(N/κ).Now, the majority approah, introdued in Klukowski (1994), point 5.2(equivalent to the median in the set omprising zero-one random variables),an be applied to the random variables Uij,τ (χ1, . . . , χr), Vij,τ (χ1, . . . , χr),

Zij,τ (χ1, . . . , χr) (τ = 1, . . . ϑ ). As a result, one an obtain the variables U (me)
ij ,

V
(me)
ij , Z(me)

ij de�ned as follows:
U

(me)
ij (χ1, . . . , χr)=





0;
ϑ∑

τ=1
Uij,τ (χ1, . . . , χr)<ϑ/2 for <i, j>∈I(χ1, . . . , χr);

1;
ϑ∑

τ=1
Uij,τ (χ1, . . . , χr)>ϑ/2 for <i, j>∈ I(χ1, . . . , χr),(73a)

V
(me)
ij (χ1, . . . , χr)=





0;
ϑ∑

τ=1
Vij,τ (χ1, . . . , χr)<ϑ/2 for <i, j>∈P1(χ1, . . . , χr);

1;
ϑ∑

τ=1
Vij,τ (χ1, . . . , χr)>ϑ/2 for <i, j>∈P1(χ1, . . . , χr),(73b)

Z
(me)
ij (χ1, . . . , χr)=





0;
ϑ∑

τ=1
Zij,τ (χ1, . . . , χr)<ϑ/2 for <i, j>∈P2(χ1, . . . , χr);

1;
ϑ∑

τ=1
Zij,τ (χ1, . . . , χr)>ϑ/2 for <i, j>∈P2(χ1, . . . , χr).(73)Let us apply the onvention used in previous setions to the variables:

U
(me)
ij (·), V

(me)
ij (·), Z

(me)
ij (·), i.e. the symbols orresponding to the atual re-lation χ∗

1, . . . , χ
∗
n will be marked with asterisks: U

(me)∗
ij , V(me)∗

ij , Z(me)∗
ij , whilethe symbols orresponding to any other relation χ̃1, . . . , χ̃r �with tildas: Ũ (me)

ij ,
Ṽ

(me)
ij , Z̃(me)

ij .Finally let us de�ne the random variables W∗
ϑ and W̃ϑ:

W∗
ϑ =

∑

I∗

U
(me)∗
ij +

∑

P∗

1

V
(me)∗
ij +

∑

P∗

2

Z
(me)∗
ij , (74)

W̃ϑ =
∑

Ĩ

Ũ
(me)
ij +

∑

P̃1

Ṽ
(me)
ij +

∑

P̃2

Z̃
(me)
ij . (75)On the basis of the results presented in Klukowski (1994), point 5.2, it is learthat:

P (W∗
ϑ − W̃ϑ < 0) > 1 − 2λϑ, (76)



728 L. KLUKOWSKIwhere:
λϑ = exp{−2ϑ(1/2− δ(κ)

max)
2} (77)and

δ(κ)
max = max
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