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1. Introduction

In this paper we consider the following multiobjective variational programming
problem,

Minimize f: flt,x, @)dt f filt,z, @) f fp(t,x, &)dt)
subject to

2(0) = o, 2(b) =

g(t,x :v) <O te I

(MoP)

where I = [a,b] is a real interval, f : I x R" x R™ — IRP, and g : I x IR™ x
IR" — IR™ are continuously differentiable functions with respect to each of
their arguments, up to the second order.

The field of multiobjective variational programming problems, also known
as continuous time programming problems, has grown remarkably in different
directions in the setting of optimality conditions and duality theory. It has been
enriched by the application of various types of generalizations of convexity the-
ory, with or without differentiability assumptions and in fractional variational
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programming, saddle point theory, symmetric duality, etc. A new reader may
like to consult Bhatia and Mehra (1999), Aghezzaf and Khazafi (2004), Bector
and Husain (1992) for relatively more exhaustive references in the subject. This
development in multiobjective variational programming was originated by the
growth of generalizations of invexity, introduced by Hanson (1981) in mathe-
matical programming, to variational programming problems. More specifically,
Bhatia and Mehra introduced recently the class of B-type I functions, a general-
ization of invexity, and derived various sufficient conditions and duality results.

In this paper, we generalize the (V, p)-invexity defined for nonsmooth mul-
tiobjective fractional programming, Zhou and Wang (2003), to multiobjective
variational programming problems by defining new classes of vector-valued func-
tions called (V, p)-B-type I and generalized (V, p)-B-type I, then we use these
new classes to establish various sufficient optimality conditions and mixed type
duality results.

2. Preliminaries

Let IR™ be n-dimensional Euclidean space, and IR’} be its nonnegative orthant.
Let x and y be in IR™, we denote

r<y<=uwz; <y, fori=1,...,n
r<y<=z<y, bul z#y.
r<y<s=x;<y;, fori=1,...,n.

In order to consider f(t,z,4), where z : I — IR™ with its derivative &,
denote the p x n matrices of first partial derivatives of f with respect to z, &
by fr and f;, such that

ofi ofi ofi ofi
fio = (g S0y and g = (G D iz

Similarly, g, and g; denote the m x n matrices of first partial derivatives of
g with respect to x and #.

Let C(I,IR™) denote the space of piecewise smooth functions x with norm
llz]| :== ||#]loo + || Dx||co, Where the differential operator D is given by

u= Dz <= z(t) = z(a) —|—/ u(s)ds.

a

Therefore, D = d/dt, except at discontinuities.
Let K :={z € C([,R"), x(a) =, z(b) = B, g(t,z,%)<0, Vt € } be
the set of feasible solutions of (MOP).

DEFINITION 2.1 A point x* € K is said to be an efficient (Pareto optimal)
solution of (MOP) if there exists no other x € K such that

b b
/f(tw,a'c)dtg/ ft,z* &%)dt.
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DEFINITION 2.2 (Geoffrion, 1968, Bector and Husain, 1992). An effi-
cient solution x* of (MOP) is said to be properly efficient if there ex-

ists a positive number M such that for each i, we have fa filt,x*, 2*)dt —
f: fi(t,x,j:)dtéM(f: fit,x, &)dt — f: fi(t,a*,&*)dt) for some j such that
f:fj(t,x,j:)dt > f:fj(t,x*,j:*)dt whenever x € K and f:fi(t,x,jj)dt <
12 F(t i)t

Let p = (p!, p?) be a vector in IRPT™ where: p! = (pi,... ,pzl)) is a vector in
IRP and p* = (p7,,, .., Pasp) is a vector in R™ and let d : I x R" x R™ — IR
be a function.

DEFINITION 2.3 A pair (f,g) is said to be (V, p)-B-type I at u € C(I, IR™) with
respect to by, by and n if there exist functions by, by : C(I,R™) x C(I, R") —
IRy andn: I x R" x IR" — IR™ such that for all z € K,

bt [ )i - / 't uigad]

2/abn(t7w,U)t[fm(t,uvu)— %fﬁa(f,u,u)}dt-kpl /abdz(t, o wdt (2.1)
o) [ oltw i

g/ab"(t’x’uy[gz(tvuaﬁ)— %gi(t,u,a)]dwﬁ / " E(, v, upi

If in the previous definition, (2.1) is satisfied as a strict inequality, then we
say that a pair (f,g) is semistrictly (V, p)-B-type I at u € C(I, IR™) with respect
to bo, bl and n.

If pt = p? = 0, then (f, g) is B-type I (Aghezzaf and Khazafi, 2004) at
u € C(I, IR™) with respect to by, by and 7.

Consider the example given by Bhatia and Mehra (1999).

EXAMPLE 2.1 Define functions f,g by :

f:Ix[0,1] x[0,1] — R
—z2(t)t
g:I1x1[0,1]x[0,1] — R

(t,2(t), #(£)) — _%.

(t, (1), &(t)) —

Neither the function f nor g defined previously are invez at u(t) =0, so neither
the function f nor g is convex at u. But the pair (f, g) is B-type I at u with
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respect to functions by, by : [0,1] x [0,1] — R4+ andn: I x[0,1] x [0,1] — R
defined in the following text,
n(t,z,u) = 2°(t) = u’(t)
bo(w,u) = 3u?(t)
23t —uB (), if u(t) > x(t),
bi(@,u) = { 0 otherwise.

Therefore, for pt = p* = 0, the pair (f, g) is (V, p)-B-type I at u with respect
to the same functions bg, b1 and 7.

(V, p)-B-type I need not to be B-type I functions as can be seen from the
following example.

EXAMPLE 2.2 Define functions f,g by :

[ x[0,1)* x [0,1)* — IR
(t,2(t), &(t)) — =(t) =1
g:Ix[0,1?x[0,1> — R
(t,z(t),2(t)) — x1(t) + x2(t) — 2.
For pt = (=2,-2), p> = -4 and d =1, (f,g) is (V, p)-B-type I at u(t) = (1,1)
with respect to functions by, by : C([0,1], R?) x C([0,1], R?) — R4 and n :
I x IR?> x IR? — IR? defined as below:
n(t,z,u) = z(t) + 1
bo(z,u) = by(x,u) =1.

But (f,g) is not B-type I at u with respect to the same by, by and 7.

Now we generalize the class of (V, p)-B-type I functions in the spirit of gen-
eralizations made in Aghezzaf and Khazafi (2004).

DEFINITION 2.4 A pair (f, g) is said to be weak strictly (V, p)-pseudo-quasi B-
type I at u € C(I,IR™) with respect to by, by and n if there exist functions by,
bi:C(I,R")xC(I,R") — R4 andn: I x IR" x R™ — IR™ such that for all
re K,

b b
/f(t,x,gb)dtﬁ/ Ft, u, w)dt
b
- bo(x,u)/ n(t,z,u)t [fw(t,u,u) — %fi(t,u,u)} dt

b
< —pl/ d*(t, =, u)dt
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b
- / g(t,u,u)dt <0
b

d
= b (x,u)/ n(t,x,u) [gz(t, u, ) — agi(t, u,u)} dt

b
é—p2/ d*(t, =, u)dt.

The class of weak strictly (V] p)-pseudo-quasi B-type I does not contain the
class of (V, p)-B-type I, but does contain the class of semistrictly (V, p)-B-type I
with by > 0.

DEFINITION 2.5 A pair (f,g) is said to be strong (V, p)-pseudo-quasi B-type I
at u € C(I,IR™) with respect to by, b1 and n if there exist functions b, by :
C(I, R") x C(I, R") — IRy and n : I x R™ x IR — IR™ such that for all
r €K,

b b
/ F(t, @, d)dt < / F(t,u, w)dt
b

:>b0(3:,u)/ n(t,x,u)t[fm(t,u,ﬁ)— %fi(t,u,a)}dt

a

b
< —pl/ d*(t, x, u)dt

b
—/ g(t,u,u)dt <0
a b d
= b (x,u)/ n(t,z,u)t [gm(t, u, ) — Egi(t’ u,u)} dt

a

b
é—p2/ d*(t, x, u)dt.

Instead of the class of weak strictly (V] p)-pseudo-quasi B-type I, the class
of strong (V, p)-pseudo-quasi B-type I does contain the class of (V] p)-B-type I
with by > 0.

We give examples to show that weak strictly (V, p)-pseudo-quasi B-type I
and strong (V, p)-pseudo-quasi B-type I exist.

EXAMPLE 2.3 Define functions f, g by :
f:Ix[0,1)* x [0,1)* — IR?
(t,2(t), & (t)) — ()
g:I1x[0,1]?>x[0,1]> — R
(&, 2(t),2(2)) — 21(t) + 22 ().
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For pt = (=3,-3), p> = -4 andd = 1, (f, g) is weak strictly (V, p)-pseudo-quasi
B-type I at u(t) = (1,1) with respect to functions by, by : C(I, R?*)xC(I, R?) —
Ry andn: I x R? x IR?> — IR? defined as below:
n(t,z,u) = (z1(t) + 1, 22(t) +1)
bo(xz,u) = by(z,u) = 1.
But (f,g) is not (V, p) B-type I at u with respect to the same by, b1 and 7.

Strong (V, p)-pseudo-quasi B-type I need not to be (V, p) B-type I with respect
to the same by, b1 and 7.

EXAMPLE 2.4 Define functions f,g by :
f:Ix[0,1)* x [0,1)* — IR
(t, (1), &(t)) — x(t)
g:Ix[0,1?*x[0,1> — R
(t, x(t), (1) — 21 () + 22(1).
For p! = (=2,-2), p* = -4 and d = 1, (f, g) is strong (V, p)-pseudo-quasi B-
type I at u(t) = (1,1) with respect to functions by, by : C(I, IR*) x C(I, R?) —
Ry andn: I x IR? x IR? — IR? defined as below:
n(t,x,u) = (21(t) + 1 22(t) + 1)
bo(z,u) = by (z,u) = 1.
But (f, g) is not (V,p) B-type I at u with respect to the same by, by and 7).
DEFINITION 2.6 A pair (f, g) is said to be weak strictly (V, p)-pseudo B-type I
at w € C(I,IR"™) with respect to by, by and n if there exist functions by, by :

C(I, R") x C(I,IR") — IRy and n : I x IR* x IR?> — IR? such that for all
reK,

/abf(t,x,:'c)dt < /abf(t,u,u)dt
b

:>b0(:c,u)/ n(t,x,u)t[fm(t,u,ﬁ)— %fi(t,u,a)}dt

a

b
< —pl/ d*(t, x, u)dt

b
—/ g(t,u,w)dt <0
a b d
= b (x,u)/ n(t,z,u)t [gm(t, u, ) — Egi(t’ u,u)} dt

a

b
< —p2/ d*(t, ©, u)dt.
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EXAMPLE 2.5 Define functions f,q by :
fIx[0,1]* x[0,1]* — IR?
(¢, (1), 2(t)) — ( )
g:1x[0,1]% x [0,1]?
(t, (1), (t))'—’xl( )+ @2(t)

For pt = (=3,-3), p> = -5 and d =1, (f, g) is weak strictly (V, p)-pseudo B-
type I at u(t) = (1,1) with respect to functions by, by : C(I, IR*) x C(I, IR?*) —
Ry andn: I x IR? x IR? — IR? defined as below:

n(t, z,u) = (x1(t) + 1, 22(¢) + 1)
bo(x,u) = by (z,u) = 1.

—

But (f, g) is not (V, p) B-type I at u with respect to the same by, b; and 7.

3. Sufficient conditions

In this section, we establish various sufficient optimality conditions for (MOP)
under (V, p)-B-type I and generalized (V, p)-B-type I conditions.

THEOREM 3.1 Let x* be a feasible solution for (MOP) and let there exist \* €
IRP X\* > 0 and a piecewise smooth function y* : I — IR™ such that for all
tel,

N fo(t, 2™, 37) 4y (1) g2 (t, 27, 37)

= L (W alt a8y (0 g 1,0, 8)) (3.1)
y*(t)g(t,z*, %) =0, tel, (3.2)
y () >0, tel. (3.3)

Further, suppose that (f,y*(t)tg) is (V,p)-B-type I at x* with respect to by, by
and n with bo(z, z*) > 0 and X*p' + p* >0 for all x € K, then x* is a proper
efficient solution of (MOP) and therefore it is an efficient solution of (MOP).

Proof. Because (f,y*(t)'g) is (V, p)-B-type I at z* € C(I, IR"™) with respect to
bo, b1 and 7, therefore

bo(x,x*)[/bf(t,x,gb)dt - /bf(t,x*,dc*)dt}
z/abn(t,x,x*)t [fw(t,:v*,:b*) - %fi(t,x*,gb*)}dt

b
—l—pl/ d*(t, z, z*)dt (3.4)
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b
“hatea) [0 g(eat i)
b ‘ d
2 [ attn ) [y 0 galt ) = Sy (0 gl 5

b
—I—p2/ d*(t, z, =*)dt.

Multiplying (3.4) by the nonnegative vector \*, we get
b b
bo(z, ) [/ NF (@, &)dt —/ A*tf(t,:c*,g'c*)dt}
. a a d
2 [ntta ) [N ettt ) = A el i)
‘ b
—l—)\*tpl/ d*(t, x, z*)dt.
In view of (3.2), (3.5) can be rewritten as
’ d
02/ n(t,z,x*)" [y*(t)tgm(t,x*,:b*) - Ey*(t)tgi(t,x*,:b*) dt
T
+p2/ d*(t, x, z*)dt.
Adding (3.6) and (3.7), we obtain
b b
bo(z, =*) [/ NF(t 3, 3)dt —/ A*tf(t,x*,g'c*)dt}
X a a
> [ a8y 00" 8)

d
dt

b
+(A*tpt +p2)/ d*(t, x, z*)dt.

(A*t Falt, %, &%) + v (1) ga(t, o, 3:))} dt

Inequality (3.8) along with (3.1) yields
b b
bo(z, %) [/ NF(t, 3, d)dt —/ NUF(t 2, i) dt

b
g(k*tp1+p2)/ d*(t, x, x*)dt.

Since A*'p! 4 p? >0, we get

b b
bo(a:,x*)[/ /\*tf(t,x,dc)dt—/ NF(t, 2%, 3 dt| > 0.

(3.5)

(3.6)

(3.8)
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Because bo(z,z*) > 0 for all z € K, (3.9) gives
b b
/ NF(t, :b)dt;/ NEF(E, 2%, @) dt

which implies that z* minimizes f: A f(t, @, ¢)dt over K with A* > 0. Hence ,
x* is a properly efficient solution for (M OP) on account of Theorem 1 of Bector
and Husain (1992) and therefore z* is an efficient solution of (M OP). ]

THEOREM 3.2 Let ©* be a feasible solution for (MOP) and let there exist \* €
IRP X" > 0 and a piecewise smooth function y* : I — IR™ such that for all
tel, (%, N, y*) satisfy (3.1) — (3.3) of Theorem 3.1.

Further, suppose that (f,y*(t)tg) is semistrictly (V, p)-B-type I at x* with respect
to bo, by and n with X p' + p? >0 for all x € K, then x* is an efficient solution

of (MOP).

Proof. If «* is not an efficient solution of (M OP), then there exists an z € K
such that

b b
/f(tw,a'c)dtg/ ft,z* &*)dt.

Since bo(z,z*) >0, we obtain
b b
bo(z, 2*) [/ F(t,x, @)dt _/ f(t,x*,ac*)dt} <0. (3.10)
Using (3.2), we get

b
bl(:v,:t*)/ y*(t)'g(t,z*,2%)dt = 0. (3.11)

Equations (3.10) and (3.11), together with the fact that (f,y*(¢)'g) is
semistrictly (V, p)-B-type I at 2* with respect to by, b1 and n, lead to

b b
d
/ n(tvxax*)t [fm(t,l'*,ib*)— dtfm(tux*vx*)}dt< _pl/ d2(t7 T, ,’E*)dt

b
/ n(tafﬂafﬂ )t [y (t)tgw(tv‘r y L )_ Ey (t)tgi(tvx y L )} dt

b
§—p2/ d?(t, z, z*)dt. (3.12)

Since A* > 0, we get
b d
/ n(t,z,x*)" [)\*tfw(t, x*,x*) — E)\*tfw-(t, ", :v*)} dt

b
< —)\*tpl/ d?(t, x, x*)dt. (3.13)
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Adding (3.12) and (3.13), we get

b
/ nit,w,a®) (N Ll @t i)+ y () gt o 0)

d
dt

b
< —(\*p! +p2)/ d*(t, x, z*)dt <0

(A*t Falt, 2%, &%) + v (1) ga(t, o, x))} dt

which contradicts (3.1). Hence x* is an efficient solution for (M OP) and the
proof is complete. ]

THEOREM 3.3 Let ©* be a feasible solution for (MOP) and let there exist \* €
IRP X\* > 0 and a piecewise smooth function y* : I — IR™ such that for all
tel, (%, N, y*) satisfy (3.1) — (3.3) of Theorem 3.1.

Further, suppose that (f,y*(t)tg) is strong (V, p)-pseudo-quasi B-type I at x*

with respect to bg, by and n with by(z,x*) > 0 and \**p + % >0 for all
x € K, then x* is an efficient solution of (MOP).

Proof. If x* is not an efficient solution of (M OP), then there exists an z € K
such that

/abf(t,x,j:)dt < /abf(t,a:*,j:*)dt.

From (3.2), we have

b
—/ y* (1) g(t,z*,2%)dt = 0.

Since (f,y*(t)'g) is strong (V, p)-pseudo-quasi B-type I at x* with respect to
bo, b1 and 7, therefore

b d
bo(a:,x*)/a n(t,a:,x*)t {fz(t,x*,j:*) o

fi(t,x*,j:*)}dt
b
< —pl/ d*(t, x, «*)dt
;’1 d
bl(:v,:t*)/ n(t,z,x*) [y*(t)tgm(t,x*,:b*) — Ey*(t)tgi(t,x*,gb*)]dt

b
§—p2/ d?(t, x, x*)dt.
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Since \* > 0 and by (z, x*) is positive , we get

b
d
bo(:v,:t*)/ n(t,z, z*)" [)\*tfm(t,:v*,g'c*) — E)\*tfi(t,x*,gb*)]dt

< =M\*pt /b d2(t, x, =*)dt (3.14)
b 8
[ty [y @' et ) = Gt Ot )
PQ ’ 2 *
S—W/a d*(t, x, =*)dt. (3.15)

Multiplying (3.16) by bo(z,z*) >0, we get

b
bo(z, x )/ n(t, =, z*)" {y () gu(t, x*, &%) — prid (t)' gs(t, x*, &%) | dt

bO(IaI*)p2 /b 2 *
) ). d=(t, x, «*)dt (3.16)

[IA

Adding (3.14) and (3.16), we obtain

b
bo(:zz,:z*)/ n(t,x,x*)t {)\*tfz(t,x*,j:*)—|—y*(t)tgz(t,x*,j:*)

d *t E e * t EE
b (:C LE*)p2 /b
(vt 1 0\ 2 *
< —=(A"p +7b1(:1:,:1:*) ) ’ d*(t, z, x*)dt <0

which contradicts (3.1). Hence x* is an efficient solution for (M OP) and the
proof is complete. ]

In the next theorem, we replace the strong (V, p)-pseudo-quasi B-type I by
the weak strictly (V, p)-pseudo-quasi B-type I of (f,y*(t)tg).

THEOREM 3.4 Let z* be a feasible solution for (MOP) and let there exist \* €
IRP, \* > 0 and a piecewise smooth function y* : I — IR™ such that for all
tel, (z*, X, y*) satisfy (3.1) — (3.3) of Theorem 3.1.

Further, suppose that (f,y*(t)tg) is weak strictly (V, p)-pseudo-quasi B-type I
at x* with respect to by, by and n with by(z,x*) > 0 and \*'pt + % >0
for all x € K, then x* is an efficient solution of (MOUP).



566 K. KHAZAFI, N. RUEDA, P. ENFLO

Proof. If x* is not an efficient solution of (M OP), then there exists an z € K
such that

/abf(t,x,j:)dt < /abf(t,a:*,j:*)dt.

From (3.2), we have

b
- [ v st ity =o

Since (f,y*(t)tg) is weak strictly (V, p) pseudo-quasi B-type I at z* with respect
to by, by and 1, therefore

b
bo(%fﬂ*)/ ﬁ(fawafﬂ*)t {fw(tvx*vi'*) - %fi(tvx*vi*)} dt

b
< —pl/ d*(t, =, x*)dt (3.17)

b
bulaa®) [ nftn ) i @l 8) - Lo O'gs(ea )

b
é—pz/ d*(t, x, x*)dt.

Multiplying (3.17) by A* > 0, we get
b d
bo(:v,:t*)/ n(t, =, z*) [)\*tfm(t,:v*,g'c*) - E)\*tfi(t,x*,gb*) dt

b
< —)\*tpl/ d*(t, =, x*)dt (3.18)

and now the proof is similar to that of Theorem 3.3. ]

In our final sufficiency result below, we invoke the weak strictly (V, p)-pseudo
B-type Lof (f,y*(t)'g).
THEOREM 3.5 Let ©* be a feasible solution for (MOP) and let there exist \* €
RP;\* >0 and a piecewise smooth function y* : I — IR™ such that for all

tel, (z*, N, y*) satisfy (3.1) — (3.3) of Theorem 3.1.
Further, suppose that (f,y*(t)tg) is weak strictly (V,p)-pseudo B-type I at x*

with respect to by, by and n and b:‘(:’;l*) + bl(gl*) >0 for all z € K, then z* is
an efficient solution of (MOP).

Proof. If x* is not an efficient solution of (M OP), then there exists an z € K
such that

/abf(t,x,j:)dt < /abf(t,a:*,j:*)dt.
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From (3.2), we have

b
—/ y*(t)'g(t,z*,2*)dt = 0.

Since (f,y*(t)'g) is weak strictly (V, p)-pseudo B-type I at z* with respect to
bo, b1 and 7, therefore

b
bo(%fﬂ*)/ ﬁ(fawafﬂ*)t {fw(tvx*vi'*) - %fi(tvx*vi*)} dt

b
< —pl/ d*(t, =, x*)dt (3.19)

b
bilaa®) [ nftn ) i @l 8) - St O'gs(ea )

b
< —p2/ d?(t, x, =*)dt. (3.20)

From (3.19) and (3.20), we have bo(x,2*) # 0 and by (x,2*) # 0, which imply
that

b . d
/a n(t,x,x") [fw(t,x , %) — Efi(t,:v T )}dt
p! b
o 2 *
< bo(x,x*)/a 2tz 2t (3.21)
b d
[ ittt [y O a e 5) S (010t ) e
p? b
—— 2 | & “)dt. .22
i | R e (3.22)

Multiplying (3.21) by A* >0, we get
b
d
/ n(t,z,x*)" [/\*tfw(t,x*,:b*) - E)\*tfi(t,x*,:b*)} dt

*t 1 b
—Aip)/ &2 (t, z, =¥)dt. (3.23)

bo(z, z*

[IA

Adding (3.22) and (3.23), we get

b
/ nit,w,a") [N Ll 2 5) + (1) galt 0", 8)

d

_E(A*tfi(tjx*’:b*) + y*(t)tgi(t,:v*,:b*))}dt

/\*tpl p2 b
- d*(t *\dt
(bo(x,x*) + bl(x,x*))/a (¢, =, 27)dt <0

which contradicts (3.1). Hence the result. L]

<
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4. Mixed type duality

Let J1 be a subset of M, Jo, = M\Ji, and e be the vector of IR? whose compo-
nents are all ones. We consider the following mixed type dual for (MOP),

b
(XMOP) Mam'mize/ {f(t,u,0) + [ys, () g, (t,u,i)]e}dt

subject to
u(a) = a, u(b) =p,
A fa(t,u, i) +y7 (1) gu(t, u, )

_ d t . * t . .

== ()\ fa(t,u, @) + y*(¢) gm(t,u,u)), tel, (4.1)
v, (1) g, (t,u, 1) >0, tel, (4.2)
y(t)>0,tel, (4.3)
AeRP, A>0, Me=1, e=(1,...,1) € R". (4.4)

We note that we get a Mond-Weir dual for J; = () and a Wolfe dual for Jy = ()
in (XMOP), respectively.

We shall prove various duality results for (M OP) and (X M OP) under gen-
eralized (V, p)-B-type I conditions.

THEOREM 4.1 (Weak duality) If for all feasible x of (MOP) and all feasible
(u, \,y) of (XMOP), any of the following conditions holds:

(a) X >0, (f+y5,®)gne vy, t)gs,) is strong (V, p)-pseudo-quasi B-type I at
w with respect to by, by and n with by (z,u) > 0, for all x € K, suppose also that

2
Npl+ B 20,

() (f +yn()tgsevn(t)grn) is weak strictly (V, p)-pseudo-quasi B-type I at
u with respect to by, by and n with by(z,u) >0 for all x € K, suppose also that

% bo(x,u 2
A pl + ZE(LE,’L)JS) go’
(c) (f+ys ) gse,vys,t)gs,) is weak strictlg{ (v, p)—péseudo B-type I at u with

respect to by, by and n, suppose also that % + m >0,

then the following cannot hold

b b
/ﬂmmWs/ummmH%m@ﬁ%mww

Proof. Let x be feasible for (MOP) and (u, A, y) feasible for (X MOP). Suppose
that

b b
/ﬂmmWs/ummmH%m@ﬁ%mww
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Since x is feasible for (M OP) and (u, A, y) is feasible for (X MOP), we have
b
[ )+ o, 0t e

b
S/LW#M+@MW%@%M%M (4.5)

From (4.2), we have

b
- [ gy o, (46)

Since (f + yu, (t) 956,97, (t) gs,) is strong (V, p)-pseudo-quasi B-type I at u
with respect to bg, by and 7, therefore

b
bo(z, u)/ n(t,z,u)" {fm(t, u, ) + ey, (1) g7, (t,u, )

d

b
—E(fi(t,u,zl)—|—ey(]l(t)thli(t,u,ll))}dt < —pl/ d*(t, =, u)dt

b
. d .
by (Ia U) / n(ta €L, u)t {sz (t)tgbz (tv U, u) - Eyb (t)thzi (tv U, u)} dt
b
< —p? / d*(t, =, u)dt.

Since by (x, u) is positive and A > 0, we get

b
boCe ) [ (e ) [N At )+ 0, (01, (0,0

b
—%(Ath(t,u,ﬂ)wh (1) g2,s (6, 0)) [t < —)\tpl/ d(t, x, u)dt,
' (4.7)
' d
/ n(t,z, )’ [sz (0 g (b0, 0) =~ (1) 01, (81, a)} dt
’ p2 b
_ 2
= mawldmwwwt (4.8)

Multiplying (4.8) by bo(z,u) >0, we get

b
. d .
bo(x, u) / n(tv €, u)t [sz (t)thZz (t7 U, u) - Esz (t)tg‘]% (t7 U, u) dt

bo(xz, w)p? [*
—m/a d (t, x, u)dt (49)

[IA
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Adding (4.7) and (4.9), we obtain

b
bo(z, a*) / 0t @) [Nt @) 4+ (0) g2 (8w, )

_%(Atfi(t, )+ y* (O s u@*))}dt

bo(x,u)p? /b
t 1 0\ 2
— + - d=(t dt 4.1
< (/\p bl(:v,u) ) i (,x, u) <0 ( 0)

which contradicts (4.1).
Now, by hypothesis (b) and from (4.2) and (4.5), we get

b
bo(e ) [t [t ) + e, ()1 g,, (0,0

d . . ’
—E(fi(t,U,U)—l—ele(t)thm)(t,u,u)] dt < _pl/ d2(t7 T, u)dt

a

b
. d .
by (‘Tu u) / 77(75= €, u)t [sz (t)thZz (t7 U, u) - Esz (t)tg‘]% (t7 U, u)} dt

b
§—p2/ d?(t, x, w)dt.

Since by (z,u) is positive, A > 0 and bo(z,u) >0, we get (4.10) again contradict-
ing (4.1).
If (¢) holds, then from (4.2) and (4.5), we get

b
bo(iﬂa u) / n(t, z, u)t {fm (t, u, u) + ey, (t)thu (t7 U, u)
b

d . .
—E(fi(t,u,u)—i—ele(t)thu)(t,u,u)]dt < —pl/ d*(t, =, u)dt
(4.11)
b d
bl(xuu)/ n(tv‘rvu)t [sz (t)thZz (t,u,’ll) - Esz (t)tg‘]% (t,u,’ll)} dt
b
< —p2/ d*(t, x, w)dt. (4.12)

From (4.11) and (4.12), we have bg(x,u) # 0 and by (z,u) # 0, which give

b
[tz [fatton, ) + ey (0 g, (0

_% (fz (t,u, i) + ey, (£) g, (t,u, u))} dt
1

b
P 2
< bo(xvu)~/a d*(t, x, u)dt (4.13)
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b
. d .
[t @) g, () = o0 g b0,

2

b
P 2
— d(t dt. 4.14
= bl(xau)/a ( " U) ( )

Because A > 0, (4.13) gives

b
/ n(taxau)t [Atfw(tauuu) +yJ1 (t)th1z(t7u7u)

_4 (N sty s ) + 9, (0 g (10, 0) )

dt
/\tpl
bo(z, u)

[IA

b
/ d*(t, =, x*)dt. (4.15)

Adding (4.14) and (4.15), we obtain

b
[ttt (¥ i) + (e a0

d t . t .
)\tpl p2
bo(z,u)  bi(z,u

<=

b
2
))/a d*(t, x, u)dt <0

which contradicts again (4.1). ]

COROLLARY 4.1 (Aghezzaf and Khazafi; 2004) Let (u*, \*,y*) be a feasible
solution for (XMOP). Assume that y3 (t)'gs, (t,u*,4*) = 0 and assume that
u* is feasible for (MOP). If weak duality Theorem 4.1 holds between (MOP)
and (XMOP), then, u* is an efficient solution for (MOP) and (u*, \*,y*) is
an efficient solution for (X MOP).

THEOREM 4.2 (Strong Duality) (Aghezzaf and Khazafi; 2004) Let x* be an
efficient solution for (MOP) at which the Kuhn-Tucker qualification constraint
is satisfied, then there exists \* € IRP, \* > 0, \*'e = 1 and a piecewise smooth
function y* : I — IR™ such that (z*,\*,y*) is feasible for (X MOP) with
yi (t)tgh (t,u",u*) = 0.

If also weak duality Theorem 4.1 holds between (MOP) and (X MOP), then
(x*, A*,y*) is an efficient solution for (X MOP).

5. Some related problems

The classes of functions introduced in this paper can be easily adapted to estab-
lish various incomplete vector-valued Lagrange saddle point optimality theorems
for multiobjective variational programming problems, Aghezzaf and Khazafi
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(2005). They can also be easily adapted to derive various sufficient optimal-
ity conditions and duality results for other classes of variational programming
problems (see Bhatia and Mehra, 1999): Natural Boundary Value Problem,
Fractional Programming Problem and Minimax Programming Problem. Anal-
ogous results can easily be obtained for the class of nonsmooth constrained
fractional variational problems.
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