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Abstract: Let X be a normed space and V C X a convex
set with nonempty interior. Let « : [0,00) — [0,00) be a given
nondecreasing function. A function f: V — R is «a(-)-midconvez if

f(x+y> < f@+ W)

5 5 +a(l|lz—vyl]) forax,yeV.

In this paper we study «(-)-midconvex functions. Using a version of
Bernstein-Doetsch theorem we prove that if f is a(-)-midconvex and
locally bounded from above at every point then

flre+ (@ =r)y) <rf(z)+ (1 =r)f(Y) + Palr [l —yl)

for z,y € V and r € [0,1], where P, : [0,1] x [0,00) — [0,00)
is a specific function dependent on «. We obtain three different
estimations of P,,.

This enables us to generalize some results concerning paraconvex
and semiconcave functions.

Keywords: approximately midconvex function, convexity, para-
convexity, semiconcavity.

1. Introduction

The existing various notions of generalized convexity are very useful, in particu-
lar in optimal control theory (Cannarsa and Sinestrari, 2004) and optimization
(for more information and references see Rolewicz, 2005). Therefore, convenient
conditions which guarantee generalized convexity are very useful. As we know
from the classical theory of convex functions, midconvexity and local upper
boundedness guarantee convexity. Not surprisingly, a similar type of behaviour
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can be expected for generalized (mid)convexity. Since our considerations are
motivated by the results concerning this problem, let us recall some of them.

Let X be a normed space and V' a convex subset of X. A function f : V — R
is conves if

flre+ A =r)y) <rf(z)+ 1 -r)fly) forxz,yecV,rel01].
If the above inequality holds for » = 1/2 that is if

f(a?;y> < f(I);Lf(y)

forz,y e V

then f is called midconvex (or Jensen convex). From the very beginning the
relation between convexity and midconvexity attracted a lot of attention. In
this context one should mention the celebrated Bernstein-Doetsch Theorem.

BERNSTEIN-DOETSCH THEOREM (Bernstein and Doetsch, 1915; Kuczma, 1985).
Let V' be an open convex subset of X and let f:V — R be midconvexr. If [ is
locally bounded above at a point then f is convex.

The notion of approximate convexity was introduced by D.H. Hyers and
S.M. Ulam (Hyers and Ulam, 1952; Hyers, Isac and Rassias, 1998). Let § > 0.
A function f: V — R is called d-convex if

f(’f‘.’L'+ (1 _T)y) S ’f‘f(.’IJ) + (1 _'f')f(y) +6 for T,y < ‘/776 € [071]
Analogously, f is called §-midconvez if

f(a?+y> < f(I);Lf(y)

5 +4§ forz,yeV.
An analogue of Bernstein-Doetsch Theorem adapted to the above definition was
obtained by C.T. Ng and K. Nikodem (1993). They proved that if V' is convex
open and f : V — R is §-midconvex and locally bounded at a point then f is
20-convex (a further improvement was recently obtained in Mrowiec, Tabor and
Tabor, 2009).

Another type of approximate convexity was introduced by S. Rolewicz (1979
a,b): a function f : I — R, where I is a subinterval of R is v-paraconvez if for
a certain € > 0

flre+ (1 =r)y) <rf(z) + (1 =r)f(y) +ele—y|" forzyelrel01]

S. Rolewicz proved that if v > 2 then every v-paraconvex function is convex.

In the series of proceeding papers S. Rolewicz has developed a general theory of

paraconvex functions, see Rolewicz (2006) for more information and references.
Let o : [0,00) — [0,00) be a given nondecreasing function such that

limsup a(r)/r < co.
r—0+
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A function f:V — R is a(-)-paraconvez if there exists C' > 0 such that
flra+(1=r)y) <rf(z)+(1-r)f(y)+Calllz—yl) for z,y € V,re0,1],
and strongly a(-)-paraconvez if there exists C' > 0 such that

flre+ (1 =r)y) <rf(z)+ 1 =7r)f(y) + Cmin(r, 1 —r)a(|z —yl)

for z,y € V, r € ]0,1].

There is also an analogous definition of semiconvezity (Cannarsa and Sines-
trari, 2004), which is especially adapted to the optimal control theory, where
the function min(r, 1 — 7) in the last definition is replaced by r(1 — r), see also
Zajitek (2008) (another modification was also studied in Pales, 2003).

In a similar manner d-midconvexity was generalized by A. Hazy and Zs.
Péles in Hazy and Péles (2004, 2005) and Héazy (2005). The idea consisted in
exchanging the "midconvexity bound" ¢ by a specific function of ||z — y||: in
Hazy and Pales (2004) it was replaced by e||lx — y|| + 4, in Hazy (2005) it was
ellz — y||? + 6 and in Hazy and Pales (2005) >, &z — y|?".

We are going to generalize the above definitions in the spirit of paraconvex
functions introduced by S. Rolewicz. A very similar definition to the one we
propose was used by Cannarsa and Sinestrari (2004, Theorem 2.1.10). However,
we would like to underline that contrary to the just mentioned authors, we do
not assume that limsup a(r)/r < oo.

r—0+
DEFINITION 1.1 Let V' be a convex subset of a normed space X and let a non-
decreasing function a : [0,00) — [0,00) be given. A function f : V — R is called
a(+)-midconvex if

f(a?;y> < f(I);Lf(y)

+allz—yl) forz,yeV.

The above definition is also motivated by the notion of «(-)-lipschitz func-
tions introduced by R. Mauldin and S. Williams (1986) («(-)-lipschitz function is
simply a function which is simultaneously «(-)-midconvex and «(-)-midconcave).

Now we are ready to present the main problem we investigate in this paper.

Let a nondecreasing function « : [0,00) — [0,00) be given. Find a function
(if possible—optimal) Py : [0,1] x [0,00) — [0,00) such that for every locally
bounded above at a point a(-)-midconvex function f we have

flrz+ QA =r)y) <rf(z)+ 1 =7)f(y) + Palr [z —yl)
for all x,y in the domain of f and r € [0,1].

We briefly describe the contents of the article.
In the next section we generalize the estimations obtained in the previously
mentioned papers of A. Hazy and Zs. Pales. As shown by numerical simulations,
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this estimation is sharp for the case when a(z) = zP for all p € [0,1] (up till
now the proof exists only for the cases p = 0, Mrowiec, Tabor and Tabor, 2009,
and p = 1, Boros, 2008).

The third section is motivated by the results of S. Rolewicz (1979 a,b) which
showed that a y-paraconvex function with v € (1,2] is strongly ~-paraconvex.
We obtain a result of this type for a(-)-midconvex functions. We would like to
add, see Tabor and Tabor (2009), that our result is optimal in the case when
alz) =2P,pe|l,2].

Fourth section deals with a generalization of Cannarsa and Sinestrari (2004,
Theorem 2.10) concerning the comparison of (mid)-semiconcave and semicon-
cave functions. In particular we show that our technique of proof gives a better
estimation then that obtained in Cannarsa and Sinestrari (2004, Theorem 2.10),
which consequently gives a partial answer to the question stated in Cannarsa
and Sinestrari (2004, Remark 2.1.11).

The last section is inspired by the results of S. Rolewicz (1979b, 2000) and
that of K. Nikodem and Zs. Pales (2003/4). We prove that if

.. 2
lg&(l)gfoz(r)/r =0

then a locally bounded above «(-)-midconvex function is convex. This, in partic-
ular, gives a positive answer to the question formulated by S. Rolewicz directly
after the proof of Proposition 1 in Rolewicz (2000).

At the end of the introduction we establish some notation. By N we denote
the set of positive integers and by Ny the set of nonnegative integers. By V'
we denote a convex subset of a normed space X. We will need the function
d : R — R defined by

d(r) := 2dist(r; Z).

In the whole paper we assume that o : [0,00) — [0, 00) is a given nondecreasing
function.

2. Hazy and Pales type estimation

Let us first briefly discuss the results of A. Hazy and Zs. Péles from Héazy and
Pales (2004, 2005) and Hazy (2005). In Hazy and Pales (2004) they proved the
following theorem:

THEOREM HP (Héazy and Pales, 2004, Theorem 4). Let V' be an open convex
subset of a Banach space X and let f : V — R be (4, e)-midconvexr, i.e.

f(x+y> SIGES (0

telle—yll+0 forzyeV,

2

where £,0 > 0, and locally bounded above at a point, then it satisfies the inequa-
lity

flra+(1=r)y) <rf(e)+(1-r)f(y)+2ep(r)[z—y|[+20  for z,y € V,r €[0,1],
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where ¢ : [0,1] — R is the Takagi function o(r) = Y 5 sxdist(2¥r; Z) for
r € [0,1].

This result was later improved in Hazy (2005) and Hazy and Pales (2005)
for the "midconvexity bound" of the form e||z — y[|P + 6 and >, &i|jx — y||?*,
respectively. In Hazy (2005) and Hazy and Pales (2005) the case of t-convexity
was also considered.

In this section we generalize some of the above mentioned results for the
case of the general mid-convexity bound (not only of the form ), e;|z — y[|P?).
Moreover, we do not restrict ourselves to the case of locally bounded above
functions (in this case one can only expect to obtain estimation for r € [0, 1]NQ).

We begin with the version of the Bernstein-Doetsch Theorem adapted to
a(+)-midconvex functions.

THEOREM 2.1 Let f : V — R be a locally bounded above at one point af-)-
midconver function. Then f is locally bounded at each point of intV .
Moreover, if 1i1rn+ a(r) =0 then f is continuous on intV.
r—0

Proof. Clearly it is enough to consider the case when intV # (). Let xo be the
point at which f is locally bounded from above. We can choose such zy from
intV. Let r > 0 be arbitrarily chosen. Let V. = intV N B(zo, r), where B(xo, )
denotes the open ball centered at xp with radius r. Since « is nondecreasing we
obtain that f is a(2r) midconvex on V,.. By Theorem of Ng and Nikodem (1993)
we obtain that f is locally bounded at each point of V,.. As r was arbitrary, we
obtain that f is locally bounded at each point of intV.

The proof of continuity of f on intV is an obvious modification of the proof of
continuity in the Bernstein-Doetsch Theorem (Kuczma, 1985; Hazy and Péles,
2004) and therefore we skip it. m

Let us observe that the above theorem implies that if the domain of f is
open to check if f is locally bounded above at every point of the domain it is
sufficient to check if f is locally bounded above at one point.

We are going to obtain a global estimation for locally bounded «(-)-midconvex
functions. We begin with the following proposition.

PROPOSITION 2.1 Let D C [0,1] be such that
z€l0,1/2lND=2xeD,ze(1/2,1]]ND=2x—-1€D.
Let h: D — R be an upper bounded function such that
h(z) < h(22)/2 + a(2x) forx € DN|0,1/2],
hz) <h(x—1)/2+ a2 —2x) forxze DNI1/2,1].
Then
h(r) < i ika(d@kr)) forr e D.

2
k=0
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Proof. Let

C := sup <h(r) — Z %a(d@kr))) )
k=0

reD

By the assumptions we obtain that C' < co. We are going to prove that C' < 0.
For an indirect proof, suppose that this is not the case. Choose an rq € D
such that

— 1
T'O Z 2_k > C/2
=0
Let us first consider the case when ry € [0,1/2]. Then we obtain

h(2rg) > 2h(rg) — 2a(2r¢) > 2 i %a(d@k?‘o)) +2C/2 - 2a(d(ro))

k=0
- L
1=0
Consequently
— 1
27‘0 Z ? 27‘0 )) > C,

=0

a contradiction with the definition of C.
The case when ro € [1/2,1] can be treated similarly (we begin with the
inequality h(2ro — 1) > 2h(ro) — 2a(2 — 2r¢) and proceed analogously). ]

As a direct corollary we get:

COROLLARY 2.1 Let h : [0,1] — R be an af-)-midconvex function such that
h(0) = h(1) = 0. Then

= 1
227 d(2*r))  forre[0,1]NQ.
k=0
Moreover, if h is upper bounded then the above inequality holds for all v €
[0, 1].

Proof. Let r = k/n € QN J[0,1], where k¥ € Z, n € N. We put D =
{0,1/n,...,(n—1)/n,1}. Then D satisfies the assumptions of Proposition 2.1.
Since D is finite, h|p is bounded, and therefore Proposition 2.1 applied to h|p
makes the proof complete.

The case when h is upper bounded follows directly from Proposition 2.1. =
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Now we are ready to present the main result of this section.

THEOREM 2.2 Let f:V — R be an af-)-midconver function. Then

Fro+ (1=r)y) <rf@) + (1 -nf@) + Y ald@ )|z —yl) (1)

k=0

[\~

forz,y eV, rel0,11NQ.
Moreover, if f is locally bounded above at every point of V' then (1) holds
forallz,y €V, r €]0,1].

Proof. As « is nondecreasing and d is bounded, we obtain that the right hand
side of (1) is well-defined.
Let us fix z,y € V. We define the function A : [0,1] — R by the formula

hr)=flre+ 0 =r)y) —rf(z) - (1-r)f(y) forre]0,1].

Then h(0) = (1) = 0. By the «(-)-midconvexity of f we obtain that

() < MM eyl o s 0,1

That is, h is 6(-)-midconvex, with #(w) := a(w|z — y||). By Corollary 2.1 we
obtain that

)< Y ZH0d24 ) = Y ald@glle —yl) forge0.1]NQ,

k=0 k=0

that is, for » € [0,1] N Q

oo+ (1= r)y) —rf(@) — (1= f @) < Y aald@r) |z — y|).

k=0

[\

Let us discuss now the case when f is locally upper bounded. Then A has
the same property. Since the interval [0, 1] is compact we obtain that h is upper
bounded. Corollary 2.1 completes the proof. [

One can easily notice that for a(r) := er +J we obtain Theorem HP (in fact

we obtain its "upgrade" since we deal also with the case when f is not locally
bounded).

3. Rolewicz type estimation

In this section we obtain an estimation, which is to some extent dual to that
from the previous section. It occurs that it is optimal for p € [1,2], see Tabor
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and Tabor (2009). This means that the next Theorem 3.1 should give a better
estimation than Theorem 2.2 in the case when lim+ afr)/r=0.
r—0

By D we denote the set of dyadic numbers in Q, that is — elements of the
form /2", where [ € Z and n € N. By the degree deg(q) of a dyadic number ¢
we understand the smallest nonnegative integer n such that 2"q € Z.

PROPOSITION 3.1 Let h:[0,1]ND — R, h(0) = h(1) =0 be an a(-)-midconver
function. Then

h(g) <Y a(1/2%)d(2%q)  for g €[0,1]N D, (2)
k=0

Proof. We are going to prove (2) by induction over the degree of g. Obviously
(2) is valid if deg(q) = 0, that is if ¢ = 0 or ¢ = 1. Assume that for a certain
n € Ny (2) holds true for all g € [0,1] N D such that deg(q) < n.

Let ¢ € [0,1] N D, deg(q) = n + 1, that is ¢ = (20 + 1)/2""! for a certain
1 e€{0,...,27 —1}. Then q = (I/2" + (I + 1)/2™)/2, and by the inductive

assumption
h(q) < [A(/2") + h((I +1)/2")]/2 + a(1/2")

[e%S) n—k n—k
ga(l/z")+2a(1/2’“)d(l/2 )+d2((l+1)/2 ) @)
k=0

Obviously 1/2"* (1 +1)/2"~* € Z for all k > n. Let us observe that for every
k € {0,...,n — 1} there exists an my € Z such that

12"k (1+1)/2"7% € [my./2, (my 4+ 1)/2). (4)

Suppose, for an indirect proof, that this is not the case for a certain k €
{0,...,n — 1}. Since

(I+1)/2nF —p/an—k =1/27F < 1/2,

there would exist an m € Z such that 1/2""% € [m — 1/2,m), (I +1)/2"* ¢
(m,m+1/2]. This implies that (I — 2" Fm)/2""%k <0 < (I4+1—2""km)/2"~F
and consequently that [ — 2" *m < 0 <1+ 1 — 2" %m, a contradiction.

Now let us notice that d(m) = 0 and d(m + %) =1 for all m € Z and that d
is piecewise affine, more precisely,

r+y
2

d( )= (d(z) +d(y))/2 for z,y € [m/2,(m+1)/2],m € Z.

Concluding, by applying (3) and (4) we obtain that

n—1

hg) < o(1/27) + ) a(1/28)d((21 + 1) /2 7F) =
k=0
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n

Z (1/28)d((20 +1)/27T7F) = > " a(1/2%)d(2%q). m
k=0

Now we are ready to present the main result of this section.

THEOREM 3.1 Let f : V — R be an a(-)-midconvezx function. Then for all
z,y €V and r € [0,1]ND we have

flre+ (1 =r)y) —rf(z) = (L=r)f(y) <Y allz —yll/2*) - d(2*r). (5)
k=0
Moreover, if [ is locally upper bounded and
> a(1/2F) < oo (6)
k=0

then f is continuous on intV and (5) holds for all x,y € V and r € [0, 1].

Before proceeding to the proof let us make some comments on condition
(6). From this condition we obtain that limy .., a(1/2%) = 0, and consequently,
by the fact that « is nondecreasing, that lim,_ g+ a(r) = 0. Moreover, it is
equivalent to the fact that the right hand side of (5) is finite for all x,y € V,
r € [0,1] (observe that the value of the right hand side of (5) at the point
r=1/31is equal to 2> 77 a(/|z — y||/2%)).

Proof of Theorem 3.1 Let us fix x,y € V and define the function h : [0,1] — R
by the formula

hr)=flre+ 0 —r)y) —rf(z) - (1-r)f(y) forre]01].

Clearly h(0) = h(1) = 0, and by the a(-)-midconvexity of f we obtain that

h(s—;t>Sh(s);h(t)"’a("s_t”x_y”) for s,t € [0,1].

It means that h is f-midconvex with 0(w) := a(w|x — y||). By Proposition 3.1

oo

<> 0(1/2%)d => a(z—yl/2")d(@2kr) forr € [0,1]nD, (7)
k=0

k=0

which consequently yields that for r € [0,1]ND

fra+ (1 —=r)y) —rf(z) = (L=7)fly) <Y alllz —y[/2*) - d2*r). (8)
k=0
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Now let us assume that f is locally bounded above. Since « is nondecreasing,
it follows from (6) that r — >~ a(||z—yl|/2¥)d(2¥r) is a well-defined function
for every z,y € V. Furthermore, due to the continuity of d it is continuous.

By Theorem 2.1 f is continuous on intV. Applying Theorem 2.1 to h we
obtain that h is continuous on (0,1). Since r — > p a([lz — y||/2%)d(2"r) is
continuous and h is continuous on (0,1) the formula (7) holds for all r € (0,1).
Since it trivially holds for » = 0,1 we obtain that (8) holds for all » € [0,1]. =

4. Semiconcavity

We will show that Theorem 3.1 can be applied to obtain a generalization of
Cannarsa and Sinestrari (2004, Theorem 2.1.10). More precisely, we prove that
under relatively weak assumptions a (mid)-semiconcave function is semiconcave.
For more information on this subject we refer the reader to Cannarsa and Sines-
trari (2004, Chapter 2). For the convenience of the reader we state the result
obtained in the proof of Cannarsa and Sinestrari (2004, Theorem 2.1.10) in the
form slightly adapted to our settings.

THEOREM CS (Cannarsa and Sinestrari, 2004, Theorem 2.1.10).  Let @ :
[0,00) — [0,00) be a nondecreasing upper-semicontinuous function such that
lim, o+ @(p) = 0. Let S C X be arbitrary and let u: S — R be a function such
that

oy el g

u(e) +uly) - 2u(—52) <

for any x,y € S such that the segment [z,y] is contained in S.
Then for every x,y € S such that [x,y] C S we have

Au(z) + (1= Nu(y) —u(Az + (1 = A)y) < A1 = M|z —yllw(lz —yl) 9)

for A €[0,1]ND, where

w(z) = ZJ}(%) for z € [0, 00).
k=

0

If w is linear, then we can take w = w.
Moreover, if u is continuous then (9) holds for all X € [0,1].

Let us begin with the following proposition.
PROPOSITION 4.1 Let @ : [0,00) — [0,00) be a nondecreasing function. Let
S C X be arbitrary and let u : S — R be such that

u(e) + u(y) - 20y < g0y

for any x,y € S such that the segment [x,y] is contained in S.
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Then for every x,y € S such that [x,y] C S we have

_kyH)d(Z’“)\) (10)

M)+ (1—Nuy) —uOr - (1-A)y) < 37 ”x_y”@(”g

2k
k=0

S

for A€ [0,1]ND.
Moreover, if u is locally lower bounded then (10) holds for all X € [0,1].

Proof. We fix z,y € S such that [z,y] € S. Take V = [z,y], f = —u|v,
a(r) = rw(r)/4 for r € [0,00) and apply Theorem 3.1. m

To show that above proposition improves Theorem CS we need to observe
that the right hand side of (10) can be estimated from above by the right hand
side of (9):

OBSERVATION 4.1 Let @ : [0,00) — [0,00) be a nondecreasing function and let
w(z):=) af
k=0

2%) for z € [0, 00).
Then

0 % (260) < M1 — Nzw(z) forz €[0,00), A€ [0,1].  (11)

a—|N

RN,

Moreover, sz is linear then the analogue of (11) holds with @ in place of w.

Proof. To prove (11) in the general case it is enough to check that for every
keN

1z ~
Zz—kw(z/2k)d(2k)\) <A1 = N)zo(z/25),

or equivalently that

d(2FX) /28 < 4AX(1 = N). (12)
Let fx()\) := d(2F)\)/2%. Clearly, fi is Lipschitz with lip(f) = 2 and satisfies
1%(0) = fr(1) = 0. This implies that

[feN)] =11 =X (fe (V) = fr(0)) + Afr(A) = fx(1))]

< 1= Aflip(f)[A = O] + [Allip(fr)[A — 1] = 4A(1 = A),
which consequently proves (12).

Now let us consider the case when @ is linear. We have to prove the following
inequality

id@’“)\)/él’“ <4X(1—A) for A €[0,1].
k=0

However, as one can easily show even the equality holds true (Yamaguti and
Hata, 1983). L]



666 J. TABOR, J. TABOR

Jointly the two above results form a generalization of Theorem CS. They also
give a partial answer to the question posed in Cannarsa and Sinestrari (2004,
Remark 2.1.1) — the technique we use is an improvement to that used in the
proof of Theorem CS (observe that in fact the proof of Theorem CS is divided
into two: the case of linear and nonlinear &; while in our Theorem 3.1 we use a
unified approach).

5. Superstability phenomenon

S. Rolewicz (1979b) proved that if a function f : I — R, where I is a subinterval
of R, satisfies with a certain C' > 0, p > 2 the inequality

flra+(1-r)y) <rf(z)+Q—-r)fy)+Clz—y|’ for z,y € I,r €[0,1], (13)

then it is convex. This statement can be understood as a superstability phe-
nomenon — a respective perturbation of the convexity condition still guarantees
convexity.

We are going to generalize this result for a(-)-midconvex functions. We will
need the following lemma.

LEMMA 5.1 Let N € N, N > 2, C € R, and let xg,...,zny € R, zg = 2xny =0,
be a given sequence such that
g < (Tg—1 +xp41)/2+C  fork=1,...,N —1. (14)

Then
xp < Ck(N—k) fork=0,...,N.
Proof. The proof goes by induction over N. If N = 2 the assertion is trivial.
Suppose that the assertion holds for a given N > 2. We prove that it holds for
N+ 1.
Let xq,...,ZN+1, o = Zn4+1 = 0 be a given sequence satisfying (14). Con-
sider the sequence yi, k =0, ..., N, defined by

=T — —=ITN.
Yk k NN

Then, yy, satisfies (14) and yp = yny = 0. By the inductive assumption we obtain
that yi, < Ck(N — k), that is
k
ZC]CSNZCN-FC]C(N—]C) for k=0,...,N. (15)

We estimate 2. By the assumptions, applying (15) for k = N — 1, we obtain

leN FON—1)/24C.

oy < (zn-1+2n41)/24+C <

Consequently, we obtain that zy < CN. Making use of this inequality we
obtain from (15)

2y <Ck(N+1-k) fork=0,...,N.
Obviously, the above inequality is valid for Kk = N + 1. [
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PROPOSITION 5.1 Let h : [0,1] N Q — R be an a(-)-midconvex function such
that h(0) = h(1) = 0. Let N € N. Then

h(k/N) < k(N —k)-(2/N) fork=0,...,N.

Proof. The assertion is obvious for N = 1. So assume that N > 2 and define the
sequence zy := h(k/N) for k = 0,...,N, put C = a(2/N) and apply Lemma
5.1. [

S. Rolewicz (2000) proved (Proposition 1) (see also Nikodem and Pales,
2003/4, and Rolewicz, 1979b) that if f is a(-) paraconvex and absolutely con-
tinuous on each line segment contained in the domain of f, where a satisfies the
condition

. 2
hTEéEfa(T)/r =0,

then f is convex. In the comment after the proof of Proposition 1 of Rolewicz
(2000), he also asked whether the assumption of absolute continuity on the lines
can be removed.

The following theorem gives the generalization of the above mentioned result
(to observe this just put A = 0). It also shows that the answer to S. Rolewicz’s
question is positive (it is enough to assume that f is locally bounded above).

THEOREM 5.1 We assume that

R . 2
A= hTEéEfa(T)/r < 0.

Let f : V — R be a given a(-)-midconver function locally bounded above at every
point. Then

flre+ (1 =r)y) <rf(z)+ 1 —7)f(y) +4Ar(1 —7)|lz -y (16)
forxz,y € V,r €0,1].

Proof. Without loss of generality we may assume that a(r) > 0 for all 7 > 0 (in
the opposite case we apply the Theorem for as(r) := a(r) + 672 and go with
§d—0™).

Choose arbitrary z,y € V, z # y and define the function

h(r):=flra+ (1 —-r)y) —rf(x)— (1 —7r)f(y) forre]0,1].

Clearly, lim,. g a(r) = 0, which by Theorem 2.1 and local upper boundedness of
f implies that h is continuous on (0, 1). By applying Proposition 5.1 we obtain

h(K/N) < K(N — K)a(2||z — y|/N) for K € Ng,N € N,K < N. (17)
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Now, choose a sequence r;, — 0 such that

lim a(ry)/rs = A. (18)

k—o0

Let us put
Ny := 2|l —y||/rx] € N for k € N.
Then, by (18) and the fact that « is nondecreasing we get

: a(2|z — y[|/Nk)
limsup ——+——

. a2llz — y|/Ne) . (r4)? . a(ry)
< hmsu _— hmsu -_ hInsu
= Y T A el @l — gl /Ne)2 ey ()2
<1-1-A=A.

By the definition of A we directly obtain that

Lo a2lz = yl/N)

el it 1 VAL
koo (2l|lz — yl|/Nk)?

Let us now choose an arbitrary r» € (0,1). Then, there exists a sequence
(K))ken of positive integers such that Kj /Ny — r. By applying (17) and the
above inequality we obtain

h(r) = kllrgo h(K%/Ny) < limsup Ky (N — Ki)a(2||z — y||/Ng)

k—o0
: a(2[lz — yl|/Nk) 2
= limsup Ky (N — Ki) —————= 2||lz — y||/Nk
, 2||x — y||/Ne)
< limsup 4 &« —ﬁa(—x— 2=4r(1 —r)A|z —y|>
< limsup 4 (1 — ) G o — ) = 41— 1) Al — )
By the definition of A this makes the proof complete. [
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