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Abstract: In this paper we consider a control problem governed
by a semilinear elliptic equation with pointwise control and state
constraints. We analyze the existence of an exact penalization of
the state constraints. In particular, we prove that the first and
second order optimality conditions imply the existence of such a
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local minima of the control problem, assuming the existence of an
exact penalization for them.
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1. Introduction

This paper deals with some optimal control problems governed by semilinear
elliptic equations, the control being distributed in the domain 2. Pointwise
control and state constraints are considered. It is known that under a stability
assumption of the infimum of the control problem with respect to small per-
turbations of the set of feasible states, there exists an exact penalization of the
state constraints. This property was first used by Clarke (1976a) under the
name of calm. F. Bonnans and E. Casas (1995) used this property to derive the
maximum principle of state constrained optimal control problems. This notion
has been also used in an abstract framework for optimization problems; see
Burke (1991), Clarke (1976b) and Bonnans and Shapiro (2000).

An important property of this stability concept is that almost all problems
are stable. Also the existence of an exact penalization for some nonlinear pro-
gramming problems is known, under the assumption that the first and sufficient
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1132 E. CASAS

second order optimality conditions are satisfied. However, as far as we know,
there is no analogous result for control problems of PDE with pointwise state
constraints. We will prove it in this paper.

The plan of the paper is as follows. After introducing the control problem
and studying the existence of solutions, we define the stability concept and
establish the first properties. Since our problem is not convex, we will consider
local minima and the stability definition will be given in the neighborhoods of the
local solutions. Then, by using the sufficient second order optimality conditions
recently derived by Casas, De los Reyes and Troltzsch (2008), we prove that
the first and second order conditions imply that the control problem is stable
and, consequently, there exists an exact penalization of the state constraints. We
finish the paper by showing that the strict local solutions of the control problems
are elements of the Sobolev space H'(Q) provided the stability assumption is
fulfilled. The W1*(Q)-regularity, with s < n/(n — 1), for the optimal controls,
which follows from the first order optimality conditions, has been known for
quite some time. Recently, Casas and Tréltzsch (2008) obtained the H!(Q)-
regularity under the Slater assumption. Here, we replace the Slater hypothesis
by the stability assumption to achieve the same result.

2. The control problem

Let Q2 be an open bounded subset of R", n = 2 or 3, with a Lipschitz boundary
I'. Let us consider in 2 the following boundary value problem

Ay + a’O(Iay) = wu in Qa
{ y = 0 onlT, (2.1)

Ay =— Z Oz; (aij(2)0r,y(x)), ai; € L>(Q), 1 <4,5 <mn,

ij=1

JA 4 > 0 such that Z aij(2)&& > Aal€)? VE € R™ and for ae. z € Q.

i,j=1
Let us make the following assumptions on ag.

(A1) The mapping ag : Q2 x R — R is a Carathéodory function of class C?
with respect to the second variable and there exists a real number p > n/2 such
that ag(-,0) € LP(Q), (dao/dy)(x,y) > 0 for almost all x € 2. Moreover, for all
M > 0 there exists a constant Cg, as > 0 such that

2
’%—(Z)(%y)’ + ’%;20 (way)’ < Cao,u forae. z € Qand [y| < M,

9%a 0%a
’ 0 SCaO,M|y2—y1|f0f ae. x €Q, |y, |y2] < M.

8—y2($,y2) - Wzo(fﬂayl)
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The previous assumptions are not very restrictive, except for the one requir-
ing the monotonicity of ag with respect to y, which is necessary for the existence
and uniqueness of the solution of (2.1). Indeed, for any u € LP(2) it is well
known that (2.1) has a unique solution y,, € Hg(Q2) N C(Q), depending continu-
ously on the control u; see Grisvard (1985) for the regularity results. Examples of
functions ag fulfilling the above assumptions are ag(x,y) = 01(x) + 02(z) expy
or ap(z,y) = 01(x) + O2(x)|y|’y, with v > 1, 6 € LP(Q), 0 < O2(x) and
0y € L™ (Q)

Associated with the equation (2.1) we consider the following control problem

minJ(u):/QL(:v,yu(:v),u(:v)) dx

a(z) <wu(z) < B(z) for ae. € Q and |y,(z)| <é Vo e K.

(Ps)

We will make the following assumptions on the data of the control problem.
(A2) The functions «, 8 are given in L*°(Q2), with a < § a.e. in . We will
denote

Uap={ue L>®(Q): afzr) <u(zx) < f(x) for ae. in Q}

Vs={yeCK):|y(x)|<d Ve e K} and Us ={u€Unp:yu € Vs},
where K is a nonempty compact subset of Q and § > 0 is given.

(A3) L: Qx(RxR) — Ris a Carathéodory function, of class C? with respect
to the last two variables, L(-,0,0) € L'(), and for all M > 0 there exist a
constant Cf, ps > 0 and functions ¢, p € L*(Q) and v, p € L*(Q), such that

oL
< 1/)u,M(33)7 ‘a_y(xvya U)

< Py (@), 1D, L@y, u)ll < Croa,

(y,u

oL
@)

D3 ) L@, y2,u2) = D, o L@, y1,un)|| < Croae(lyz — yil + |uz — ),

for a.e. € Q and |y|, lyil, Ju|, |u;)| < M, i = 1,2, where D(2y L denotes the
second derivative of L with respect to (y,u), i.e. the associated Hessian matrix.
As a consequence of (A3) it follows that for any M > 0 there exists a function

Yy € L1(Q) such that
|L(z,y,u)| < pr(x) for ae. z€Q and |y, |u] < M. (2.2)

We have the following theorem concerning the existence of a solution of
problem (Ps).

THEOREM 1 There exists 69 > 0 such that (Ps) has at least one feasible control
for every § > 9y, and there is no feasible control for 6 < §g. Moreover, if L is
convex with respect to the third variable, then (Ps) has at least one solution for
every § > dg.
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Proof. Using the boundedness of U, g in L*°(2), we deduce the existence of a
constant My, g > 0 such that

lyullcx) < Ma,g Yu € Ua p- (2.3)

It is obvious that (Ps) has no feasible control for § < 0 and, at the same time,
all elements of U, g are feasible for 6 > M, g. Let dp be the infimum of the
values 0 for which (Ps) has feasible controls. Then 0 < §y < M, 3 and (Ps)
has no feasible control for § < §p. Let us prove that there exists at least one
feasible control for (Ps,). Let {d;}32; be a decreasing sequence converging to
do and {u;} C Ua,p a sequence of controls such that u; is feasible for (P, ).
Since U, s is bounded, we can extract a subsequence, denoted in the same way,
converging *weakly in L>°(§2) towards an element ug € U, g. This implies the
uniform convergence of {y,,} to y., and therefore

[Yuo ()] = lim |yuj (z)] < lim 0j =do Yz €K,
j—o0 j—oo
which proves that ug is a feasible control for (Ps,). To conclude the proof we

must establish the existence of an optimal control of (Ps) for all & > dy, but this
follows by classical arguments. [

3. Strongly stable problems

Since problem (Ps) is not convex, we are interested in local solutions. Let us
fix u € Us and let § be its associated state. The control @ is said to be a local
solution of (Ps) in the sense of the L4(f2) topology, 1 < g < oo, if there exists
r > 0 such that u is the solution of the problem

minJ(u):/QL(x,yu(x),u(x))d:c

u € Unp, |u—1lrao) <7, |yu(z)|] <0 Ve € K.

(P5%)

By taking r = +o00 we identify (Ps) and (P§ 7).

Since Uy, g is bounded in L>°(€2), it is easy to check that @ is a local solution
in the sense of LI(Q), for some 1 < g < +o0, if and only if it is also a local
solution in the sense of L!(Q) for every 1 < ¢ < +oo. Moreover, if @ is a local
solution in the sense of LI(€2), then it is a local solution in the sense of L°(2)
too.

The following concept was introduced by Clarke (1976a) under the denomi-
nation of calm. We prefer to use the term stable instead of calm; see Bonnans
and Casas (1995).

DEFINITION 1 We will say that problem (Py?) is strongly stable (on the right)
if there exist Cs > 0 and €5 > 0 such that

inf (P79) — inf (P57) < C5(6' — 6) Vo' € [5,6 + &4]. (3.1)
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The next proposition states that almost all problems are stable.

PROPOSITION 1 Let §g be as in Theorem 1 and My g be given by (2.3). Then
for every § > 09, except at most a set of zero Lebesque measure contained in
(60, Ma,3), the problem (P5?) is strongly stable.

Proof. First of all let us remark that U, g3 = Us for every 6 > M, g, which
obviously implies strong stability for every § > M, g and for every r > 0.

On the other hand, if we define ¢ : [§y, +00) — R by ¢(d) = inf (Py?), then
¢ is a non increasing monotone function and therefore ¢ is differentiable at each
point except at most a set of zero Lebesgue measure. Finally, it is obvious that
differentiability of ¢ at ¢ implies strong stability of (Py?). n

The following proposition justifies the introduction of the stability concept.

PROPOSITION 2 Let us assume that @ is a solution of (P5?) and this problem
1s strongly stable. Then the following statements hold.

1. (Pg/’q) is strongly stable for every 0 < 1’ < r, with the same numbers Cs > 0
and e > 0.

2. If ¢ < 400 then (Pgt’t) is strongly stable, with the same numbers Cs > 0 and
gs > 0, for every 1 <t < 400 and ry given by

ra/t 1
— fl<t<g
—0)/t =
16 - all ¥,
Tt = gt ,
|75 r if g <t <400
|Q|_%T if t = o0,

where |Q| denotes the Lebesgue measure of €.
3. There exists pg > 0 such that for every p > po @ is also a solution of the
problem

(P

) { min J,(u) = J(u) + p(||lyullcx) — 6)*
8,p

a(z) <u(z) < B(x) for ae. € Q, |lu—1alpaq) <7

Furthermore, if @ is a strict solution of (Py?), it is also a strict solution of
(P57) if p> po.

Proof. Let us prove the first part. Given ¢’ € [§,0 + &5] and 0 < v/ < r, it is
obvious that the set of feasible controls for (P}, '?) is a subset of the corresponding
set for (P4?), therefore inf (P}, ) > inf (P5?). On the other hand, @ is a
solution of (Pgl’q), so that inf (Py?) = J(u) = inf (Pgl’q) for every 0 < 7/ < r.
Consequently, (3.1) leads to

inf (P} 9) — inf (P, %) < inf (P}9) — inf (P}9) < C5(8' — 8) V&' € [6,6 + &5).
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Let us prove the second part. From the choice of r; we deduce that |u —
ey < ¢ implies |lu — @[ pa(q) < r. Therefore, any feasible point for (P5h)
is also feasible for (P§?) for any &’ € [§,0 + e5]. Hence, we have inf (Pj;7) <
inf (P5"") and also inf (P5?) = J(a) = inf (P5""). From these properties and
(3.1) we deduce

inf (P5%) — inf (P5Y) < inf (P}9) — inf (P}7) < C5(6' — 6) V&' € [6,6 + &5).

We finish by proving the third part of the proposition. Let us take C5 and
es as in (3.1) and let pg be defined by

J(u) _m;,ﬁ}7

pPo = max {Cg,
€s

(3.2)

mey 5 = inf{J(u) : v € Un,p, |u—1lpsq) <7}
Now, let us take p > po, u € Uy, g satisfying ||[u — || L) < r and let us set
8" = |lyullex). If 6" < 9, then it is obvious that J,(u) = J(u) < J(u) = J,(u).
If @ is a strict solution of (Py?), then the above inequality is strict for u # .
On other hand, if § < ¢’ < § + €5, then (3.1) leads to

J,(u) = J(u) + p(6' — 5) > inf (P57) + C5(8' — 8) > inf (P}9) = J(u) = J,(1).

The first inequality is strict if p > pg. Finally let us assume that ¢’ > § + &5,
then

Jp(u) = J(u) + p(6" = 8) > J(u) + pes > J(u) + J(u) —m[, 5 > J(u) = J,(u).

The last three inequalities imply that # is a solution of (PE’Z), the solution being
strict if @ is also a strict solution of (Py?) and p > po. "

The previous proposition claims that a (strict) local solution of (Ps) is also
a (strict) local solution of

® { min J,(u) = J(u) + p(||yullcx) — 8)*
%p a(z) <u(z) < B(z) for ae. € Q

for every p > po (p > po), with pg given by (3.2), assuming that there exist r > 0
and ¢ such that (Py?) is strongly stable and @ is a solution of this problem. In
fact, if we take r > 0 small enough, then (3.2) implies that py = Cs. This leads
to the following result.

COROLLARY 1 Let us assume that @ is a (strict) solution of (P5?) and this
problem is strongly stable. Then w is a (strict) local solution of problem (Pj ,)
in the sense of L1(Q) for every p > Cs (p > Cs), where Cs > 0 is given by
(3.1).
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From the previous proposition we can also deduce easily the optimality con-
ditions in a qualified form for strongly stable problems. First, let us introduce
some notation. By M(K) we denote the space of real and regular Borel mea-
sures in K, which is identified with the dual of the continuous function space
C(K). M(K) is a Banach space endowed with the norm

[l = [ul(K) = sup {/K z(x) du(x) : z € C(K) and [|z]|c(x) < 1}, (3-3)

where || is the total variation measure; see Rudin (1970).

THEOREM 2 Let us assume that @ is a solution of (Py?). If (Py?) is strongly
stable, then there exist § € HL(Q) N C(Q), ¢ € Wy *(), for every 1 < s <
n/(n—1), and i € M(K) such that

in €,

{ wr QO(I,@ = g onT. (3.4)
% — 6&0 _ . OL o _ .
Ao+ a—y(xvy(x))s& = a—y(fr, y,u)+p o an (35)
p =0 on T,
/K (2(z) — §())dfi(z) <0 ¥z € Vs, (3.6)
/(@ + g—i(a:,gj,ﬁ))(u —a)dr >0 Yu € Uy p. (3.7)
Q

Proof. According to our assumptions, we have that the mapping control-state
G : LP(Q) — H}(Q) N C(Q), defined by G(u) = y,, is of class C* and z, =
G’ (u)v satisfies the equation
80,0
Az, + —(x,yu(z))zy, = v in Q,
oy (3.8)
2z = 0 onT.

Applying the chain rule we deduce that J is of class C* in L>°(Q) and
oL

where ¢, € W*(Q), 1 < s < n/(n— 1), is the solution of

8&0 0L .
A* + = s Yu = a 4 YJus Qv
b+ G = G i 510

¢ = 0 on I
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Now, let us consider py given by Proposition 2 and F, : C(K) — R, with
p > po, defined by

Fy(y) = p(llylleay —0)" (3.11)

F, is convex and Lipschitz, p being the Lipschitz constant of F,,. From Propo-
sition 2 we have that u is a local solution of the problem

min J,(u) = J(u) + F,(yu)
u € Uy g,

and then we can apply the calculus of generalized gradients, introduced by
Clarke to deduce that 0 € J'(a) 4 O(F, o G)(u) + 0Iy, ,(u), where I, , is the
indicator of the convex set Uy g

B 0 ifueclygp
Iua,ﬁ(u) - { 400 otherwise.

Taking into account that 9(F, o G)(u) C [G'(w)]*OF,(y), where § = yaz, we
deduce the existence of i € OF,(y), such that 0 € J'(a)+ [G'(w)]* i+ Oy, , ().
Now, setting @ = ¢g + 15, with ¢ € W, *(Q) being the solution of
A+ S gy = i mo
dy ’ (3.12)
¥ = 0 onl,

we deduce (3.4)—(3.7). L]

REMARK 1 From the fact that i € OF,(y) we get that ||fi| pr(xy < p. By taking
p = po in the proof of the previous theorem, we have that ||fi|| ar(x) < po-

REMARK 2 It is well known that (3.6) leads to the following decomposition of fi
= jiy — fi—, suppii+ C K4 and suppjii— C K_, (3.13)
where i+ and fi— are positive measures and
K_={reK:j(x)=-0} and Ky ={x e K :gy(z)=+d}.

If we set Ks = K_ UK, then the support of i is included in Ks. In particular,
if the state constraint is active at a finite set of points K5 = {a:j}gnzl, then
s Lt >0 if jlx;)=+6
= XNiby.,  with \; = S0 3.14
UL {20 Fin .14

j=

where 6, denotes the Dirac measure centered at the point x;.
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We finish this section by proving the reciprocal result of the third claim of
Proposition 2.

PROPOSITION 3 Let us assume that u € Us is a solution of problem (Pg?), then
(P5?) is strongly stable and Cs can be chosen equal to p.

Proof. From the inequality

J(w) + p(lyull ey — 67 < J(w) + p(llyullexy — 0)F + p(6 = 6)

for every ¢’ > § and all u € U, 3, we deduce that

inf J() + p([|lyull ey —0)*

u€Ua p,llu—allLa)<r

< inf J(u) + » — T+ p(8 —6),
vttt <0 (u) + pllyullom) = )" + p( )

and hence

inf (P57) < J(u) = inf J(u) + pllyulled) —0)*

u€Ua, g, l|lu—1a| La ) <r

< inf J(w) + p(llyullcxy — 0 + p(6" = 6)

u€Ua g, llu—tllLa(o)<r

<inf (P57) + p(8' —9).

4. Second order optimality conditions

Let us start the section by defining the Lagrangian function associated to the
problem (Ps)

L:L¥(Q)x M(K) — R, E(u,u):J(u)—l—/Kyu(:v)du(:v).

The function £ is of class C? and we have the following expressions of its deriva-
tives

oL oL oL
%(uaﬂ)v = /Q |:a_y(x7yu7u)z'u + %(x,yu,wv} dx + /K Zy djs,

where 2z, € Hi(Q) N C(Q) satisfies (3.8). By using the adjoint state ¢, €
1,s .
Wy°(€2), solution of

8&0 oL
Ao+ —(z,yu(x = —(x,Yu,u) + in Q,
o ay( Yu(z))p ay( Yusu) + 1 (w.1)

p = 0 on F,
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and using (3.9) we get

L
St = [ fowt Sotemn)] v (42)
From this expression it follows that (3.7) can be written in the following way:
oL
%(ﬂ, B (u—1a) >0 Yu € Uypg. (4.3)

For the second derivative of £ we have
0L oL 9L
et = [ S + S s
0L 8L
+2m(:17, Yu, W) 2,0 + W(x,yu, u)v2] dx + /K Wy dit,
where w, = G”(u)v? € HE () N C(Q) satisfies
0%a

va+%@,yu(x»wv+W£<x,yu<x>>z3 ~ 0 mo,

Ay (4.4)

wy, = 0 onl.

Using (4.1) and (4.4) in the expression of the second derivative of the Lagrangian
function we get

0L 9 0L 5 . 0°L
W(u, pve = /Q {a—yQ(x, Yu, W) 25 + 28y3u (2, Yo, U) 200
62L 2 82(10 2
+W(xuyuuu)v - wua—yQ(%yu)zv dr. (4.5)

Let us remark that the first and second derivatives of £ can be extended to
L?(€2), the integrals being well defined for every v € L?(f2) and continuous with
respect to v in the L?(2) topology.

In order to write the second order optimality conditions we need to introduce
the cone of critical directions. For fixed u € Us and § being its associated state,
we define

Cy = {v € L*(Q) : v satisfies (4.6), (4.7) and (4.8)},

>0 if a(x) = ax),

v(@)={ =0 if a(x) = g(g)’ (4.6)
= 06 §(x) + O (a (x). () £ 0.
>0 ify(z) =—0

R o
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where z, € H} () N C(Q) satisfies

sz—l—%—?(:z:,gj)zv = v inQ

2z = 0 onT.

Now we have the following result, whose proof can be found in Casas, De Los
Reyes and Troltzsch (2008).

THEOREM 3 Let @ be a feasible control of problem (Ps), y the associated state
and (@, i) € Wy*(Q) x M(K), for all 1 < s < n/(n— 1), satisfying (3.5)-(3.7).
Assume further that

%(z,ﬂ(z),ﬁ(x)) >w if |g(x)+ g—i(x,gj(x),ﬁ(x)” <7, ae., (4.9)
%(a,ﬂ)zﬂ >0 YveCy\ {0} (4.10)

Then there exist rz > 0 and a > 0 such that the following inequality holds
@ . _
J(ﬁ)+§|\u—ﬁ||%2(m <Jw) if lu—allpe) < ra and u € Us. (4.11)

The next theorem provides a sufficient condition for the problem (P§") to
be strongly stable.

THEOREM 4 Let us assume that u € Us and the first order necessary optimality
conditions (3.4)-(3.7) and the second order sufficient condition (4.9)-(4.10) are
fulfilled. Then there exists r > 0 such that the problem

minJ(u):/QL(:v,yu(x),u(x))dx

€ Un,p, ||u—1lpey <7, lyu(z)| <dVz e K

(P5)

1s strongly stable.

Proof. Let us argue by contradiction. If the statement of the theorem is not

true, then (P};/ k’oo) is not strongly stable for any k > 1. Therefore, there exists
0k € (0,0 + 1/k) such that

inf (Py/**°) — inf (Py/*>) > k(8), — 0). (4.12)

Let uy be a feasible control for problem (P};){k’oo) such that J(u) — J(ug) >
k(0 — 0). Then we have that ||ug — ||z~ < 1/k. Let us take

1
pr = |lux — @l|L2() and v = E(Uk — ). (4.13)
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By taking a subsequence, denoted in the same way, we can assume

klim pk =0, |vkllr2 =1Vk and vy — v weakly in L*(Q).  (4.14)

The rest of the proof is divided into three steps.
Step 1. v € Cy. From the definition of uj we have that

J(ug) — J(a) + k(0 —§) < 0. (4.15)
Dividing the above expression by pi and passing to the limit we get

k(ok — 6) J(’ﬁ + PkUk) — J(’ﬁ) k(ék —9)

J'(@)v + lim sup = lim + lim sup <0.
k—o0 Pk k—o0 Pk k—o0 Pk
Since d; > § for every k, the above inequality implies
J'(@Wy <0 and lim % =0 . (4.16)
k—oo Pk

On the other hand, it is obvious that

[ >0 ifu(z) = alz)
vg(z) = { <0 if a(z) = B(z).

Since the set of functions of L?(12) satisfying the previous sign condition is closed
and convex, it is also weakly closed, therefore v satisfies this sign condition, too.
Then, (3.7) implies

0L

if g(x) + %(x,g(x),ﬁ(x)) >0=u(x) =alx) =v(r) >0,
analogously
if g(x) + g—i(x,g(x),ﬁ(x)) < 0= a(x) =06(z) = v(z) <O0.

These properties lead to

oc, . oL B
%(uau)v_\/&:} |:90+ %(xvyﬂo]vd‘r_/ﬂ

Using (3.13) we obtain for every k > [|fil| pr(x)

oL

@+ %(a:,gj,ﬂ) |v|dx.  (4.17)

/K (o () — () dfi() = /K (@) =0y ) / (o (2) +6) di (2)

K_

< (B = ) (K4 — (=04 + O)i (K_) = |l nscaey Ok — 6) < (5 —9). (4.18)
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From (4.15) and (4.18) it follows that

£l i) = L) = T) = I@) + [ =) di <0 (4.19)

Dividing this expression by pi and passing to the limit we deduce

oL oL
/ [¢+ —(a:,gj,ﬂ)] vdr = ——(u, p)v < 0.
o ou

This inequality, along with (4.17), implies that

+ L
gﬁ 6u I,y7u

|v|dx = 0. (4.20)

This identity and the sign condition satisfied by v implies that (4.6) holds. Let
us prove (4.7) and (4.8). Since

oc, _
%(u,u)v—J(u)v—i—/szdu,

(4.16) and (4.20) lead to
/ 2o di > 0. (4.21)
K

On the other hand, using (4.16) we get

Yur (@) —y(x) _ . Ok =0

x € Ky = z,(z) = lim < lim =0,
k—o00 Pk k—oo Pk
u —6x +0
x € K_ = z,(x) = limyk(z) y()z lim —% T =0.
k—oo Pk k—oo Pk

These inequalities and (4.21) imply (4.7) and (4.8), which concludes the proof
of v e Cy.

Step 2. v =0. Using (4.19) and making a Taylor development we get

0> Llug, i) — £(, 1) = L@+ pyoy, i) — £(, i)
oL, . peL,
= pk%(ua fi)ve + ?W(wlﬁ [) vy,
_oc RPL, L, L, L,
= Pr (U, fi)or + 2 oz (W )i + E[W(wk, i) — Fuz (O wlvg,  (4.22)

with wy, = @+ 6k (up — @) and 0 < 6, < 1. Considering the second derivative of
L given by (4.5), using the weak convergence vy, — v in L?(Q) and the strong
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convergence z,, — z, in C({2), it is easy to pass to the limit and get

. %L O*L. _  _8%ap, .
kh_)n;o {23y5u(x Gy W) 2y, Vg + [8 3 (x,9,0) — Sﬁa—yg(xvy)]zvk} dx

0?L L, D%, .o
= / {2 (x,§,0) 2,0 + [8y2 (x,9,0) — @ 92 (z, y)]zv} dx (4.23)

dyou
and
. 0%C _ oL,
Jim [=—5 (w, ) — W(Uaﬂ)]vz =0. (4.24)

If we prove that

2 2
Guste e ds <tint (288w put [ T2 antar). (125)

8’(1,2 k—oo Pk ou

then we conclude from (4.22)-(4.25) and (4.5) that ‘9 % (u, p)v? < 0, which leads
to the desired result v = 0, owing to (4.10). Let us prove (4.25). First, let us
remark that (3.7) implies that

(p(x) + g—i(x,y(x),ﬂ(:r))(u(x) —u(x)) >0 a.e. Yu€lUy,pg,

therefore

(p(x) + %( ,g(x), ua(x)))vg(x) >0 ae Vk>1. (4.26)

Let us denote
Q" ={zeQ:|p(x)+ —(z,5,u)| <7}

With the help of (4.26) we get

2 0L, _ oL,
_—(Uaﬂ)vk+/ W(xvyau)vlg dz
Q

2 oL 02L )
s 2 - gL _ _
= (‘P + ou (Ia Y, u)>vk + o Ou2 (Ia Y, u)vk dx

21 (92L 62L
= o8 Fel d —— (2,7, w)vj da. 4.27
B /Q\Qf [Pk o] + ou? (2,9, )vk] T+ o Ou? (z,9, u)vy, dx ( )

Now, from the definition of ug, pr and vy we have

kpk|og ()| = klug(z) — a()] < kllup — L) <1,
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which implies i—:|vk(:17)| > 2k7vi(z). This inequality and (4.27) lead to

2 0L 0%L
__(ﬂ ,L_L)Uk +/ —(xvgaﬁ)vz dz
¢

pr Ou , Ou?
62L _ 62L o
> /Q\QT [2kT + W( ., 0)]vp dz + . W(m, 7, u)vi dx. (4.28)

From (A3) there follows the existence of kg such that
%L
ou 5z @

Inserting this inequality into (4.28), using (4.9) and taking the lower limit we
get

Ut + ,g(x),4(x)) > 1 ae. Yk > ko. (4.29)

o 2 0L,
lﬁﬂiﬁf{p—k%(“ 20 / Bz (00 W dw}
2L 2L
> lim inf/ [2koT + g (z,7,u)]vi do + lim inf/ 8_(:1:, g, u)vi dz
Q\Qr ¢

k—oo k— o0 N Ou?

O%L 0%L
> 2koT + TR d:z:—l—/ — (z, 7, 0)v* da
/W[ o7+ 9 g W) [ G

0?L
> —(xvgaﬁ)v2 dCC,
/Q 8U2
which proves (4.25).

Step 3. Final contradiction. We have proved that vy — 0 weakly in L?(Q), then
Zy, — 0 strongly in C(Q2). By using (4.22), (4.23), (4.24), (4.28), (4.29) and
(4.9) we obtain

0 < min{w, 1} = min{w, 1} klirn ok ll72 ()
.. %L 1 9 oL, .,
Shkﬂig.}f{ / T Gt e+ | G

. 20, o?°L,
< liminf {——u(u, 0)vg + /Q W(x,y, w)vi d:c} <0,
which is a contradiction. (]

REMARK 3 If we assume that

0%L
JAp > 0 such that ﬁ(x,y,u) > A Vy,u e R and for a.e. x € Q, (4.30)
u

then Theorem 4 holds with r = rg, where vz is given by Theorem 3. To prove
this we can follow the steps of the proof of Theorem 4 with the following changes.



1146 E. CASAS

If (P5*°) is not strongly stable, then for any k > 1 there exists 6, € (6,6+1/k)
such that inf (P§™°) —inf (P5™) > k(d), — 6). Let ug, be a solution of problem
(P5i™°). Since {ur}32; C Ua,3 we can take a subsequence, denoted in the same
way, converging to @ € Uy, g *weakly in L>(Q). Since yu, — ya in C(Q) and
Ok — 0 it is easy to prove that i € Us and ||i — || g~ (qy < 7a, therefore i is a
feasible control for (P5™ ). Hence, using (4.11) and that @ is a feasible control
for every problem (P5™) we get
J(a) < J(w) < likminf J(ug) < limsup J(ug) < J(a).
— 00 k*)oo

According to (4.11) we have that @ is the unique global solution of (P5™>7),
therefore the above inequalities imply that @ = u and then the whole sequence
{ug}32, converges to u *weakly in L°°(Q) and y,,, — ¥ in C(). Moreover, from
the same inequalities we also get that J(ux) — J(@). From these properties and
the assumption (4.30) it is easy to deduce that uy — u strongly in L*(Q). Now
we can continue as in the proof of Theorem 4, though some simplifications are
possible thanks to the assumption (4.30).

For some usual functions L Theorems 3 and 4 can be improved. Let us
consider the following structure assumption on the function L defining the cost
functional J.

A
(A4) L(z,y,u) = Lo(x,y) + §u2, where Ly : @ x R — R is a Carathéodory

function of class C? with respect to the second variable and A > 0, Lo(-,0) €
LY(Q), and for all M > 0 there exist a constant Cr, ps > 0 and a function
V1o € LY(Q) such that for a.e. z € Q and |y|, |y;| < M, i=1,2,

oL 8L
a—yo(flf,y)‘ < Yro,m(z), ‘Wgo(%y)’ < Cro,m,

‘ 92 Ly 9?Ly

8—y2($7y2) - 8—y2($7y1) < Cro,m(ly2 —y1l)-

Under the assumption (A44), (3.4)-(3.7) and (4.9), (4.11) can be replaced by
J(u) + %Hu - EH%Q(Q) <J(w) if |Ju- ﬁHLz(Q) <rgand u € Us; (4.31)

see Casas, De Los Reyes and Troltzsch (2008). If we use (4.31) and we argue as
in the proof of Theorem 4, then we obtain the following theorem:

THEOREM 5 Under the assumptions of Theorem 4 and (A4) we have that the
problem

minJ(u):/QL(:r,yu(aj),u(x))d:c

u € Uap, |[u—1|r20) <ra, lyu(@)] <6V e K

(Pp?)

is strongly stable.
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As an immediate consequence of (4.31), the previous theorem and Proposi-
tion 2 we have the following result:

COROLLARY 2 Let us assume that u € Us and the first order necessary opti-
mality conditions (3.4)-(3.7) and the second order sufficient condition (4.9) are
fulfilled. If, moreover, (A4) holds, then u is a strict local solution of (Ps ) in
the sense of L1(Q), for any 1 < q < 400 and for every p > Cs, where Cs > 0 is
given by (3.1).

5. Regularity of the local optimal controls

In this section we study the regularity of local solutions of problem (Ps ), with
p > 0. To carry out this analysis we will assume (A44). The next theorem
provides a first regularity result.

THEOREM 6 Let @ be a local solution of problem (Ps,). Let us also assume
that (A4) holds, (g, u, @, i) satisfies the optimality system (3.4)-(3.7) and o, 8 €
Whs(Q) for some s < n/(n—1). Then, u € WH*(Q). Furthermore if a, 3 €
C(Q) and the function r, v, introduced in (A4), belongs to LP(Q)), with p >
n/2, then u € C(Q\ Ks).

Proof. Since @ is a local solution of (Ps,), there exist § € H}(2) N C(Q),
@ € W5 (Q) for every 1 < s <n/(n—1) and i € M(K) such that

Aj+ap(z,y) = @ inQ,
{ 7y = 0 onT, (5.1)
_ Oay, _ _ oLy, . _ .
A* o+ —(x,y(x = —(x,9)+ in Q,
@ 8y( y(x))p oy (z,9) + R 52)
p =0 on I,
[ = pin+ F(0) < B) v e O), (53)
/(cp + Au)(u—a)dx >0 Yu € U,g, (5.4)
Q

where F, : C(K) — R is defined by F,(y) = p(|yllcx) —6)"-
From (5.4) and assumption (A4) we get

) = Profi i (- 1210 ) = max{a(e) min{B(@), - o (55)

This identity, along with the fact that o, 8, € W1*(Q), leads to the W5(Q)-
regularity for .

On the other hand, from the assumption on ¢, a and (3.5) we deduce that
@ € C(Q\ Ks). Finally, the identity (5.5) and the continuity of the functions

@, and B in Q\ K; imply the continuity of @ in the same domain. [
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The previous regularity result on the control @ can be improved if § € Vs
and there is a finite number of points, where the state constraints are active.
More precisely, let us assume that Ks = {z;}72; C K. Then the structure of
the Lagrange multiplier i is given by (3.13). If we denote by @;, 1 < j < m,
and @y the solutions of

Baq

g;j = 0 onT,
and
% — 8&0 _ _ - 8L0 _ .
A"@o + 8—y($a y(@)po = 8—y($ay) in €, (5.7)
(/_70 =0 on F,
then the adjoint state associated to u is given by
=00+ Y X (5.8)

j=1
Now, we have the following regularity result:

THEOREM 7 Let us assume that p > n in (A1) and (A4) and Yr, v € LP(2).
Suppose also that @ is a local solution of problem (Ps,), a, 3,a;; € C%1(Q), for
1<4,5 <n, (g,u,p,0) satisfies the optimality system (5.1)-(5.4) and T is of
class CY1. If the active set consists of finitely many points, i.e. § € Vs and
Ks = {z;}, C K, then @ belongs to C%*(Q) and § to W*P(£2).

Because of the properties of a;;, I' and p > n we get that §, 5o € W*P(Q) C
C*(Q). On the other hand, ¢;(x) — +0o when x — x;, hence @ has singularities
at the points x; where ;\j # 0. Consequently, ¢ cannot be Lipschitz.

Surprisingly, this does not lower the regularity of @. Notice that (5.5) implies
that @ is identically equal to a or § in a neighborhood of z;, depending on the
sign of ;. This implies the desired result; see Casas (2007) for the details.

Now the question arises if this Lipschitz property remains also valid for
an infinite number of points, where the pointwise state constraints are active.
Unfortunately, the answer is negative. In fact, the optimal control can even fail
to be continuous if K is an infinite and numerable set. For a counterexample
the reader is referred to Casas and Troltzsch (2008).

In the next theorem we will state the H'(Q)-regularity of strict local solu-
tions @ of (Ps,). This results implies the H'(2)-regularity of strict local solu-
tions of (P5) assuming that (P%) is strongly stable for every » > 0 small enough.
Roughly speaking we can say that the stability implies the H!(Q)-regularity of
strict local solutions of (Ps). The same result was proved in Casas and Troltzsch
(2008) under the Slater assumption. We have to remark that @ is assumed to
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be a local solution in the sense of the L%(Q)-topology, with 1 < ¢ < 400, a
posteriori it is also a local solution in the sense of L*°(2). Let us remember
that if the first and second order optimality conditions are fulfilled, then @ is
a strict local solution of (Ps,) in the sense of L(2) for all 1 < ¢ < 4o00; see
Corollary (2).

THEOREM 8 Suppose that @ is a strict local minimum of (Ps ) in the sense of
the L*(Q) topology. We also assume that assumption (A4) holds, a;; € C () for
1<i,j<n,aB€eL®Q)NHYQ) and Yr, m € LP(Q) in (A4), with p > n/2.
Then u € H().

Proof. Fix r > 0 such that @ is a strict solution of the problem (Pg’i).
Now we select a sequence {zj}72, dense in K and consider the family of
control problems

min J,. . (u) = J(u) + p( max Jy(x;)] - 8)*
(Qu) 12k

a(z) <u(z) < B(x) forae. x€Q, |lu—alr2q) <7

Obviously, @ is a feasible control for every problem (Q). Therefore, the
existence of a global minimum wy, of (Qg) follows easily by standard arguments.
It is also easy to check that u, — % in L?(Q), owing to the assumption (44)
and y,, — ¥ in H}(Q) N C(Q).

Since @ is solution of (Pg:i), there exist 7 € H3(Q)NC(Q), g € Wy *(Q) for
every 1 <s<n/(n—1)and i € M(K) such that (5.1)-(5.4) hold.

Analogously, the fact that uy is a solution of (Qy) implies the existence of
ye € HE () NC(Q), o € Wy 5(Q) for every 1 < s <n/(n—1) and py € M(K)
such that

{ Ay +ao(:t,y;: - gk lor;flz (5.9)

A pr + %—?(% ye(2))pr = %l;(w, Yr) + pr in €, (5.10)
wr = 0 on I,

[ =)+ Fyil) < Foslw) V€ O, (5.11)

/Q(<pk 4 Aug)(u — up) dz > 0 Y € Ua g, (5.12)

where the function F), 5 : C(K) — R is defined by

Fo(y) = p(gjagk ly(z;)] —6)*.
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From (5.11) it follows that

k k ZO 1fyk(xj)2+5
e = Z)"W&wi’ Z Mol <pand Ay ;=< <0 ifyp(z;) <—-d  (5.13)
j=1 j=1 0 if |yx(z,)| <.

The rest of the proof follows identically as in Casas and Troltzsch (2008). m
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